
Homework 3

1. Suppose that the 1-periodic function f(t) has a Fourier Series expansion, show that

f(t) =
a0

2
+
∞∑

n=1

an cos 2πnt +
∞∑

n=1

bn sin 2πnt,

where

an = 2
∫ 1

0
f(t) cos 2πntdt, n = 0, 1, · · · ,

and

bn = 2
∫ 1

0
f(t) sin 2πntdt, n = 1, 2, · · · .

2. Show that the Dirichlet Kernel Dn(x) ≡
n∑

k=−n

e2πinx satisfies
∫ 1

0
Dn(x)dx = 1. Show also

that Dn(x) is real, and

Dn(x) =
sin(2n + 1)πx

sin πx
.

3. Let f(t) = χ
[− 1

4 , 14 )
(t). Find the Fourier Series expansion of f , both in terms of {c(n)} and

{a(n), b(n)}. [Compare with Example 2.13(a), [DW]]

4. Let f(t) = tχ
[− 1

4 , 14 )
(t). Find the Fourier Series expansion of f , both in terms of {c(n)} and

{a(n), b(n)}. [Compare with Example 2.13(c), [DW]]

5. The Fejer kernel is defined as

Kn(t) =
1
n

(D0(t) + D1(t) + · · ·+ Dn−1(t)) .

Show that

Kn(t) =
1
n

(
sin πnt

sin πt

)2

.

6. Let δ ∈ (0, 1/2). Show that the Fejer Kernel Kn(t) → 0 uniformly for δ ≤ |t| ≤ 1/2. [Hint: It
maybe useful to use the estimate | sinx| ≤ |x|.]
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