
Advances of Frames and Wavelets with Applications
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Preparations l2 – { {C(n)} | ∑
n |C(n)2 }

L2(R)

Chapter 1. Frames and Why Frames

Let −→x be any vector in C2

−→x = a1
−→u 1 + a2

−→u 2
−→x = b1

−→u 1 + b2
−→u 3

+ −→x = c1
−→u 2 + c3

−→u 3

−→x = 1
3
(a1 + b1)−→u 1 + 1

3
(c1 + a2)−→u 2 + 1

3
(b2 + c3)−→u 3

⇒ the linear combination of {−→ui}3 is no longer unique.
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1. Definition of Frames
Let H be a (separable) Hilbert space. A sequence of vectors {xn} ⊆ H is
a frame for H if there exist constants 0 < A ≤ B <∞ s.t. ∀f ∈ H,
A‖f‖2 ≤ ∑

n | 〈f, xn〉 |2 ≤ B‖f‖2 .

Basically, we want
∑

n | 〈f, xn〉 |2 ≈ ‖f‖2

Here, A and B are called the lower and the upper frame bounds. When

A = B, {x}2 is called a tight frame. A frame is called an exact frame if {x}
is no longer a frame is only of its elements is removed (i.e. an exact frame is
a basis).

2. Why Frames?
1) Frames are more flexible and more ”natural”. (Gabor Frames)
2) Frames are more robust. For instance:

Ex 1 Let −→u1 = (0, 1), −→u2 = (-
√

3
2

, -1
2
), and −→u3 = (

√
3

2
, -1

2
)

Consider an ONB, −→e1 = (0, 1), −→e2 = (1, 0), ∀−→x ∈ C2,
−→x =

∑2
n=1〈−→x , −→en〉−→en (ONB)

Claim:

−→x =
2

3

3∑
n=1

〈−→x , −→un〉−→un (Frame)

To verify the Frame representation:

3∑
n=1

〈−→x , −→un〉−→un = 〈−→x , −→u1〉−→u1 + 〈−→x , −→u2〉−→u2 + 〈−→x , −→u3〉−→u3

= . . . rewrite into c1〈−→x , −→e1 〉−→e1 + c2〈−→x , −→e2 〉−→e2

= . . . =
3

2

3∑
n=1

〈−→x , −→en〉−→en =
3

2
−→x

where −→u1 = −→e1 , and −→u2 = −
√

3
2
−→e2 − 1

2
−→e1
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Now, consider a perturbation to the coefficients by {αnε}, where {αn is an
independent and identical distribution (iid random variable). Assume {αn

has 0 mean and variance 1.

Let’s study the reconstruction error using ONB and Frames, respectively.

For ONB: E(‖−→x −∑2
n=1(〈−→x ,−→en〉+ αnε)−→en‖

2
)

= E(‖ε ∑2
n=1 αnen‖

2
) = ε2E(α1

2 + α2
2)

= 2ε2

For ONB: E(‖−→x −∑3
n=1

2
3
(〈−→x ,−→un〉+ αnε)−→un‖

2
)

= E(‖2
3

∑3
n=1 αnεun‖

2
) = 4

9
ε2E(α1

2 + α2
2 + α3

2)
= 4

3
ε2

Eframes
Eonb

=
4
3ε

2

2ε2 = 2
3

Ex 2: Gabor Frames and the Uncertainty Principle.

{gm,n} = {g(t − nT )e
2πimt

M }M,n —- This is exactly the short-time Fourier
Transform. A typical choice of g is the Gaussian window!

The Uncertainty Principle: Let g ∈ L2(R). Then,

‖ tg(t) ‖L2 · ‖ ĝ(γ) ‖L2 ≥
1

4π
‖ g ‖L2

Notation: Fourier Transform of g is defined by:

ĝ(γ) =
∫

g(t)e−2πiγt dt

⇔ g(t) =
∫

ĝ(γ)e2πiγt dγ

Since the Gaussian function achieves the bound of the uncertainty principle,
the Gaussian is optimal in terms of ”best” time-frequency localization.
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The Balian-Law Theorem: Let g ∈ L2(R). Let {gm,n} be a Gabor sys-
tem. If {gm,n} forms a basis of L2(R) then either:

tg(t) /∈ L2(R) or γĝ(γ) /∈ L2(R)

m m
‖tg(t)‖L2 is bounded, or ‖ĝ(γ)‖L2 is bounded

Therefore, one cannot form a Gabor basis with Gaussian windows g (be-
cause if g is Gaussian, both ‖tg(t)‖L2 and ‖ĝ(γ)‖L2 must be finite). But
it’s possible to form Gabor Frames with Gaussian windows. This is another
example when frames are useful.

