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These notes develop the part of cardinal arithmetic that depends on the axiom of choice.

The first result is the comparability theorem: every nonempty set of cardinals has a
minimum element. The following proof was given by Chaim S. Honig in 1954. Consider
an arbitrary family {A;:i €I} of sets. The problem is to show that Ji Vj[A, < A ].
That’s obvious if A; is empty for some i, so assume the opposite. By the axiom of
choice, there exists a € X,A,. Define

X ={XcXA,:Vx,yeX)[x+y = Vilx, #y,11}.

Then U # ¢ because {a} € &. Consider the partially ordered set <&,=>. You can
easily check that if €< & is achain, then U€ e &. By Kuratowski’s maximal principle,
& has a maximal element M. For each i € I, define

M,={x,:xeM}cA,.

If Vi[A,-M, # ¢1, then there would exist b € X.(A, - M;) by the axiom of choice; you
could verify that M v {b} € &, which would imply b € M because M is maximal, and
that would yield the contradiction Vi[b, € M,]. Therefore, 3i[M, =A,]. If t€ A,, then
t = x, for some x € M, and this x isunique: forif x,ye M and x;, =y, =¢, then x =y
because M € &. Thus for each j, you can define a function f;: A, - A; by setting
fi(t) = x;. Each f; isinjective: if fi(¢) = f(u) for some ¢,u € A, then there would exist
x,y € M for which

t =x, i) =x

u=y fj‘(u) =Y
and hence x; =y,, which implies x =y because M € &. Therefore, A, < A; for all ;.
The proof is complete.

It follows from the comparability theorem that < is a linear ordering on any set of
cardinals. That provides another proof that a set X is infinite if and only if o < #X.
Sets of cardinality < w are called countable.

The first step in the development of the arithmetic of infinite cardinals is to show that
o + o = w. You can see that by considering the bijection f: N - (N X {0}) u (N X {1})
described by the following diagram:

<0,0> <1,0> <2,0> ...
| ~ ~ ”
<0,1> <1,1> <2,1> ...
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As a corollary, you can deduce that n + w = w for each n € N.

The next step is the equation a + w = a for each infinite cardinal «. To prove that,
let ¢ = #X, C be a countably infinite subset of X, and D be a countably infinite set
disjoint from X. There’s a bijection f: C u D - C. Use it to define a bijection g : X u
D - X by setting

B f(x) ifxeCuD
gx) = X ifxeX-C "~

That completes the proof. As a corollary, you can deduce that n + @ = a foreach n ¢
N and each infinite cardinal «.

The next result is the equation a + a = « first proved for every infinite cardinal «
by Gerhard Hessenberg in 1906. To prove it, let ¢ = #X and

F={f:3ScX)[f:(Sx{0})u(S x{1})~S injectively]}.

By considering any countably infinite S < X, you can see that F' is nonempty. Now
consider the partially ordered set <F,c>. You can easily check that if C c F' is a chain,
then UC € F. By Kuratowski’s maximal principle, therefore, F has a maximal member
f. Let Dom f= (S X {0}) u (S x {1}) and B = #S, sothat f + 8 <. The desired
equation follows if S = X. Suppose, on the contrary, that S <X. Then X-S would be
infinite, for otherwise ¢ = + n = , where n = #(X-S), and X-S would have a
countably infinite subset 7. There would exist an injection g: (T X {0}) u (T x {1}) -
T, and fug would be an injection from (SuT) X {0}) u((SuT) X {1}) to SuT.
Since [ is maximal, fu g = f, contradiction! The proof is complete.

Hessenberg’s sum theorem implies that the sum of two infinite cardinals is the larger
of them: if w <a <f, then f<a + p <f + p =p. By arecursive argument, it follows
that the sum of any finite set of infinite cardinals is their maximum.

You can generalize the argument given earlier for the equation w + w = w —which
is equivalent to 2w = w —toyield nw = w for each n € N. In fact, ww = w. You can
see that by considering the bijection f: N - N X N described by the following diagram:

<0,0> <1,0> -<2,0> <3,0>-
l 7 ' 7 B
<0,1> <1,1> <2,1> <3,1>
<0,2> <1,2> <2,2> <3,2>
| - v ~

<0,3> <1,3> <2,3> <3.3>
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Now you can prove that aa = a for every infinite cardinal «. Hessenberg also proved
this first in 1906. The following proof, and the one presented earlier for the equation
a + a = a, are patterned after a 1944 argument of Max Zorn. Let o = #X and

F={f:3ScX)[f:SxS-S injectively]}.

