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Abstract

This paper studies strategic bargaining in cowtirstime in order to allow
thetimings of offers and acceptance to be true decisioiabias. The main technical
innovation is to decouple these timing decisionsriter to study how each side can use
delaying tactics to wear the other down into cosimes There are two main restrictive
assumptions: (1) players cannot use "explosivategies that could generate (with positive
probability) infinitely many moves in finite timend (2) there is no arbitration for the
simultaneous acceptance of mismatched offerssimgly ruled invalid. | construct and
characterize subgame perfect, perfect Bayesiansequential equilibria in the complete and
incomplete information cases respectively. Degpigestationarity of the game parameters,
and with or without an inside cost game optiornxHibit a multiplicity of equilibria that are
generically inefficient whether information is colefe or not. | conclude that the uniqueness
and efficiency results of the standard Rubinsteiieh are jeopardized when the temporal

monopoly constraint is lifted.
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Bargaining in Continuous Time:

Holding Out for Concession and for Information

1 Introduction

In the strategic approach initiated by Rubins{@®82) and Stahl (1972) bargaining
is pictured as a discounted repeated game andlitSas involves an appropriate perfect
equilibrium concept. This has evident conceptuabathges over Nash's original axiomatic-
based solution: first, the outcome of bargaininthesresult of strategic interaction between
selfish and rational actors rather than that afcegss akin to arbitration. Second, bargaining
is often just a facet of a richer strategic intémacthat may involve the power to hurt and
may not always be resolved as fairly as arbitratvonild aim for. And third, some temporal
aspects that are overlooked in the axiomatic agbrase explicit in the strategic one.

However, the great benefits of the strategic apgndo bargaining are mitigated by a
nagging simplification of the temporal picture:nmost cases the players move sequentially at
fixed intervals of time, a modeling feature caltéginporal monopoly". Since the value of
the solution depends explicitly on the length & thterval, this temporal picture is clearly
not neutral. But there is a deeper and more treobhe issue: could the very nature of the
solution depend on the assumption that moves areeséial and at fixed intervals of time,
therefore not subject to the players' decisiong@aRather way, would theoretical predictions
be substantially different should the timings deo and acceptance become explicit
decision variables? One reason this may be saighb uniqueness and efficiency of the
Rubinstein solution can be traced directly to tbst ©f waiting an additiondixed period
and to the resulting incentive for immediate acaepé. So, if the delays can be manipulated
strategically can uniqueness and efficiency evapatogether?

Interest in these issues is nothing new. Indeféalte at making the timing of offers

or acceptance true decision variables can be fou@damton (1992), Perry and Reny



(1993), and Sakovics (1993). More recently, War@P@®, Smith and Stacchetti (2003), and
Sandholm (2002) also frame these decisions wittertime continuum. All these efforts
vary in underlying assumptions and methodologynttiee assumption viewpoint, for
instance, Cramton allows the players to delay th#éars but maintains the constraint of
alternating turns. And although it is not unreas@ao expect players to take turns in a
bargaining game, there is a subtle difference betvetlowing them andonstraining them
to do so. Smith and Stacchetti require that arr digeinstantly accepted or rejected thus
precluding that it remains on the table for someetiBut leaving an offer on the table while
attempting to wear down an opponent into acceptareebe an important strategic option
that should not be precluded, especially if thg@la have the power to hurt each other.

From a methodology viewpoint, for instance, ong piak a unit period and obtain
equilibria, then let the period length approactozard examine the limit, as in Cramton. But
the limit of the solutions of the discrete case mayyield all solutions of the limit model, as
happens in the present paper. One may also fraengbjective in the time continuum but
restrict attention to some classes of strategges) &mith and Stacchetti. This may be
enough for existence results but it leaves oubadbr description of what behavior can be
involved in equilibrium. Finally, the solution cogyt itself can vary from Nash, to perfect, to
sequential, involving complete or incomplete infatran as in Wang (2000). It can also use
the weaker "epsilon-equilibrium” form that has begplied more generally to games of
timing, as in Laraki, Solan and Vieille (2005).

The results, primarily existence, uniqueness,edtfidiency of equilibria, of course
vary with the assumptions and the methodology. Bwire importantly, one must wonder
whether such results are only a reflection of thestraints on behavior. If one, for instance,
lets the period length approach zero in the origtubinstein model, the limit solution
inherits the efficiency of the discrete one andrguably a solution of a "continuous-time"
model. But, as | show in this paper, it is not lve dnly one and most others are inefficient.

Moreover, multiplicity or inefficiency can occur der temporal monopoly with various



additional assumption: Busch and Wen (1995), fetance, show how an inside cost game
can jeopardize both. And Coles and Muthoo (2008¢hesimilar conclusions with non-
stationary game parameters.

Ideally, one would want a model as free as possibany timing constraint if the
issue is to understand whether uniqueness andeeitiz are only the result of "artificial”
timing assumptions. But relaxing such constraimssdnot come without costs. Indeed, a
host of new issues arises from relaxing timing t@msts: first, since offers can be accepted
at any time, as long as they are still on the tahketiming of offers and acceptance must be
independent decision variables. And, although eff¢rould not be limited to the "take-it-or-
leave-it" kind, such offers should still be allowétbwever, if an offer is to be accepted or
rejected "instantly” its recipient must make thatvmimmediately followingthe offer. But
there is no single turn following an offer in th@é-continuum. Second, in a framework
where an offer can remain on the table for some tplayers must be allowed to withdraw it
instantly from the table if it is not taken. It fhbecomes necessary to clarify the relative
timing of acceptance, rejection and withdrawal.r@hsince alternating turns are no longer
the rule, simultaneous moves must be allowed. But $hould they be resolved if they are
not compatible? For instance, what if the two sglesultaneously accept offers that do not
add up to the whole pie?

| argue that these issues affect the very dedimitif the player's very decision space
and | propose to extend it from simple offer, acaape, and cost control moves to more
complex logical instructions such as "take it @ve it" or "if offered at least this much then
accept instantly.” But if logical instructions che the players' very decisions and if they can
be simultaneous, then they must be scrutinizeddasistency and legality. Conceptually, it
is as if each side hands logical instructions tagent who instantly meets the other side's
agent to decide whether any deal has actually esrhed according to law and logic.

As the game unfolds, various events such as ddfeiscost adjustments take place

and become part of the history upon which the plapén their future moves. A strategy



therefore expresses how the logical instructiorangttime result from the prior history of

the game. And it translates into a map from the toontinuum, through the two sides’

logical instructions, into offer, cost, and acceggstate variables. Because an infinite
frequency of players' moves is ruled out by assionpthis map has isolated discontinuities.
This leads to a natural definition of the playeigectives as an expectation of acceptance by
one side or the other, appropriately discountediébays, minus a possible expected cost of
waiting. In the time continuum this expectatiorigpressed as a Lebesgue-Stieltjes integral
up to the time-infinity.

Within this picture of time, action space, andealive function, | construct subgame
perfect equilibria (SPE) under perfect informatiand perfect-bayesian (PBE) and
sequential equilibria under incomplete informatidhey involve "holding-out" behavior
akin to that predicted in war of attrition gameacle side waits strategically, applying the
pressure of costs and delays, in the hope thaittier side will make a better offer or will be
first to concede. The optimal waiting time stratégprobabilistic and given by an
exponential "survival" function with a parameteattlepends on the game data and the
current offer and cost conditions. But a deterntimigming structure resembling the
Rubinstein framework is also possible if the playenoose to adopt it. The difference is that
respecting the agreed upon timing scheme becomesfghe players' strategies instead of
being the fiat of the theorist. These findings ®gighat Rubinstein's uniqueness and
efficiency results do not survive the relaxationtsftemporal monopoly assumption.

Most of the results extend to the incomplete imfation case with finitely many
types on each side, although some results neeel qodlified. For instance, a wide range of
offers is permissible in holding out SPEs wheradg extreme ones are possible in PBEs as
long as complete information has not yet been reéchikewise, only a Nash equilibrium of
the cost game, if it is non-trivial, can be usead IRBE. This suggests that incomplete
information yields ungenerous and hurtful choicesquilibrium, and this also entails

inefficient delays. However, | show that completBrmation is reached in finite time.



2 Model and Assumptions

In the standard framework there are two playerotigl; and with symmetric roles
but possibly different characteristics. Player nsatfersz; € [0,1] to playej , receives
share(1 — z;) ifj accepts; ,receives shaje if he actepffels and derives utility; (x)
if zis his share of the accepted offer. Since ni®assumed better, utility, is a strictly
increasing function of its argument. The bargairgagie may also involve an inside cost
game option with strategic variablee C;  (for ) @mmlnded  dsv — ¢;(z;,2;) <0 .
Acceptance by either side ends the game and thereoce of any further costs.

2.1 Decisions as Logical Instructions

An offer by a player must stipulate its magnitaahel the time when it is made. In the
discrete alternating turn framework there is no iginky as to when that offer can be
accepted or rejected since its recipient is nextdwe at a well specified time. But in
continuous time it is less clear. One approach tdbpy Smith and Stacchetti (2003) is to
assume that an offer must be "instantly" acceptedjected. This is appealing because it
requires no arbitrary built-in delays and bypass®esdiscussion of whether a rational player
might prefer to postpone acceptance. But in mangaaing situations an offer can remain
available, at least for some time, perhaps witivargdeadline, when it is not immediately
accepted or explicitly rejected. So, requiring mmiediate response for all offers is clearly
restrictive. Instead, | let the players decidethrmmselves whether an offer they make is to be
instantly dealt with or can remain available fomsotime. But this requires a formulation
that goes beyond simply stating an offer magnitlidenplies that statements such as "here
is my offer, take it or leave rtow " be explicitly paf the player's action space.