§1.2 Frame Representation and Frame Properties.

The Frame Operator S: H → H (assume {xn} is a frame).

∀f ∈ H, Sf =
∑
n∈Z

〈f, xn〉xn (1)

Theorem 1.2.1 Let {xn} be a frame, and let S be the frame operator defined
by (1). Then:

(1) S is bounded, invertible, self-adjoint and positive.
(2) {S−1xn} is also a frame for H with frame bounds B−1 and A−1.
(3) ∀f ∈ H, f =

∑
n〈f, S−1xn〉xn =

∑
n〈f, xn〉(S−1xn)

Definition (adjoint operator):
Let X and Y be two Hilbert Spaces with inner product 〈 , 〉x+〈 , 〉y. Let
A: X → Y be a bounded linear operator. An operator: Y → X is
called the adjoint of A if, ∀x ∈ X, y ∈ Y,

〈Ax, y 〉y = 〈x, By 〉x

Typically, B = A∗, i.e., 〈Ax, y 〉y = 〈x, A∗ 〉x. A is self-adjoint if A∗ = A.

Definition (Positive operator):
A bounded, self-adjoint operator is positive if 〈Ax, y 〉 > 0, ∀x ∈ H.
We say A > B if 〈 (A−B), x 〉 > 0, or, 〈Ax, x 〉 > 〈Bx, x 〉 .
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Rmk: A positive operator is only defined for self-adjoint operators
(A is self-adjoint iff 〈Ax, x 〉 is real for all x.

Pf of Thm 1.2.1:
(1) Define U: H → l2 by:
∀ f ∈ H, where Uf = {〈 f, xn 〉}n (coefficient map)
Then U is bounded , because ‖Uf‖l2 =

∑
n |〈 f, xn 〉|2 ≤ B‖f‖2.

The adjoint of U, U∗ : l2 → H is given by,

∀c ∈ l2, U∗c =
∑
n∈z

c(n)xn

〈 c, Uf 〉l2 = 〈 c, {〈 f, xn 〉} 〉l2 =
∑

n∈z c(n)〈 f, xn 〉 = · · · = 〈 ? , f 〉
U∗ ←↩

therefore, S = U∗U ( U∗Uf = U∗({〈 f, xn 〉}) =
∑

n〈 f, xn 〉xn = sf)
S∗ = (U∗U)∗ = U∗(U∗)∗ = U∗U → self-adjoint.
‖S‖ = ‖U∗U‖ ≤ ‖U∗‖‖U‖ = ‖U‖2 < ∞ → bounded.
Since 〈 sf, f 〉 = 〈∑n〈 f, xn 〉xn, f 〉 =

∑
n〈 f, xn 〉〈xn, f 〉 =

=
∑

n〈 f, xn 〉〈 f, xn 〉 =
∑

n |〈 f, xn 〉|2

Therefore, by the frame definition,

A〈 f, f 〉 = A‖f‖2 = 〈AIf, f 〉 ≤ 〈Sf, f 〉 ≤ 〈BIf, f 〉 ≤ B〈 f, f 〉 = B‖f‖2

Recall: ‖f‖2 =
√
〈 f, f〉

Therefore, 0I < AI ≤ S ≤ BI ⇒ S is positive.

Now, let’s prove that S is invertible.
From S ≤ BI ⇒ B−1 S ≤ I or I −B−1S ≥ 0.
Meantime, from AI ∈ S ⇒ A

B
I ≤ B−1 S

⇒ I − I + A
B

I ≤ B−1 S ⇒ I −B−1 S ≤ I −A
B

I = B−A
B

I

Therefore, 0 ≤ I −B−1 S ≤ B−A
B

I

Therefore, ‖ I −B−1 S ‖ ≤ B−A
B

< 1

Therefore, by the Von Neumann Theorem, since ‖ I −B−1 S ‖ < 1,
we know that B−1 S is invertible.
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Intuition of the Neumann Theorem. From calculus,

1

1− x
=

∞∑
n=0

xn, |x| < 1

Now we want to look at 1
x
.