By considering any countably infinite S ¢ X, you can see that F' is nonempty. Now
consider the partially ordered set <F,c>. You can easily check that if C c F' is a chain,
then UC € F. By Kuratowski’s maximal principle, therefore, F has a maximal member
f. Let Domf=8S xS and B = #S, sothat f < «. The desired equation follows if
S = X. Suppose, on the contrary, that S <X. Then #(X-S) >, for otherwise a =
p + v =p, where y = #(X-S). There would be a subset T'c X- S such that #T =
B, and

#SEXT) v T XTYuTXSN=pB+p+pB=B+p+p=p.

There would exist an injection g from (SXT)u (T XT)u(T'xS) to T, and fug
would be an injection from (SuT) X (SuT) to SuT. Since f is maximal, fug =,
contradiction! The proof is complete.

Hessenberg’s product theorem implies that the product of two infinite cardinals is the
larger of them: if w <a <f, then B <apf <pBp = . By arecursive argument, it follows
that the product of any finite set of infinite cardinals is their maximum.

The set 7 of all integers has cardinal w + v = w, since Z=Nu{-n:neN}. Let
X denote the set of all pairs <m,n> € Z X N such that n # 0 and m and n are
relatively prime. Clearly, X = Q, the set of all rational numbers, hence #Q <
#(Z X N) =ww =w. Thus Z and Q are countably infinite.

Let X denote the set of all sequences of zeros and ones that aren’t eventually all ones:

X={xe{0,1}: =Em)Vn 2m)[x, = 1}.

By considering binary expansions, you can see that X = [0, 1), the half-open unit interval
of real numbers. Therefore #[0, 1) < 2” But there’s an injection f: {0,1}' - X defined
by setting, for each x € {0,1}"

f(x) — xn/Z
. 0 if x is odd.

if x is even

Thus the half-open unit interval has cardinal 2.

Let @ and b be real numbers and a < b. Consider the bijection f:[0,1) - [a,b)
defined by the equation f(¢) = (1 -¢)a + tb: apparently, every half-open interval has
cardinal 2“. From the diagram below, you can see that every bounded interval of real
numbers has cardinal 2°.
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Binary expansion of real numbers indicates that 7 x [0,1) = R, the set of real numbers.
Thus #R = w2” = 2% Therefore all intervals of real numbers, bounded or unbounded,
have cardinal 2°. That cardinal is called the continuum. This result was proved by
Georg Cantor in 1878.

The question whether there’s any cardinal § such that v < < 2“ has been found
undecidable within mathematicians’ usual set theory. The proposition that no such g
should exist is called the continuum hypothesis. That is equivalent to asserting that every
uncountable set of real numbers should have cardinal 2“ Certain special cases can be
derived within this set theory. For instance, Cantor and Ivar Bendixson showed in 1883
that every uncountable closed set of real numbers has cardinal 2°, and Paul Alexandroff,
Felix Hausdorff, and M. Souslin showed the same in 1916 for every uncountable measur-
able set. In spite of this evidence, many mathematicians doubt the validity of the contin-
uum hypothesis.

Routine exercises

1. Prove that for any cardinals n and «,
a. O<n<ow=0"=o0
b. O<nz<ow = 29" =2
c. 2<a<2’ = a"=2"
d. 2<a<?2’ = a¥=2%

2. Show that the cardinal of the set of all irrational numbers is the continuum.

3. Let I be anonempty countable set and suppose A, is a countable set for each i €
I. Prove that U.A; is countable. Point out where you use the axiom of choice in
your proof.

4. Let f:R - w. Show that there exists a subset S ¢ R whose cardinality is the
continuum, such that f(x) = f(y) for all x,y € S. Hint: use the Zermelo-Ko6nig
inequality.

5. Show that #{seN":Vn[s ,, <s, 1} =w.

6. Show that #{seN':Vn[s, <s, .1} =2°
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10.

11.