Formally, an offer is a paitr;,¢) of magnitudee [0,1]  magelayeri to his
counterpargj at datee [0,00) . An offer of magnitude zer@gal and can serve several
purposes such as withdrawing a prior offer. Thetion (();,¢) means that no offer is

tendered by attime and will be used to defirredhtcome of strategy. All by itsglf;, ¢)



doesn't say for how long;  will remain available avitether it comes with any contingency
such as "take-it-or-leave-it." It is merely an e@arhin a universe of discourde for the
logical instructions that will form the players'aigon spaces. So, 's counterpart should be
able to accept 's offer whenever she likes as &migjis not withdrawn. Acceptance by isa
non-empty signal denoted together with the timénemvit is issued, that is the pé&ir;, )
Rejection, denoteéla; , is also a non-empty signailifsigg that; makes the decision not to
accept at that time, a move that must be distitnguigrom the lack of any acceptance
decision that will be denoteéld . Neither rejectiam lack of acceptance by affects 's
offer. But acceptance presumes that somethingleseith available and will in fact require a
careful definition of playei 's "current offer.” Aeptance does not spell out exaetlyat is
accepted and is only, like offers, an element ethiverse of discourgé . Finally, a cost
decisionbyi is a paitz;,t) made up of a cost contral C; nd the time when it is
implemented, and it is an elementof . As the gheggns at timé = 0 the two sides'
offers and cost controls are assumed to be inex@teng default state. For instance, each
side may be offering zero and be currently infligtcosts on the other. A null offer,
acceptance, or cost contfd@,¢)  has no effect onuhet state of the corresponding
variable which therefore remains in its prior state

So, an offez;,¢) followed at some time>¢ by an acaeq#éa;, s) should
unambiguously end the game with shaye jfor @ndzx;) ri &times . But what about
immediateacceptance? In discrete time immediate acceptana&wccur aturn s
immediately followingt . But in the time continuuimetre is no single time following time
t. Immediate acceptance should thus meamithat n&sdered accepted for ary> ¢
arbitrarily close tot. This seems only possible if the acceptaimesiona; issised at
precisely the same time &t ) the accepted offemdeaeed. But then, how dogs know
that an offer she hasn't yet seen will be satisfgavhen she accepts it?

One can think of several avenues to deal withifisise, for instance: (1) establish

some delayzns between successive decisions. One drthwbthat the value afs is set by



the theorist and is therefore arbitrary. Indeed; fypically made to approach zero in a limit
argument that is an indirect way of adopting anotion; (2) base acceptance on beliefs at
information sets representing simultaneous decssiBat it seems awkward to presume that
players in a bargaining game would acaaptonditionally an tifley haven't yet seen on
the basis of their beliefs about what it will tuouat to be. It should be preferable to wait even
a tiny instant in order to reach certainty; (3) kerathe solution concept to thateof -
equilibrium. Strategies can then involve waitingng instantAs after an offer is made

before accepting it. The resulting cost can be nheskethan an arbitraey ; (4) allow players
to issue decisions that are explicitly conditiooalwhat their counterpart's simultaneous
decision turns out to be. In this last approachhesade instructs aagent to tender or accept
offers on its behalf subject to contingencies. WWéwvem a decision is issued by either side, the
two sides' agents meet and execute jointly thetrictions according to law and lodic.
Indeed, each side can issue "standing instructiand"only modify them from time to time

as they see fit. This is the approach investigatehis paper.

In this conceptual framework all offer, acceptgraoed cost moves can be issued at
any time by players and and can be made conditmmeach others' prior or
simultaneous instructions. Playier 's instructiansaet therefore can uge 's own
simultaneous instructions as "input” to produceffer, acceptance, and cost moves as
output. Formally); = ([0, 1] U {0;}) x {a;, —a;,0;} x (C; U {0;}) denotes the set of all
possible (offer, acceptance, and cost) moves &yy of which can be null. And §2;
denotes the set of all possible instructiong byient 's instructiom! at time is a map

al: Q;— Y 1)
that, given any possible simultaneous instrucﬁg)& (1; yieldsi's potential new offer;
acceptance,; , and cost control decisipn at timey gaAwhich may be the nuli; . Player

i's own "action space” is then the ¢t  of all suelpsa! .



A more practical description far!  is that it i$fimite state machine” (i.e., a
computer program) that usg¢s 's own instructionsdioe; 's moves. It is therefore
convenient to use pseudocode to describe thegadtishs. For instance

of 1= offerz; = 1 (2)
means that 's decision is only to issue the undiomndi offer(3); attime regardless pf 's
own instructions[@ is not used in (2)). The symhok " represents an assignmentdf  to
the logical instructions on the right-hand sidei Wishes to instantly accept this new offer,
provided it is made, she could issue the instractio

of 1= inputg; ¢'s instructions); if5; = of) then (accept) ) (3
with o! given by (2). Ifi does issu€ the of(%r),,; iage and 's agent issues the decision
a;, resulting in the instant acceptance of the ofteit perhaps only wishes to make a "take-
it-or-leave-it offer. In that case, he could isgustead

af: = inputgl; if (6 = of) then offer; = ; (4)

If the argument! in (3) is the pseudocode in (&) dthe argumemy; in (4) is the
pseudocode in (3), thég); s tendered and accepstahily witha; . But ifj deviates even
slightly from (3) theni makes no offer. In facteevf:'s old standing offer has magnitu%:ie ,
j does not accepts it accordinga@) since it reguspecificallya! .

So, formulae (3) and (4) are highly restrictivecg the desired outcome only occurs
for a very specific pair of instructions. But thesrild easily be broadened. Instead of
requiring: to issue just! in (4) could draw a 8stof acceptable instructions by and
replace the tesis! = o) byl € S;) in (4). For instance, let

Si = {a} ="input g%, if (6" = o) then offerz; ", such that; > 3}

This set of instructions includes (4) and can rfyo(8) into

of 1= inputg; ; if (6] € S;) then accept; (5)

Of course; can proceed similarly so that broagriictions on both sides can allow a

successful offer and acceptance of the take-ieavé-it offer. In the most general cas?;,



can usgs! as a "subroutine” and implement the regystogram rather than simply read 's
script and decide whether it belongs to an accéptai. Such an approach allows more
flexibility and more realism in the interaction bveten the two sides' respective agents but
requires good programming skills sine«;) must noogl' and fail to yield an
unambiguous outcome 4 , a development that is &i&semed away.

In the most general game theoretic framework, re@as be probabilistic. And
finite-state machines can indeed involve probadizlisansitions between states. However, an
ambiguity could arise if acceptance by one sidaasle contingent on a probabilistic offer by
the other, since both sides' instructions mustdeewed simultaneously. To avoid this
situation it will be assumed that any such proligtis resolved by an appropriate random
deviceprior to execution of the two sides' instructidngssence, this means that several
deterministim?'s could be issued at time , each with a probabilit

When instructions result in no offer, acceptanceast control moves, all are deemed
null (denoted); foi ). It will be convenient to saiinge write "offer(); " to indicate that
issues no offer. But need not issue any instrostauch as! . Inthat case=(); by
convention and this results in a null output. Tikigot the same as issuing "standing
instructions”. In that case continuously issuesshmex! knowing that it will result in a
non-null output only when issues the desirabl&uiesions. In all cases, the two sides'
instructions at time¢ (whether null or not) read

ol = (of, ) € @ =Q; x Q
and they result in an output denoted

LoateY =Y, x);
made up of all three possible moves by each sidepfiwhich may be null. The "legal”
operator that will be described in Assumption Aoy will be necessary to resolve some
potential conflicts that could arise between theows moves. For instance, the two sides

could simultaneously make and accept "over-genémfters that would add up to more



than the pie. These will be ruled illegal and wélsult in null offers and acceptanceda’ . It
will be convenient to write€€a! = () when the output is magb only of null movesCa! is
called an "event"if at least one of its moves ie-nall, formally if Lo # (. Lot is called an
"i-event" if one non-null move is i%Y; . The notation

a;(al) — offerz; (or accept; , or set cost controkjo )

will indicate thatag(az) yields the offer; (or acceptarar cost control) bybefore the
legal operatol is appliedC! —  offef " instead metrat the offer is indeed legal.

In this perspective, the instructions contained'imre executed and resolved
instantly as if time is suspended while the twaesidespective agents interact. One could
instead assume that the interaction takes timéhlatithe players cannot modify their
instructions while it lasts and this would not cbarthe results. If, however, the time it takes
depends on the complexity of the instructions, ttenresults might be affected.

2.2 Strategies

ht = {a® € Q: s < t} denotes the histostrictly  prior to timme (note that vegi
timet¢). AndH will denote the set of all possiblstbries. Apure strategy for playeér is a
map); : H — Q; that, to any prior histoly ,associates thayel's contemporary
instructiona! . But it will be necessary to broadee thnge of strategies in order to allow
decisions that involve probabilities in botthat is idedd andwhen it is decided. So,7;
is the set of random variables available to playarandomizedstrategy is a map

Vit HXR; —
that, to any prior historj’ , associates that playeshtemporary decisierj  with some
probability P(a!). Finitely many possible. 's can be involveduchsa lottery at timeé , and
ol can be null if the lottery is about whether taissny instruction at all.