1

x
=

1

1− (1− x)
=

∞∑
n=0

(1− x)n, ‖1− x‖ < 1

Therefore, S−1 exists.

(2) From AI ≤ S ≤ BI, we have AS−1 ≤ I ≤ BS−1 or
B−1I ≤ S−1 ≤ A−1

Note: Recall that we want to show that {S−1Xn} is a frame.

Therefore, 〈B−1f, f 〉︸ ︷︷ ︸ ≤ 〈S−1f, f 〉 ≤ 〈A−1f, f 〉︸ ︷︷ ︸
B−1〈f, f 〉 = B−1‖f‖2 A−1〈f, f 〉 = A−1‖f‖2

(This is by the definition of positive operator)

〈S−1f, f 〉 = 〈S−1S(S−1f), f 〉
= 〈S−1(

∑
n〈S−1f, xn 〉xn), f 〉

= 〈S−1 ∑
n〈f, S−1xn 〉xn, f 〉 [Since 〈Ax, y 〉 = 〈x, A∗y 〉]

= 〈∑n〈f, S−1xn 〉 (S−1xn), f 〉
(T is linear if T (αx + βy) = αTx + βTy)

=
∑

n〈f, S−1xn 〉〈S−1xn, f 〉 [ 〈αx, y 〉 = α〈x, y 〉 ]
=

∑
n |〈f, S−1xn 〉|2

Therefore, B−1‖f‖2 ≤ ∑
n |〈f, S−1xn 〉|2 ≤ A−1‖f‖2

Therefore, {S−1xn } is a frame!

(3) Since SS−1 = S−1S = I, we have
f = S−1Sf = S−1(

∑
n〈f, xn 〉xn) =

∑
n〈f, xn 〉(S−1xn)

Also, f =
∑

n〈f, S−1xn 〉xn (since SS−1 = I and S(S−1)f = f )
Q.E.D.
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Note:
(1) S−1xn is called the standard dual frame
(2) When {xn} is not exact, there exists infinitely many dual frames,
{xn

∗} s.t.

∀f ∈ H, f =
∑
n

〈f, xn
∗ 〉xn =

∑
n

〈f, xn 〉xn
∗

(3) If {xn} is exact, {S−1xn} is the unique dual, also {xn} and {S−1xn}
are bi-orthogonal, i.e.,

〈xm, S−1Xn 〉 = δmn ≡
{

1, if m = n
0, if m 6= n

Theorem 1.2.2 (Tight Frames with A = B = 1 —- doesn’t imply ONB)

Recall: If {xn} is an ONB, then
∑

n |〈f, xn 〉|2 = ‖f‖2

e.g. Let {en}∞n=1 be an ONB of H, consider

xn ≡ {e1,
1√
2
e2,

1√
2
e2,

1√
3
e3,

1√
3
e3,

1√
3
e3, · · ·}

Then we can show that {xn} is a tight frame with A = B = 1. Obviously,
{xn} is not an ONB.

Theorem 1.2.2 Let {xn} be a tight frame with A = B = 1. If ‖xn‖2 = 1
∀ n, then {xn} is an ONB.

Pf: Since {xn} is a frame, sp {xn} = H. (”sp” stands for the
closure of sp). All we have to show is that 〈xn, xk 〉 = δmn.

‖xn‖2 =
∑

k |〈xn, xk 〉|2 = |〈xn, xn 〉|2 +
∑

k 6=n |〈xn, xk 〉|2

= ‖xn‖4 +
∑

k 6=n |〈xn, xk 〉|2

〈xn, xk 〉 = 0 ∀n 6= k. Q.E.D.
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Theorem 1.2.3 Let {xn} be a frame of H, and let f ∈ H. If ∃ {cn} s.t.
f =

∑
n cnxn, then,

∑
n

|cn|2 =
∑
n

|〈f, S−1xn 〉|
2

+
∑
n

|cn − 〈f, S−1xn 〉|
2

Note: This implies that the standard dual frame yields the least-square-norm
coefficients.