12.

Show that N isn’t countable by supposing it were and changing the nth term of
the nth sequence, for each n € N. Apply a similar argument to the half-open
interval [0,1). Cantor introduced this elegant diagonal argument in [1891] 1966,
though he had proved that [0,1) wasuncountable already in 1874, by a much more
complicated method.

Find a bijection f from R to the open interval (0,1) that’s familiar to students
of calculus.

Prove that R X R = R by “intertwining” decimal expansions. Cantor originally
proved this result in 1878 by a similar method, using continued fractions instead
of decimal expansions.

Find a function A : IR X R -~ R such that for every function f: R X R - R there
exists g: R - R for which f=goh.

Without using the axiom of choice show that the proposition that X <Y or LY <
X for all infinite sets X and Y implies that the order relation between cardinals
is linear, and implies the generalized continuum hypothesis, that for any infinite
cardinals a,f, the inequalities a < < 2“ imply a = or = 2 This 1966 result
is due to Rolf Schock.

Show that the cardinal of the set of all convergent sequences of real numbers is the
continuum.

Substantial problems

1.

Let £ denote the set of all lines in the plane, and
L,={LeL:#LnQ*» =0}
L ={LeL:#LnQ*» =1}
Ly={LeL:#Ln0> >1}.

Prove

a. Lef = #L=2°

b. Lef, = #LnQ%»=w
c. #L,=2"

d #£,=2"

e. #L =o.
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2. Let X be an infinite set and suppose « is a nonzero cardinal < #X. Show that
X is the union of an indexed family of disjoint sets {A, :x € X} suchthat #A, =
a for each x € X.
3. Let X be an infinite set and f = #X.
a. Show that there exists a bijection 7 : X - X such that z(x) # x for each x €
X. (Use @ = o in substantial problem 2.)
b. Showthat #{AcX:#A =8} =2/

4. Let X be an infinite set and 8 = #X.
a. Show that g/ = 2/
b. Showthat #{AcX:#X-A)>1}=2"
C. Show that the set of all bijections from X to X has cardinality 2” (Use
substantial problem 3a.) This could be expressed as 8 infinite = B! = 2
d. What about the sets of all injections and of all surjections?

5. Let X be an infinite set and f = #X.
a. Show that the set of all equivalence relations on X has cardinal 2/
b.  Show that the set of all linear orderings of X has cardinal 2? (Use substan-
tial problem 4c.)
c. What about the set of all partial orderings?

6. Let X be an infinite set and f = #X. Suppose « is a cardinal such that
2% <a” < p.
a. Showthat 2°<p* <2/ =a’
b. Showthat #{AcX:#A =a} ="
c. Let Y be a set with cardinal a. Show that the set of all injections from Y
to X has cardinal g“

7. Acardinal § is called dominant if o’ < for all cardinals «,8 < 8. For example,
o 1is the smallest dominant cardinal.
a. Show that a cardinal 6 is dominant if and only if 2/ < for each cardinal
B <9.
b. Find asequence {A,:n e N} of disjoint sets such that #A, = v and for all
neN, #A, ., = 2"
Show that 6 = #U A is a dominant cardinal > .
Show that no cardinal y such that w <y < ¢ is dominant.
Show that 2° = 6“
Show that 6” = o’

o oo

8. a. Show that for any cardinals «,f,y,0,
a<y &pB<d=a+p<y+0 & apf <yo.
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10.

11.

12.

13.

14.

b. Find nonzero cardinals «,f,y,0 suchthat a <y, 8 <9, and a” =y’ (Use
substantial problem 7e.)

a. Show that the cardinal of the family of all open subsets of R is the contin-
uum.
b.  Same for closed subsets.

a. Show that the cardinal of the set of all continuous real-valued functions on
the closed unit interval U is the continuum.

b.  Same for the set of all limits of pointwise convergent sequences of continuous
functions on U.

a. The Borel sets are the members of the smallest family of subsets of & that
contains the open sets and is closed under the operations of complementation
and formation of the union of a sequence of sets. Show that the cardinal of
the family of all Borel sets is the continuum.

b.  The Baire functions are the members of the smallest family of real-valued
functions on the closed unit interval U that contains the continuous func-
tions and is closed under the operation of taking the limit of a pointwise
convergent sequence of functions. Show that the cardinal of the family of all
Baire functions is the continuum.

a. Show that the cardinal of the family of all measurable subsets of R is the
continuum.

b. Show that the cardinal of the set of all monotonic functions from R to R is
the continuum.

c.  Show that the cardinal of the set of all Riemann integrable functions on the
closed unit interval is 22"

d. Shoxzzg that the cardinal of the set of all measurable functions from R to R
is 2°.