Any random device used by is assumed privatelgitoeed and independent ¢f 's
devices. However, thearameters of the random devices useglthgr side can be public

knowledge. There is a subtle but important diffeeehetween randomization in thening  of

10



an instruction and a randomization among sevetaranistic instruction at a given time: in
the first case; is monitoring a private deviceléaide whether to issue an instruction. In the

second case, is issuing one of several non-retiintionsa . For example

_ J a;(accept) ift=10
Vilhe) = {@i otherwise (6a)

means that accepjs 's curreneofit timef . 1Y is a random variable (with valoget or
false) inR; , say with exponential distributi®td > s) = e~** of parameter > 0 , an -
event can only occur when the variable takes theevaue. Consider instead, with fixéd
4 ift =46
i) = {5‘? (6b)

otherwise
with  af: = a; (accept), with probability ¢! = -a; (reject), with prability 1.

In that case, an event does occut at whetheadbeptance is issued or nOf.
course, other statements concerning 's offers asidcontrols are generally involvedijn.

As events are generated by strategies from a pistory, they become part of a
longer history? But in the time continuum, theréhie potential for events becoming so
frequent that there could be infinitely many witlirinite history. Such a development is
called an "event explosion." In that case, at leastside must be generating the explosion.
So, a strategy; (far ) is called "explosive" if thexists a strategy; (fgr ) such that the
pair (1;,1;) can generatgith positive probability a history  that contains itgipimany
i-events. The results of this paper require fewiBaantly restrictive assumptions on the
strategies that players can adopt. The main réstrics

Assumption A1 (No Explosion): A player cannot use any explosive strategy.

In practice, this means that allowable strategiesild include provisions that
preclude, or give probability zero, to the posgipibf an event explosion. For instance, a

strategy that makes only one decision at only one,tlike); in (6), cannot generate any -

event explosion. But, more generally, mild statet®ean be included in the formulation of
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any strategy to ensure Assumption Al. For examjsetrategy can include the provision
that it issue any decisiadl € 2;  only with probability

P(af) = min{l,inf{O(t — s)|a* € h', La® # 0} (7)
where© is such thdjm)(?(e) =0 . In plain English, the proligitihat i issues the decision
al goes to zero with the time elapsed since theshaatit3 When such a clause is usegin
for the issuance af!  Assumption A1l is fulfilled €sroposition 1 in appendix).

Discrete time models of bargaining usually donegjuire explicit initial conditions.
Conditions such as an "asking price" announcedrbdfargaining begins may have
consequences in defining the bargaining spacélibitliefs or expectations, but they are not
indispensable. In the continuous time case it txtear when and by whom an initial offer
or a cost decision will be made, although it isassary to define unambiguously the current
state of the variables of the game, including esag&'scurrent offer. So, one can assume
that, at the start of the game, each gide isioffér and has its cost control variable set to
some default value?  (if the cost game is non-thjvialthough not generated from prior
history, these initial conditions form a defauleava’ = (0;, —a;, 2, 0;, —ay, 27) thatis
included at the beginning of all histories One can now make

Definition 1: Player: 's current offeat timet > 0 is§;(¢t) = x; |if

ds <t: (La® — offerx;) and—3s < 7 <t: La” — offery;);

&(t) = 0 otherwise.

Since there are finitely many strategy-generateshesvinh! with probability one, according
to Al,&;(t) is well defined as the most recent non-offér. Onedefines similarly;(¢t) = z;
as the current cost control of player . Both anake clearly constant by pieces in time.

Just like the offer and cost aspects of strateéglgl yunctionss;(¢) and;(¢) giving
the states of the offer and cost control variabtesmet , the state of acceptance can be
described by a function of time. But in continudinse the possibility of simultaneous

acceptance raises new issues. Actual acceptamstdikpioffers and cost controls, does not
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just result from a one-sided strategy. Insteadiaehoves result from the resolution of both
sides' instructions into a possible evénf . Ihexéfore necessary to describe precisely the
legal operato. mentioned before. It involves tases when the players make over-
generous offers and when the two sides simultahgattempt to accept mismatched offers.
In either case, arbitration would be needed. Butesarbitration schemes abitrary  let us
make

Assumption A2 (No Arbitration):

La' = (af(at), a(af)) with the following three exceptions:

» Simultaneous over-generous offers are null:

if (af(a}) + offer ;) and @(«;)) — offerr; ) andaf +z; > 1 )

thenLa! — (no offef); ) and (no offér );

« A unilateral over-generous offer is nfill:

if (af(a}) +— offer ;) and (o)) — no offe); ) andef + &;(t) > 1 )

thenLa! — no offer); ;

* Simultaneously acceptance of mismatched offerklyirejection by both:

if (a!(a}) — accepta; ) andd’(at) — accepy )ang(e) +&(t) #1 )

thenla' — (rejecta; ) and (rejeeta; );

These legal restrictions are implemented (as ¢@efg once both sides' instructions
have been resolved intd (o)) anHlaf)  respectively. hésefore fruitless to include
contingencies in either player's instructions abiified decisions. Instead, each side
should carefully write its instructions to avoicesgg any of them nullified. The third
condition in A2 precludes any contentious simultareeacceptance. Therefore, an event that
results in an acceptance ends the game. Thereecan further events and the history is

final.
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Now letA;(I) = 37 € I : of(a])) — a;" mean that issues an acceptance (legal
not) within the interval and led*(I) = 3+ € 1: La” — a; " mean that gadly accepts
within that intervall . The probability

Fi(t) = P(AF[0,1))
is a distribution function which, together with thienilar F;, describes the probabilistic state
of acceptance of the gardélowever, discrete probabilities of acceptance atiis event
times are also allowed and result in right-hane sidcontinuities of; at such times. For

example, suppose that plans to never issue amptowe, so thdl; =0 , and that issues

an acceptance at a specific tithe . Then

0 ift<o
Fi(t)—{1 it ¢ > 0

But, instead of being a specific tifie can beraloan variable, for instance with
exponential distribution of parameter . In thatecBgt) = 1 — e,

A discontinuityAF;(6) = F;(0") — F;(0) > 0 is interpreted as a discrete bty
of acceptance by attinée . And, although variaiohZ; represent random elements in
acceptance, they have different interpretatiortmrdinuous variation is about the timing of
an acceptance while the second is about the dedisiaccept at the time of the
discontinuity. Indeed, a discrete probability of@gtancerF;(0) at a specific isan -event
observable by 6, while a continuofit) is only aboltier and when an -event may
take place.

2.3 Player Objective

Any historyh' , through the induced strategy profife= (¢}, ), determines
further offer, cost, and acceptance behavior tlaaistate at future timg + 7)  into current
offer, cost and acceptance probability. The supitst” will be used to indicate
developments according to this induced , sodf(al) = & (¢t + 7|¥?). A "path” at timef

is a map
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o' :[0,00) — [0,1] x C; x [0,1] x C;
whereo' (1) = (&/(7), ¢} (1), (), ¢}(7)) is the state of the game after further detay
according tol'!. A pure strategy profile defines a unique pathlevhirandomized strategy
yields a random path. But, according to Proposifion appendix, the No-Explosion
assumption Al implies that, for any given timéhere isprobability one that for some > 0
no event occurs within the intervdl ¢ + 6) . Such an waéwill be called a "leg" of path
o' so that a path can be viewed as a sequence aféegsated by events. Within each éég
is thus constant. A leg is called "deterministidts lengthd is not a random variable. A
"subleg" is a leg that is strictly contained in trey. And a leg is "maximal” if it is not a
subleg. If a legal acceptance occurs at time thew) is a trivial leg where no cost is
incurred and the two sides enjoy indefinitely ticeepted offer.

If U;(co'(7))dT denotes the utility enjoyed by within the infiesimal period at time
(t +7), it is discounted by player-specific factor™  falalyr, where; > 0 is player 's
"impatience."i 's expected payoff for path  viewexhf timet is therefore

E(o") = [ rie U (o' (1)) dr (8)

More generally, the magnitude and threing of all events’ can be randomized
andE;(c") should be replaced by an expectation. Howellezxistence results of this paper
can be obtained with only thiening  of acceptance baeandamized. Other kinds of
randomization are therefore left as illustratioasrasection 3.3. If' yields acceptance after
additional times , and it i 's share of the acedpiffer, then (8) becomes

Ei(c") = fos —rie” "7 (¢H(r), CHT))dT + e u ()
where(i(7) denotes the evolutioniof 's cost contrgbaio’. So, if¢’(s) denotes the
evolution of; 's offer on path’ and if ¥ (s) = F;(t + s|¥*) is the probabilihat:
successfully accepts by tinie+ s)  accordingeto |, tipeeted payoff of 's accepting 's

offer at some point in time is given by, after grating the first term by pafts

Jooo (Jo = rie e, (), L)) dr + e oui(€l(s)) ) dF (5) (9)
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= Sy ((Fi() = Fi(00))rie, (GH(5),Cl(s)) ds + ui(€L(5))d Y (5))

Formula (9) is well defined for any path as a Lsghees-Stieltjes integral, since
e "*u;(€4(s)) is clearly measurable. But it requires a careftéripretation at common
discontinuities 0E§- and”’ (see Section 3.1 and Rsitipo 3 in appendix). A symmetric
formula involving the evolution aof 's offéf(s) and thistribution function/} (s) gives the
expected payoff thagt accepts. And the expectedfpthat neither side ever accepts is

= ®'(00) [0y T (CH(s), CU(s)) ds
whered’(s) = 1 — F}(s) — Fj(s) is the "joint survival" function that expses how long
the game lasts before one side or the other acesgdéng up all three cases yields

Ei(O't> = ﬁ(},oo

with  dGj,(s) = u; (Eﬁ-(s))dﬂt(s) +u; (1 — Ef(s))dFJt(s) —¢;(¢(s), C]t-(s))q)t(s)ds

The infinitesimale;?j(s) is simply the expected valuattaither side accepts minus

)e_r"sdej(s) (10)

the expected cost, all discounted appropriatethénintegral. In the incomplete information
case there will be two sets of tyges @hd  angbldngers will entertain beliefs;(¢t) > 0

such thad  b,(t) =1 (and similarly féf ). Objective (10) \iHen generalize to
JjeTJ

Ei(0") = b,(0) [0 e dGl(s) (11)
JjeT ’

for typei € Z . Of course, the beliefs wile appropriately updated by Bayes' law when
discussing perfect Bayesian equilib¥ia.

2.4 A First Example

Let the players' strategies be such that) = x} (cotystad(! (s) = 2;
(constant), and symmetrically fgr (wiifi + 27 <1 ). Furtlessume that issues an
acceptance at random tirie  with exponential degiparametey,; > 0 , and
symmetrically forj . After history.! , since the prdiility of acceptance by within the
infinitesimalds at times ig;;e **ds and the (independenthability that; has not yet

accepted iz #* ¢F!(s) = pe”"it)sds . Moreovér (s) = e~ i) | In this case
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Ei(o!) = j‘oooe_(n—i-ﬂi-FMj) (iwi(x5) + pjui(1 — 7)) — ci(25, 27)) ds

_ (@) +pgui(1—af) —ci(2],2))
- it it i

Now, let us define the important quantity

Ailei, 25,20, 7) = ST (12)
and let us assume that chooges- A;(z}, z}, 27, 2}) , hgn') = u;(z3) . In thatica

is made indifferent between waiting with the givexponential distribution or accepting at
any time. A symmetric argument also holdsfor gitlee symmetrig;; . This example will

be generalized in the next section to obtain a aoegperfect equilibrium.

3. Bargaining with Perfect I nformation

Much of strategic bargaining theory was initiadigveloped with perfect information.
It is therefore reasonable to first extend thisedascontinuous time. It is also easier to
discuss the characterization of optimal accept@aetavior without the added complexity
arising from continuous Bayesian updating. The w@dhogy developed in this section
exploits the definition of path in dynamic prograugifashion: in order to optimize their
objective, the players can concentrate on optirgieir behavior within each leg knowing
that the optimization problem they will face at #gtart of the next leg will be structurally
identical. The resulting optimality condition ige called a Bellman equation. In the next
section, this dynamic programming approach is nmdeise through Lemma 1.

3.1 Bellman Equation and Survival Functions

Because there can be no left-discontinuity’in Fjbone can always writé

Ei(0") = [ ¢ G (s) + [, e Gl (s) (13)

And sincef! , an@’ describe conditional probabilibes can also write

dF!H (0 + s) = ' (0)dF! () (14a)
and (0 +s) = O1(H)D(s) (14b)

and thusiG;(0 + s) = @t(e)deje(s) . It follows from changing variables i8)that
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Ei(ot) = f[oﬁ)e‘”sth (s) + e 0Dt (0) E; (o!*?) (15)

Formula (15) has important consequentegarticular,t  he sedcBiliman
Equation obtains when writing that the maximumtfar left-hand side of (15) is reached
when maximizing the sum on the right-hand siti&. subgame perfect equilibrium (SPE) is
a strategy profile that forms a Nash equilibriunalhsubgames. But a subgame is the
bargaining game itself beginning at time with sqmier historyh! . So, a SPE must be
such thatt; (o), or its expected value, is maximizediby ‘s industeategy in response o 's
induced strategy In order to obtain such SPEs anguooceed in dynamic programming
fashion: assuming that the optimization problertsaved" for the futures’*? it is enoughto
identify an optimab and the optimal behavior witfo, #) 12

In order to operationalize this approach, it isessary to analyze precisely the nature
of the integral ovef0, ) in (15First, if p! denotes the discrete probability thatsuies an
acceptance at precisely time , &) + £5(0) < 1, thigr) is thiegtnility of null
acceptanceThe discontinuityn F; (0) = pj(1 — p’) is therefore the probability eion-null

acceptance of’(0). With the symmetriaaFj(0) th translate at=0 into a "mass”

AG(0) = pi(1 = ph)ui (€5(0)) 4+ ph(1 — p})ui (1 — €4(0)) (16a)
and, by Proposition 3 in appendix

Jouye T dGl(5) = AGH(0) + [ e oG (s (16b)

Second, let

Pl(s) =1 —P'(Ai(t,t + 5))
be the probability that issues no acceptance mithe leg(¢, ¢ + s) according t&’ ¢! can
be called 's "survival" functiowithin the leglt must clearly ntnuousfor all s € (0, 6)
since only theéiming of acceptance is random and a diseoty would indicate an eveAg
Moreover, offers and costs controls are constant € (0,0) and can be denoted
&(s) = i}, ¢{(s) = z},andc] = ¢; (2}, 21) 14 With these notation one has

Lemma 1. Assume thatt,t + 60) is aleg. Then
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Jiooe G () = (¥1(01) = e D (O))ui(wh) = B(0%) [, ) L(s)drly(s)
with d/ifj(s) = e’ri‘S((ui(l —xl) — ul(xj))dgbﬁ(s) + (cf + rlul(mi))qbﬁ(s)ds) a7)

Proof: Discontinuities translate in®'(0*) = 1 — AF/(0) — AF}(0) onthe
previously definedd’ . Thys for alle (0,0), dF{(s) = — ®'(0")¢!(s)d¢;(s) and

AGL(s) = — @(0%) (ws(wt) 9!(s)de!(s)

i (1= 2f) 61 (5)d6L(s) + clo!()0(5)ds)

Integrating by parts the term ifp! (s) (sinee”squ-(s) is cambins) yields the resultl

Formulae (15) and (16b), together with Lemma 1, lvé used to construct perfect
equilibria.

3.2 A Subgame Perfect Equilibrium

The discrete-time Rubinstein theory may have ptechthe belief that there is an
essentially unique rational solution to the stratdgrgaining problem and that it is efficient,
at least in the stationary and perfect informatiase. However, none of this remains true in
continuous time. As the results below will shove trery possibility of randomization in the
timing of acceptance yields a vast class of SPEs thagearerically inefficient.

The "countervailing” strategy defined below gefizes the example of §2.4.

Definition 1: A countervailingstrategyy; (for playej ) based on offgre [0, 1]
and cost contrat} € C; is defined By(h,) =af such that:

« "Initially offer =7 and set cost control tg  foll imes." Formally:

af : = ((offerz}) A (set cost contral)) ; (18a)
« "Accept instantly(1 — ) 1> Formally:
(&(t) =1— x3) V (o} — offerz; =1 — 2%) = (o} : = a; (accept) ; (18b)
* Otherwise, "on each leg, ¢ + 0) , wait with exponendiatribution of parameter
pj = Ai(f, 2t 2}, 21)".16 Formally:

(2} <1— a%) A(s =7) = (o : = a; (accept) (18c)

wherer € (0,6) is a random variable with distributBar > s) = e #*
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This last condition can also be expressed ondbglting functionz5§- that must satisfy

Aol + pi¢lds =0 or  drli(s) =0 (18d)

ij
By extension, the survival functioﬂ will be called countervailifdne first main result is

Theorem 1. Countervailing strategies form a subgame perfgatiierium.

Proof: Without loss of generality, one can assume tfiat ; < 1 since the initial
offers would otherwise be null and the defatflt= x;-l =0  lddee used instead ef and
x; throughout this argument.

Assume now thaf uses hasuntervailing strategy. If at any tiitgecurrent offer
reacheq1 — z%) then; instantly (and successfully) accégts. &t tasel;(o") = u;(z7).
Otherwise, for any path’  beginning at time , thisngrobability one that for sonte> 0
(t,t 4 0) is a leg. Within that leg, it was observed thits) = e #* results indx{;(s) = 0
Moreover, since); results in a continuous acceptdrstabution functionf; , any
discontinuity a0 can only involve 's acceptance oand yieldsaGj;(0) = AFY(0)u;(x}).
And sinceAF}(0) =1 — ®'(0") , by Lemma 1 and by (15)

Ei(o) = (AF;(O) +P(0) — e’”"@t(e))ui(x;) + e 0P (0) B, (o)

= (L — e ®"(0))u, (25) + e 0D (0) E;(0"17) (19)

Let (6,).en be the successive event times generated orvhatyy 's strategy. If there is
none or finitely many, use an arbitrary sequendg, @pproachingco . Iterating (19) yields
Ei(o") = (1 — e " ®"(0,))u; (x]) + e "D (0,) B (o) (20)

By Proposition 4 in appendig('_r]goe*”‘g@t(en) =0 .And,sinEe is dighounded,
Ei(o!) = u; (:z:j) Since this holds for any strategy for player e, tountervailing strategy;
is a best reply after any histohy [1

Corollary 1 (Extremal Equilibria): If z; = 0then the SPE of Theorem 1 is

extremal for; .

Proof: Playeri 's expected utility always reduce&tt’) = u;(0)  chlis the

minimums can guarantee himself by accepting 'sdHst at any timell
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Note thatr; = z7 = 0 provides an extremal equilibrium footh  sidéstypical
applications extremal equilibria are used as trglgeeats: both sides play according to some
agreed upon "scenario” and defection is punisheesrsion to an extremal equilibrium of
the deviating side. The next result shows how sucbnstruction can be achieved here.

Corollary 2 (Efficient Equilibria): For anyz; € [0,1] and cost controlg asd  the
following strategy profile forms a SPE.

att = 0 issue

af 1= inputf? ; if () = o) then offerz; else offed; argbtz;

of :=input ) ;if (3) = o) then accepi; elsaffer0; and set;

Vt > 0 use countervailing strategies based¢t) ¢;(t) ¢(¢) &

Proof: If sand;j doissue) and) these resulthe offerz; immediatetepted.
This yields immediate utilities; (1 — z;) > u,;(0) and(z;) > uv;(0) . Any othexci@on by
i results in nonacceptance and the offer  followedduntervailing behavior on 's part
with expected utilityu;(0) fog from then on, clearlptran improvement at=0 . The
argument is similar fof . And reversion to coungling behavior provides an SPE.