Let n € N. Compute the following cardinals:
a. #{ScN:#S=n}
b. #{ScR:#S=n}
c. #{ScR:#S=w}.

a. For quasi-ordered sets <X,,<,> and <X,,<,>, write <X,,<,> < <X,,<,>
to indicate that there exists an isomorphism from <X, <,> into (but not
necessarily onto) <X,, <,>. Show that < isa quasi-orderingrelation on any
family of quasi-ordered sets.

b. Let I be anonempty set and suppose that foreach i € I, <A,,<,> is a well-

ordered set. Show that 3i Vj[ <A, <;> < <A, <;>]. Don’t use the axiom of
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15.
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choice in your proof. (Hint: mimic Honig’s proof of the comparability theo-
rem for cardinals. Consider the family

X={Xc XA, :Vx,yeX)[Ti(x;<,y,) = Vi(x; <,5,)]1}.

<&, c> isapartially ordered set in which each chain has a supremum. Show
that (3X e &)(Fi)(Va e A)Tx € X)[a <, x;,] by assuming its negation, defin-
ing a strictly increasing function from £ to &, and applying Bourbaki’s
fixpoint theorem to get a contradiction.)

Let <X, <> be a quasi-ordered set, and construct a partially ordered set
<X/E,</E> in the usual way by setting

xEy « x<y & y<x x/E (</E)y/E = x<y.

Suppose that for each nonempty S < X there exists x € S such that x <y
for all y € S. Show that </E is a well-ordering.

Let <X,<> be a well-ordered set and f be an isomorphism from <X, <>
into (but not necessarily onto) itself. Show that x < f(x) for each x € X.

Let <X, <> be awell-ordered set, x € X, and W= {x: w <x}. Show that
<X, <> ¢ <W,<>.

Let M be a nonempty set and ® be the aggregate of all families of subsets
of M that are well-ordered by the inclusion relation. Define a quasi-ordering
relation < on ® asin substantial problem 14a, an equivalence relation E
on ® and a well-ordering </E of ®/E asin substantial problem 14c. Show
that there’s no injection from ®/E to M. Don’t use the axiom of choice in
your proof. (Hint: suppose ®/E < M; find L ¢ M equinumerous with ®/E;
find a well-ordering R of L making <®/E,</E> isomorphicto <L, R>;
use Birkhoff’s representation theorem to find £ € ® sothat <L, R> is
isomorphic to <£,=>; now find an isomorphism from <®/E,</E> to

<{X/E : X/E (</E) L/E & K/E # LIE},</E>
—contradiction!)

An aleph is a cardinal of a set that has a well-ordering. Without using the
axiom of choice, prove Wactaw Sierpinski’s 1947 theorem (stated but not
proved in Lindenbaum and Tarski 1924, 314) that for each cardinal « there
exists an aleph N such that

2(l
N< 2P & Nia.

Demonstrate F. Hartogs’s 1915 result: the axiom of choice is implied by the
proposition that for all cardinals ¢ and f, a < or < a.
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f. Show that the axiom of choice is implied by the proposition that for all infinite
cardinals a,f,y,

a<y & pB<y=a+p+.

This result is attributed to Stanistaw Lesniewski in the 1920s (see the MR
review of Iseki 1950).

From (e) it’s easy to derive the equivalence of the axiom of choice and either of

a,pB infinite & a<f = a+p=0
a,pB infinite & a<f = af =p.

Alfred Tarski showed in 1924 that the equation «® = « for infinite « is also equiv-
alent. Gershon Sageev proved in 1973 that the corresponding law 2a = a for
infinite a is weaker than the axiom of choice.
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