A consequence of Corollary 2 is that, in the qumus time framework and under the
assumptions of this paper, strategic bargainirmpalefficient outcomes but does not yield
uniqueness since any sharing of the pie can baisadgtby a SPE.

Theorem 2 has conceptual consequences as wsll):ifimay seem awkward that the
parametey:; 0of 's survival function be given by amjity A; that only involves 's game
parameters. Indeed, the denominatoApf is onlgasure of how far appart the two sides
are, but its numerator is the total cost flow ohis actual cost; of bargaining plus his
opportunity cost of not accepting 's offer. One miigstead expect that should hold out as
a function ofher own costs. But that would be a mis@piion. The reason 's survival
function is given by 's cost parameters is thatsttegy is to pressufe with expected

accumulating costs, by delaying her own acceptanaosear him down into giving up.
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Second, Theorem 1 holds for any pair of offerqighatz; + x; < 1, whereas
immediate acceptance means that- =7 = 1 . The first camdiéi arguably more generic
than the second. If the two sides come to the lrargptable without prior exchange, and
with some idea of what offer they wish to makes imore likely that the two won't exactly
add up to the whole pie. And all such pairs casuyported by a countervailing SPE. It is
tempting to object that, knowing this, the two sigdeould be both better off choosing offers
that result in an efficient outcome. But the pracekchoosing such offers is precisely what
is modeled in this paper and fails to identify rgée efficient bargain.

3.2 Optimal Acceptance Behavior

A SPE based on a threat of reversion, as in Gogoft, need not involve immediate
acceptance. Instead, some "scenario” can be imptecheuntil some deterministic or
probabilistic end, and be sustained by an apprtptimeat. Such a scenario may involve
various offers and cost control adjustments, as ageh continuous or discrete-time
probabilistic acceptance strategy. However, althahg parameters of probabilistic behavior
may be public knowledge, the random variables guugrit are here assumed privately
monitored. So, if 's expected acceptance behavigiven by some! within some leg
(t,t + ), all thatj can observe is the occurrence of ap@ance or a rejectioA trigger
threat, therefore, cannot rely an 's conformancary specifies! thaj can never observe
directly. This means that will undoubtedly cho@ge in otdeoptimize his expected
payoff within (¢, ¢ + 6) ,ceteris paribus It is thus useful to understantlat optimal "shapes”
¢! can take. This section discusses this issue wieefotlowing holds:

Condition AP (Agreement is Preferred): for both: on the legt,t + 0)

¢ + riu(xh) >0

Condition AP holds if there is a positive costfl¢-! > 0) to not reaching
agreement, regardless of whether that cost caralngoiated strategically, or if there is an

opportunity cost because the offered bargain eb#tan not having onaz((a:é-) >0 ).
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Lemma 2 and the resulting Theorem 2 give a usdfatacterization of equilibrium behavior
under condition AP: within each closed subleg degerministic leg, either both players
countervail each other or they are "non-acceptamedning that their probability of
acceptance is nil.

Lemma 2: Assume that condition AP holds, thatt + 6], § > 0, is a closed subleg,
and thaffor each ofi angd the integral (here z‘o[fj o;(s)dri;(s) reachesnamum.

Then,¢;(s) and’(s) must E@multaneously constant or countervailing.

Proof: Lety; = A, (!, 2%, 2!, 2!) > 0, and for alls € [0,6] let:

IRl b et B Rad]
S

ki(s) = (wi(l — af) — wi(ah)) (e"'i‘gaﬁ;‘-(s) + (ri + uj)fo e""f‘%}(T)ds) (21)
Clearlys;;(s) > 0 on[0,6] and one easily verifies that;(s)  is aslif)(Moreover

I 1s)drty(s) = BL(O)k!,(0) — w,(0) — [ k() (s) (22)
after integrating by parts (singé andfsgj are continuous) . There are tages:

(i) If ¢! is strictly decreasing of0, §] then, according to Propositioim appendix,
m,fj must be constant for the last integral in (22)etach an extremum givefj(f) . This
implies thatdx{;(s) = 0 and¢’(s) = e #* iscountervailing. Singg, s strictly decreasing
n§2 must be constant for an extremum to be reach&Pnwritten for; mutatis mutandis
andg!(s) = e #* is countervailing.

(i) If qﬁj is not strictlydecreasing o0, §] then there must be senigeg, call it
[0, 0] again, withg!, = 1. Butls{;(s) = e "*(c! 4 rju;(«}))ds and the integral

fog ol (s)drl;(s) = (¢l + riui(xz-))fog e "5 Pl (s)ds (23)
can only reach an extremum whgh is constant bgdaition 5 (withd f (s) = e "*ds ).
But ¢! = 1 sincep!(0) = 1 . The same holds when exchanging jand

The integral that is minimized in Lemma 2 is oahe term in the Bellman equation

(15). But knowing the optimal shapes@f (@©n6) redubesoptimization problem to a

choice of boundary value &t . Theorem 2 shows thighjn a maximal leg, countervailing
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and non-acceptant behaviors can only cohabit iera precise way and that they correspond
to different types of payoff expectations. One has

Theorem 2: Assume condition AP and th@t ¢ + #) is a maximal deterministic leg
of a SPE-generated path  Then, there eRistsy < 6 satfot bothi andj , mutatis
mutandis

(i) E;(0"**) = ui(2f) for s € (0,v) and both sides are countervailing;
and (i) E;(o""*) > u;(«) fors € (v,0) and both sides are non-acceptént.

Proof: In any SPE one must hav&(o'**) > u;(«})  foral (0,6)  since can
always accepi:; at any time. And since there can be no mass wthif) by definition of a
leg one always haby (15) and by Lemma 1, for afyx s < s +v < 6

Ei(0"%) = wi(@f) + e ¢ (v) ¢y (v) (Ei (o) — wi(2f))

_ f ot (r dﬁt—i-s (r) (24)

Sincej does natbservep!™ , its very shape does not infle¢ine parameters of the
optimization ofE; (o' *5+*) 19 Therefore, the maximization byf [ (c'**) always involves
the minimization ovep!™ if0,»] of the integral in (24yen anys!**(v) . By Lemma 2,
this yields two cases:

@ If ¢§+s is countervailing then the integral in (24 nil. And if
Ei(o") > uy(«}) then (24) is maximum fap;** (v) = But™ =1 isnot
countervailing and neither cafj™  be by Lemma 2./507" ") = u;(«}) and
Ey(0") = u(2h) for s € [0, v].

Conversely, ifE;(0""*) = u;(z5) therfoygzbf”(T)d/ffjs(r) =0 .Andsineg™ s
continuous positive oft), v] dmfj‘g(r) =0 (a.e.)andthe continujziﬁé must satisfy the
countervailing condition (18d). By Lemmad,"*  mulsibabe countervailing.

(ii) If 95> = 1in [0,v] then (23) and (24) yield

Ei(0"%) = wi(2h) + eV (v) (Bi(0" ) — ui(ah))

— (el + rwiah)) [ el (r)dr (25)
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Again, for anyp!™*(v) the integral in (25) must be mired but this can only occur
with a constanp;"* which must be identically by douity. Sincec] + r;u;(z}) > 0 by
the assumed AP, one must haugo'"**") > u;(2%) . And by continnity, this last strict
inequality must hold within some neighborhood-oConversely, this inequality precludes a
countervailingg!™ by (i) and implieg/™* =1 in that neighbood.

Finally, assume the strict inequaliy(o"***7) > u;(z})  for (0,v]  fomgiicity.
Replacings!™* =1 in (25) yields:

0 < ¢ +rjug(xh) < cf +riEi(0"™) = e (c; +riEi(0"1T)) (26)

It follows thatE;(o'"**7) must bincreasing with . It can thereforevaedecrease back to
ui(:cfj). So, countervailing behavior cannot follow nonguant behavior within a same leg,
but it can precede it as statédl.

In the continuous time bargaining framework, pertgyuilibria can only involve
two possible kinds of acceptance behavior on arahnestic leg according to Theorem 2:
both sides are either countervailing or non-aceepihese are two forms of "holding-
out" behavior: in the first case, both sides haldlio the hope that the other will be first
to concede; in the second, they hold-out in thesetgiion of a better future. And under
condition AP, if the players are not countervailonga leg their expected payoffs must
beincreasingwith time. This is not surprising since non-gtaat behavior yields either
accumulating cost! > 0 or the opportunity cost of mﬂ@tingui(x?) > (0 sooner. And
these are not compensated by some probabilitythiatther side will accept along the
way according to countervailing. So, each side rbashcurring these costs in the
expectation of a better future at the end of tiye perhaps as a better offer or as a
discrete probability of the other side's acceptigthis better future draws nearer, one's
expected payoff increases. If instead the playergauntervailing then their expected
payoffs are held to the constant utility of theesthide's current offer.

3.3 A Second Example
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Consider the following Rubinstein-like negotiatingmework: the two sides "agree"
that they will alternately make offers at regulatervals of time of given length> 0 ,
perhaps withi  going first. They also agree thatmihmakes an offer tp j, instantly
withdraws his own last offer to  (i.e. adopts offieagnitude) ). Although 's offer remains
on the table untij 's next turn to make one, neithde is expected to accept or even speak
between turns. Indeed, if anyone deviates from"#dsenario”, for instance by not speaking
at their turn or not making the expected offerytheth instantly revert to countervailing
behavior on the basis of their last offers and costrols, a well known SPE.

There are many possibilities regarding the chofeeand the two sides' successive
offers. For simplicity, let us assume here thattthe sides stick stubbornly to offer$ > 0
andz; > 0 such that:; +z; <1 andtocontrefs afid resultingpstscy > 0 that
they impose on each other from the very start.Ifinassume that each side accepts the
other side's offer at each of his turns with prolitgtop; (for 7). So, if¢ is a time at which
receiveg 's offer; and may accept it rationallyhvatobabilityp; > 0 , one needs by (15)

Ei(o') = () (27)

= —ki+e " (pjuz‘(l —z)+(1-p)(—ki+ e_neui(f’d"?)))

*

with k; = (1 — e %)% sinceE;(o"**’) = u;(«}) . This requires that

o
(e =) (a))+(14e")k;
Dj u,;(1—x7f)—e""i9ui(;v;)+ki

(28)
which is a true probability provided that

0 <k <eu(l—x)— u;(75)
a condition that holds provideéd is small enough.

After timet , and until timét + 0) E;(o"**) > u;(«5) and itis not ratairfori to
acceptr; . Before time , froft — 0) om; is not availedheli can only accept the lesser

offer 0;. So, provided is small enough, and sincesfe [0, 9)

Ei(O't_m—S) > F; (O't_e) = —k; + 6_7"79’(12‘(.%';) > ul(O) (29)
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it is never rational foi to accept at such times.iSis only at precisely time (plus
multiples of26 ) that finds it rational to accez@t ithwvany probabilityp, . Of course, the
situation is entirely symmetrical fgr who can thuse probabilityp; optimally at time
(t + 0). Deviation in any way only brings countervailinghavior on the basis of the other
side's current offerz{;  dr; ) a shift that can nevepriove one's expected payoff. This
scheme thus forms a SPE. The probability that therside accepts at the next turn is what
provides the brighter future that makes it possiblevait for timef . In the discrete-time
Rubinstein framework the above scheme would notigeoan SPE if utilities are weakly
concave. What makes it possible in this continuous framework is the fact that the two
sides can move simultaneously (when one side mtkefer the other withdraws its own)
and can revert instantly to a countervailing SP&tHer fails to carry out the agreed upon
scenario. This suggests that it is only by depg\ime players of the full control of the timing
of their moves that the above scheme can be ruleshahe Rubinstein framework.

3.4 A Third Example

An interesting scheme that is worked out by Siithtacchetti (2003) makes the
delayf be a random variable and the successivesafgroach full agreement. They also
assume that an offer must be instantly accepteéjected. However, it is possible to recast
their model of "aspirational bargaining"” in thenerof this paper where the timing of offers
and acceptance are independent. Let us assumg@ﬁls@fs current offer at time and that
intends to make a new offer denotzéjde after someydelBut, instead of being
deterministic, let it be a random variable of disition functionf;(#) . Let us further assume
thatj countervail$ at all times on the basis efdbrrent offer! while it lasts, and on the
basis ofxﬁ*" once it is made. Equation (15) togeth#r the countervailing conditions
Ei(0') = ui(z!) andE;(c""%) = u;(«"") yields an expected value

J

uilat) = [ () eredGly(s) + €0 B)us(a?) ) df(6) (30)
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Following Smith and Stacchetti let us assume, faneple, thatf;(6) = 1 — e ¥ with some
p; > 0. One can still anticipate that countervailing ddaavolve exponential densities with
parameters that should account for the distributich So, let us assume thgt(s) = e /¢
for s € [0,6) and symmetrically foj . Equation (30) then bees
i) = f3(fyem o (o) + a1 — ) — cf)ds
+ e’(”*“i*“f')eui(x;w)) pje Pi?do (31)

or, after integration

t+9)

oY prii () +pjui (1—af) —ct+pju; (]
ul(xj) - rit it ptp;
which yields
. c§+7‘7-,u,'(:1;;~)—/)j(u(:}[:Z’-*%—u(:}[:é))
Hj = i (1—af) —u;(x) (32)

Asp; — 0 the offerx;” is delayed indefinitely and form(8&2) reduces to the
standargu; = A;(xf, ), 2}, 2}) . Buta positivg  introduces a corredtiahe numerator of
A;. If the offer:zc?r % is expected to be better for thiam currentz:fj then the correction is
negative and this decreages and lowers the chaheeseptance by Whilﬂ} is still on
the table. Intuitively;zc?r % will be more attractivecamore likely to be accepted by and this
favors some temporizing by . If insteaﬁ‘) is expettebe worse than the currenjtj , IS
more likely to accept. This corresponds to a thoéatithdrawing a current "good" offer
which would yield more temporizing. Also note tiia¢ condition

pi(ui(z™) — wi(a})) < ef + ()
must hold fori; to be non-negative as required tiB®expected tim% it will take for a
generous offeat:z.*‘) to be made may have to be higlaerfibr a less generous one.

Of course;cz*g can be followed by further offers wisindomized timing and this
process can be bilateral and involve changes its @sswell. But if both sides countervail

each other in this fashion they are in SPE. Thigeats that Smith and Stacchetti's theory of

aspirational bargaining is not limited to the "taker-leave-it" offer framework.
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4. Bargaining with | ncomplete I nfor mation

The goal in this section is to extend the existemicequilibrium result of the perfect
information case to incomplete information. Theunak solution concepts are the perfect
Bayesian (PBE) and the sequential equilibria.

4.1 Beliefs Updating

Instead of two individuals and bargaining widtke other, let us now assumes two
finite sets of types, with € 7 anfe J . Each type is descrilyed $pecific utility
functionw; , cost function; , and discount rafe . Bince neither side can observe who
among the other side's types makes decisions en offst, and acceptance, these will be
denoted byr; z7 xs ,ang; . Ateachtime each sidebhhsfs(bj(t))jej about the

other side's type (i.eb;(t) >0 andb;(t) =1 ) thatwill be upddig Bayes' Law.
JjeTJ

The natural generalization of playier 's objectixages given by (11)But belief
updating must be formulated in the time continuboth at and between event times. Initial
beliefs att = 0 can be arbitrary, although the initiabices of offers and cost controls may
immediately result in an adjustment of beliefsgémeral, Bayesian updating reads4or 0

b (P(S!)
bi(t+s) = 26 )
.7( + S) kezjbk(t)]lm(s}z+s)

(33)
whereS;** is the state in which typee 7  will find itself atrté (¢ + s) according to
strategy. A standard component%f* is that hayebsuccessfully accepted but it may
in general involve offer and cost decisions. Howetlgs section only aims to establish an
existence of equilibrium result that extends thecept of holding-out behavior. In
particular, it does not explore cases where castrabadjustments would reveal information
about one's type. Let us therefore make

Assumption A3 (I ncentive Compatibility): The cost game, if it is non-trivial, has a
Nash equilibrium(z7, z%) that is common to all types.

With this assumption, it is possible to focus @EB where offer and cost control

decisions are pooling and only acceptance behawiobe separating. In addition, the
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equilibria obtained in Theorem 3 rely on behavi@ttrules out null acceptance events. This
is guaranteed when the following holds:

Condition CA (Continuous Acceptance): SideJ 's strategy profile is "continuously
acceptant" (CA) if for alk € 7 and all F} is a continuous function.

Clearly, a continuous} involves zero probability of acceptance/by at ang time
and therefore cannot (with any positive probabjligad to any simultaneous attempt that
could generate a null acceptance event. In altdbelts of this section at least one side will
always be CA and notation will be simpler if thesual function is now defined by
ol(s) =1 —P!(A;]t, t + 5)).20 Whenever at least one side satisfies CA, the Bayes

updating formula (33) simplifies inté

b.(t)ph(s
bt +5) = % (34)
where ¢, (s) =k2;75k(t)90}2(8) (35)
€

is the probability that no type iffi  has acceptedifog (¢ + s) . One further consequence of
condition CA is that any massiat can only resolinfa one-sided discrete probability of

acceptance. If all types (i  are CA then (16agaced by

AGI;(0) = ;bj(t)Aij(O) = — Agi(0)ui (g5(0)) (36)

4.2 A Second Bellman Equation

Lemma 3: If (34) holds then for any patH

Ei(ot) = ezj by(1) [1y gy G (5) + el O)y (0) Ex(o ) (37)

Proof: Since our distribution functions aeft -continuoue @an always write

Ei(ot) = zj b,(t) f[oﬁ)e‘”sdej(s) T zj bi(t) f[m)e—wczc:gj(s) (38)
JE Jj€

But, just as with (14a) and (140)G!(6 + s) = ©!(0)}(0)dGL"(s)  single)e!(0) is
the joint survival function of ang under conditiGA. The second sum in (38) thus reads

S0 g e AC O+ 5) = GOS0 f 0 G
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= e—n9@§(9)g0f7(9);7bj(t + Q)I[O,Oo)e—rﬁdG;;“)(s) = e‘rﬁgpg(g)gofj(Q)Ei(o't-&-@)
je

by (34).00

Formula (37) can also be called a Bellman equaioce it breaks the optimization
problem into one over the interll #)  together with thoice of an optima@l and the
result of the same optimization problem shiftedbgto the future?2 Indeed, the addition of
beliefs is the only significant difference with therfect information case in the optimization
over|0, 6) . This suggests that optimal behavior shaitilldbg either countervailing or non-
acceptant. But, although this could be formallycdssed, it is enough here to describe an
equilibrium that uses the observation.

Countervailing behavior is meant to hold one siggpected payoff to its utility of
the other side's current offer. It is a razor-ttmmdition: any slight adjustmentin 's utility,
cost, or impatience parameters should jeopardetebiance. So, if is countervailed it is
unlikely that any other type of its side, withfdilent parameters, also is. And if is not
countervailed, his optimal behavior, short of in$tacceptance, should be non-acceptant.
This suggests a construction that is in fact getié@dard in incomplete information games of
attrition: side7 (all types together) will countailva specific type € Z while all other
typesl € Z with non-nil beliefs will be made non-aceeyt and symmetrically.

4.3 The Case of a Single Countervailed Type

This section establishes some essential lemmatadaase when only one type on
each side is countervailed while all other typeseither given nil beliefs or remain non-
acceptant. Each side's countervailed type is Als@hly one who "actively" countervails the
other. These lemmata lead to an existence of PB&¢im in the next section. Using the
notationz’, z;, ¢}, andc!, for constant decisions within legs, Lenintcomes

Lemma 4: Assume that alk € 7 satisfy condition CA and that + 0) aieg.
Further assume for somies 7  thatt) #0 ,and thfat= 1 fok @l7 uchshatk £ j
andb,(t) #0. Thenforall € Z :
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RGN A E)

keJ
= ($1(0%) = e} ()¢l (0) () — [, P1(s)dily (5) (39)
with  dkf,(s) = e ((ul(l — &) —w(z';))dels(s) + (¢f + rlul(my))gpy(s)ds)
Proof: Similarly to Lemma 1, integrate by parts the terne "¢} (s)d¢l(s) in
e~ "*dGy, (s) (integratingdy;(s) ). Then use the definitionydf O.
A countervailing profile fot7 will again involveonstant offeiand cost control. But
most importantlyy’, will also satisfy a conditionimko (18d) that reads here
dil;(s) =0 (40)
Together withy! = 1, for k # j andby(¢) # 0 , this translates into a conditiongqn
Lemma 5: Under the conditions of Lemma 4, formula (40) Isafdand only if

e "I 4b(t) -1

hael (41)

—l’n,(l—bj(t))
1 '

©i(s) =
with 11; = A (2, 2, 24, 2,) > 0 andd <

Proof: Rewritedx! ;(s) = 0 asdy'; + pjp’;ds = 0, so thap’, (s) = e ** . Then
use the definition o', to obtainy’; . Finally solwg/(f) = 0 to obtain the bound ér].

Note that, by Bayes Law (34);(t +6) =0 sing#) = 0.  And sifics firiite
belief about typg 's reaches zero at the end dethevhere she is actively countervailing.
So, in order to continue countervailing the othde some new type from sigé  must
become involved. In fact, it is the careful orgamggzof this succession that provides a PBE
in Theorem 3. Also, Corollary 3 will show that, ass acceptance has been reached, each
side must learn the other side's exact type itefitiine. Lemma 6 is the final key to Theorem
3. It uses the notatioky = A, (0,0, 2%, 2%)

Lemma 6: Under the conditions of Lemma 4, assume furthat $ide7 uses’, =0
andz’, = z%; and thayu; = \; for someé € Z .Then, for alt; 3% , ards 7

dri;(s) = — e TN py(ah 2 ) ds (42a)
with  pi(ah, 25) = N (w(1 = 2%) — w(0)) — (¢,(24, 2%) + rw(0)) (42b)

Moreover, for all(z%, 2%)
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pi(xl, 27) < pi(0,27) = (N — M) (i (1) — w(0)) (42c)

Proof: Replacer’; =0, 2, =z , ang’, = ¢~ in (39) to obtain (42a) and (42b).
The first inequality in (42c) holdsecausey; is increasing asid is a best refwy’; in the
cost game. Finally one can facfar (1) — ;(0)) O.

4.4 The Existence of Perfect Bayesian Equilibria

To exploit the above ideas in the constructioa ®BE, one needs to describe which
type on each side is countervailed andasvely countiemgahe other. At all times during
the game, each set of types is divided into thubsets: (1) those types on which belief is nil
and who arénactive ; (2) the single type whoastive ; andl{8se types that are non-
acceptant and akgaiting to possibly become active. Agdahee unfolds, the beliefs about
the current active types on each side decreaserdairz finite time. When either belief
reaches zero, that type joins the subset of inadyipes and is expected to play no further
role. It is then instantly replaced by a previousbiting type who thus becomes active.

As the process develops in time, each side agtgalhs information about the other
since it successively eliminates some of the tysetheir possible actual counterpart. Of
course the current active type on the other sidghtrbe the actual opponent and could thus
accept at any time. This combination of countemgibind non-acceptant behavior on each
side is what is meant by "holding-out for concessad for information."

The set of waiting and active types, those withifpege beliefs at time , will be
denotedZ’(t) C Z and/'(t) C J respectively; denotes the Nash equilibrium cost
control of side7 . With the notatioX,, introduceddref Lemma 6Definition 1 is
generalizes to

Definition 2: A holding-outstrategy profilel ; = (¢ )res for sidgZ is defined by
Yr(hy) : = al such that:

* "Initially offer 7 = 0 and set cost control tg,  foll imes." Formally,vk € J :

o) 1= ((offerz; = 0) A (set cost contral;; € C;)) ; (43a)

* "Accept instantly the whole pie; = 1 Formally,Vk € J :

33



(&z(t) =1) V (o} — (offerzz =1)) = (af :=a; @ccept); (43b)
* Otherwise, at each time let the active typeg eargmax .|k € J'(t)}
andi = argmafn|l € Z'(t)};23 Further l6t= a2 *l”(l bty 24,

And for alls € [0,6):

(a) For all inactive types accept instantly. Fdiyna

(ke T —-J' 1) = (a1 = ax (accept);

(b) For all waiting types do not accept. Formally:

(ke T'(t) = {5}) = ()" 1= 0n);

(b) For the active typg on I€0,0) wait with probapiljiven below. Formally:

(2% <1) A (s =7) = (" : = a; (accept) (43c)
wherer € (0,0) is a random variable with distribution giv®n

P(r > s) = gp}(s) = % (43d)
One has

Theorem 3: The holding-out strategy profil@;, V) together with tonous
Bayesian updating (34) forms a PBE.

Proof: Assume that after any histoky side plays accorttrnthe induced profile
¥, which clearly satisfies condition CA since @|l eaontinuous fok € 7 . & any
l € 7, any strategy); induced by any histéfy , and anydeg+ 6) of any path’ |, by
lemmata 3, 4, and 6, one Ras

Ey(o") = (1= e "¢} (0)¢!(0))w(0) + pi(ay, 25) foge‘(”“f)ssof(S)ds
Y(0)Ei(0") (44)
0

it is always best for to maximizgz?%, z%) by the

+eg(0)p
Slncef ~rEA)s ot (s)ds >
choice(z%, 2%) = (0,23) according to Lemma et us first characterizg;(¢') whén
plays according t¢)! id@’. Seconetlus show that no "single-leg" deviation fromatggy
! can be beneficial fare Z . And third, let us extenis fast claim to any multi-leg

deviation in dynamic programming fashion.
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Step 1: Assume that typg € J plays according/fo  in profile Since there can
thus be no eveff (0,00) is the only maximal leg and @meletd be the supremum of all
such that,(t+7) >0 (sé mayhe ). Thisimpliesthat’o!(0) =0  bypgd4)

Ey(o") = w(0) + (A — A) (w(1) — w(0)) foee—“”“”%of(s)ds (45)

If I ¢ Z'(t) then E;(c") = w(0) sincéd =0 . If =i thed;(c') = (0) since=2); .And
if l € Z'(t) — {i} then E;(c") > w;(0) since denotes the active typ€in soxiha ).

Step 2 (First leg deviation) Consider any deviatiﬁh by &ypel € 7, after any
history k!, from his assigned strategyc ¥,  with thedniing restriction:{Zf may
involve anyz, 2%, ands; on afirstle@,t+60) of any path . Ebtz Yl on
[t +0,00) (i.e.,l reverts to his strategyin;  at the firgtt). There are three cases

If | ¢ 7'(t) thenE; (%) = w;(0) ,\; < A\ angy (0, 25) < 0 so that by (44)

Ey(o') < (1— el (0)¢'5(8)) i (0) (46)
and it is best fot to accept instantly. ﬁx’lﬁz Yl is best.

If | = ithenE;(c'"?) = u;(0) since will be either active or inactiaetime(t + ) .
ThusE;(c") = w(0) andlZ: = ¢! is best.

If 1 € 7'(t) — {i} thenE; (%) > ;(0) sincd will be either waiting or actiae
time (¢ 4+ ) .Moreover,\; > \; so thap;(0,z%) > 0 and44) is maximum fas, =1 ,
resulting inE; (') > w(0) . Thugf,,e = 1] is best.

Step 3 (Multi-leg deviation) Consider any (unrestric)@tdaviatiomﬁ byl € Z from
his assigned strategy  after histary . Andliét tHeestrategy profile where all types
k # [ play their assigned strategydi , exckept Whosﬁ-ﬁy For any path’ \Tlt

determines an increasing seque(®g,cn of event tiNws, Iet%ﬁ? = ¢! and for any,
~ Tt t+s f 0
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Sincey; andy, ' are identical o, ¢ + 6,)  so are teresponding

D bk(t)f[w e dGl(s). And since, "' is the first-leg deviationfropj =+  on
keJ o

[t +0,,00), by Step 2 we can write for any and
~n+1 ~n
E(o'|é ", 0 ) < Bi(a'|d), T ) (48)
where the notatiof;(o'|¥) stresses what profile isaypncs’ . Since the probability

thatlim 6,, = © < cois nil eitherlim 6,, = oo om,, = oo for some finite . In either case

E(0'|§,0,) = lim Ey(o' |5}, 9")
< Bi(o'|§), 9 )) = Ei(o' |y}, ¥') (49)
Thus, no deviatiorif;f from ! can benefit the arbitrary typel.
Corollary 3: In the PBE of Theorem 3, players learn their ogm's type in finite
time.
Proof: Assume that typese J = J7'(0) are indexed accordingdeaeasing
order of the corresponding = A; (07,07, 25, 25) A< |J| is the active tgparting at

timet;, then it stops being active when its beladisfto zero at time; ., = ¢; + 60; with

0]' _ —in (1—‘bj(tj))

o andu; = \; , wheré € 7 is the targeted type. Meanwhileyalésk > j

are waiting and have beliefs thatrease bidt;.;) = 15_%(%)) <1 ,aslongas|J| It

follows that allg; for j < | 7| are finite and so is their fingem.]

After complete information is reached accordin@twollary 3 the two remaining
active types play a perfect information game andctdeviate from the extreme choices
ry = 0 andzy = 27 . They could do so as suggested in secti@1$8.one can construct a
PBE that allows more efficient reciprocating beloawince full information is reached.
However, any trembling in the beliefs would agaquire the use of extreme choices. So, a
sequentiakquilibrium requires that extreme choices be used @nce full information has
been reached. Formally

Corollary 4: The PBE of Theorem 3 with extreme choiggs= 0 apd 27 talla

times forms a sequential equilibrium.
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Proof: Introduce trembling; so thgt(t) = b;(t) +¢ >0 abhde; =0 . Replacing
i€l

b;(t) by 5;(t) everywhere above yields a PBE. Ascall> 0 ondyeslsows that it

converges to the PBE of Theorem 3 with the givarstant extreme choicelsl

5. Conclusion

This paper extends the players' action space $iomle offer, cost control, and
acceptance moves of strategic bargaining theolggical instructions such as "take-it-or-
leave-it" or "accept at least this much". Most imtpatly, it allows the timing of all such
instructions to be the players' decision variablgkin the time continuum rather than the
fiat of the theorist. The natural generalizatiorirad discounted payoff objective of discrete-
time games is defined by a Lebesgue-Stieltjes iatdhat reflects the expected payoff of
acceptance by either side minus the expected cbstaiting.

Within the perfect information framework, | constt and characterize subgame
perfect equilibria. | illustrate with various exal@p that could not possibly arise in the
standard Rubinstein model. In particular, disagesgmver the sharing of the pie can persist
for a while and is the generic choice. Under a roddt incentive compatibility assumption
and with continuous Bayesian updating of beliefshtain perfect Bayesian and sequential
equilibria. Their structure suggests that uncetydiavors ungenerous and hurtful bargaining
choices. But complete information is reached itditime allowing more efficient choices.

These findings add support to the growing suspithat the uniqueness and
efficiency results of the standard Rubinstein madelthe product of its temporal monopoly
assumption and do not survive when it is lifted.afVithe timing of decisions is returned to
the players, the cost of waitindiged additional perigpon which the Rubinstein model
depends, evaporates thus allowing a wider ranggtrhal bargaining choices. These are

generically inefficient regardless of whether imi@tion is complete or not.
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Appendix

This appendix contains five technical propositisapporting some statements that
were made in the text without proof.

Proposition 1: If (7) is included in strategy; then Assumptiofh i& satisfied foi .

Proof: Assume thatk! contains infinitely many -events Gaerstwo distinct such
eventse! and] with <7 <t .Clear§(h;) < P(o]|a;) . Butif there are iftBty many
such event times in a finite time intervelt. > 03s,7: 7 — s <e .Ba') < O(e) and
thereforeP(h!') = 0 O

Proposition 2: Under Assumption 1, at any time there is prolitsitmne that, for
somef > 0 (t,t+0) isaleg.

Proof: If there fails to be suchéa , then there musdtemith probabilityp > 0 , a

decreasing sequent®,)..x  such tftat 0,,) are event timdsadg = 0 But then

n—oo

R+ would contain infinitely many events with positigeobabilityp .CJ
Proposition 3: If AF}(0) = F/(07) — F?(O) > 0 and(t,t + 6) is a leg then
Jooye o uil€ () AF (s) = AFH0)wi(€40)) + [ ¢ ui(€())dFL (s)

Proof: For anye € (0,0) define the integrable function

[ wi(&(0)) if s €l0,€
ve(s) = {e_T’jSUi(é-;(S)> if s € (e,6)

One then has (for instance by the Dominated Comverg Theorem)
fm,a)e-w‘ﬁui@ﬂs))dﬂt( ) =lim [\, ve(s)dF}(s)
— ki (¢t e Tis t t
= tim (i(€/(0)) (FY(e) )+ fiog e (E5)AF(s)) O
Proposition 4: If (6,,).en be the (increasing) sequence of event times dngat

then lim e "% ®'(9,) =0 .

n—oo

Proof: If the sequence is finite or empty let us add & arbitrary sequence

increasing to infinity. If limf,, = oo the result is obvious. Otherwidan 6, = © < oo . But

n—oo n—oo
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then®!(©) = 0 or the finite historj’*® would contain infiriganany events with positive

probability. Thus, by left-continuity @b’ lim ®/(6,) =0 O

n—oo

Proposition 5: Assume thag : [0,0] — R is strictly positive and continudiet
F=A{f:]0,0] — [0,1]; with f strictly monotonous . And I&{[f] = foeg(s)df(s) . Then
an extremum off is reachedfn if and only if dmstant orf0, 6] .

Proof: Assume, for instance, that is strictly incregsamd yields a maximum d&f

onF . If g is not constant one can find a non-emptgrival (a, b) C [0, 0] such that

\ seu& 7b)g(s) =v<g(r)= Srgaf& 9}g<s)

Assume for instance that> b (if< b or<a the constructdrf* is similar) and let

f(s) for s € [0, a]
Fo(s) = 5(f(a)+ f(s)) fors € (a,b)
f(s)+ 3(f(a) = f(b))for s € [b,7]
f(s) for s € (1,6

One easily verifies thgt* € / and that
H[f] > H[f] + 3(f(0) = f(a))(g(r) =) > H[f]

Sof can'tyield a maximum &f .4f is constanttbsult is obvious]
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2Formally, the history,, igenerated by the strategy profilg;, ¢;) if for anys > 0 and
of = ( as, J) € hi, af = ¢i(hs) anda; = Y;(hs) withhy = {a” € hy : 7 < s}.

3Any O(e) that approaches zero with can be used. liddoe defined so that it becomes
significant for only very small values ef , so thia¢ probability isl in most cases.
4There are reasonable alternatives to this assumibtad would not affect the results. For
instance, one may rule that the offe(t) is acceptatatz; is changed td — &;(t))

SIn the standard definition a distribution functismight-continuous. In this definition it is
left-continuous sincel# ([0, t)) refers to an evemtrior  to tinte

6]t is assumed that probabilistic acceptance alwasldsa; or—a; rather thaf;

Ui (ot (7)) = — ¢i(#i, ;) the current costs if neither side has accepted
NOAT)) = u; () if either side has accepted and: is asesh

8|t is standard to denote b g 2 Stieltjes integradrider to make the interval of
integration (here closed @t , operfat ) unambigulmbsgration by parts applies since

Jo —rie7"7e; (¢} (7),¢}(7))dT is continuous i andl}(s) is a distribution function.
Note thati observeS,(s) agg(s) rather than individi@l) ndcé(s) in that case.
10Discontinuities ofF! and?j may occur@t @r ,hot @atby definition here.

11t alsosimplifies the writing of (10) when pattf  involviiee probabilistidiming of offers
or cost controls. 16 is the random date of an éwtiner than acceptance, with distribution
function f(9) , then 's expected pay(ﬂ;‘(at) satisfies

Bi(0) = fiyo) (Jouye G (5) + 001 (0) Ei(a) ) d f (6)

12This is sufficient but not necessary since it isally possible to construct equilibria from
suboptimal behavior ifd, §) by resorting to adequatedts in[¢, oo) .

13ndeed we assumed in A2 that illegal acceptanagtseis a "rejection” event by both.
So, a discontinuity i! must yield an event whetheracceptance is legal or not. Also
note thaty! extends continuously[tot + s]  since it is atonous and bounded.

14¢1(0) can be different from!(07) = 2! if makes a take-it-or-leawvoffer£t(0) at timet .
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15Although this instruction is sent at all timesgd@n be non-null only once, when 's offer is
actually accepted. Thus the strategy is not exyosi
16with A; as defined in (13) and the notatigh= ¢/(0") , etca@iey; > 0 is constant
between event times apd = 0 can only occur if cogisiandz’ = 0 .
17i'snon-null offer can never exce¢d — =) by A2.
181f AP does not hold, non-acceptance can yield dmesexpected payoff as countervailing
and the conclusion of (i) does not holds) K v < 6 thigio™*") = w;(«) by continuity.
19 may have an expectation about the shapg cf bubcly observer; ora;
20The only difference betweesf andy! isthdt[t,t +s) can includewent at time .
As a resulty! may be discontinuous at= 0
2lunder condition CA, and for anye 7 S;** = A[t,t + s) Pi(S;") = ol(s)¢(s). But
©!(s) drops out from (33).
22Bayes' Law is the only belief-updating process stast with dynamic programming.
23Any tie-breaking rule can be used in case thersaveral maximizands.
24With the convention— [n0 = oco.
25Because& s = 0 and by (36)

AGL(0) + (#1(0%) — e "l (0)y (0))wilaly) = (1= e i} (B (6)) i (0)

26A change in the active type on either side is moisadered an event.

42