Pf: Let an = 〈f, S−1xn 〉 then
〈f, S−1f 〉 = 〈∑n cnxn, S−1xn 〉 =

∑
n cn〈xn, S−1f 〉

=
∑

n cn〈S−1xn, f 〉 =
∑

n cnan

Meantime,
〈f, S−1f 〉 = 〈∑n anxn, S−1f 〉 =

∑
n an〈xn, S−1f 〉 =

∑
n |an|2

Therefore,
∑

n |an|2 +
∑

n |cn − an|2︸ ︷︷ ︸ =
∑

n |cn|2 Q.E.D.

(cn − an)(cn − an)

§1.3 Construction of Dual Frames {xn
∗}

Definition: (Bessel Sequence) {xn} is Bessel if

∑
n

|〈f, xn 〉|2 ≤ ∞ ∀f in H

In fact, if {xn } is Bessel,
∑

n |〈f, xn 〉|2 ≤ B‖f‖2
Define U:H → l2 by (assuming {xn } is frame) ∀f ∈ H, Uf = {〈f, xn 〉}n
(coefficient map). Let {xn

∗} be a Bessel sequence and define V:H → l2 by:

∀f ∈ H, V f = {〈f, xn
∗ 〉}n

Both U and V are bounded linear operators, V ∗ : l2 → H is given by:

∀c ∈ l2, V ∗c =
∑
n

c(n)xn
∗

〈V f, c 〉l2 = 〈f, V ∗c︸︷︷︸ 〉 . Consider the operator V ∗U : H → H

?

∀f ∈ H, V ∗Uf = V ∗({〈f, xn 〉 }) =
∑
n

〈f, xn 〉xn
∗

8
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if {xn
∗} is a dual frame of {xn}, then V ∗ Uf = f ⇒ V ∗ U = I.

Theorem 1.3.1 {xn
∗} is a dual frame of {xn}, iff ∃ a bounded V ∗ s.t.

V ∗ U = I.

Rmk: (a) {xn} is given and U is given. In order to find duals {xn
∗}, we

need to find left inverses of U.
� A mapping A:X → Y is left invertible if ∃ B:Y → X s.t.

BA = I on X.
� A is left invertible iff A is one-to-one.
� Left inverse is not unique.

Rmk: (b) If V ∗ is bounded s.t. V ∗ U = I, then {xn
∗} = V ∗en, where

{en} is the standard ONB of l2 .

Theorem 1.3.2 Let {xn} be a frame, let U be defined earlier. Then
the class of all left inverses of U is given by,

V ∗ = (U∗U)−1U∗ + W (I − U(U∗U)−1U∗) (2)

where W: l2 → H is a free bounded linear operator.

Pf: (a) U∗ U = S, the frame operator. Therefore, (U∗U)−1 exist.
(b) V ∗ U = (U∗U)−1U∗U + W (I − U(U∗U)−1U∗)U

= I + W(U −U(U∗U)−1U∗U) = I.
(c) Let Vo

∗ bee any left inverse of U. We want to find a W s.t. equation
(1) gives rise to Vo

∗. This is easy since if we let W = Vo
∗, then,

(U∗U)−1U∗ + W (I − U(U∗U)−1U∗)
= (U∗U)−1U∗ + Vo

∗ − Vo
∗U(U∗U)−1U∗ = Vo

∗ Q.E.D.

Corollary 1.3.2 Let {xn} be a frame, and let W: l2 → H be defined
by any Bessel sequence {yn} s.t.

∀c ∈ l2, Wc =
∑
n

c(n)yn

Then the class of all dual frames {x∗n} is given by,

x∗n = S−1xn + yn −
∑
m

〈S−1xn, xm〉ym
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Pf: x∗n = V ∗e∗n = (U∗U)−1U∗en + W (I − U(U∗U)−1U∗)en

= (U∗U)−1U∗en + Wen − WU(U∗U)−1U∗en

= (U∗U)−1xn + yn − WU(U∗U)−1xn

= S−1xn + yn − WUS−1xn

= S−1xn + yn − W{〈S−1xn, xm 〉}
= S−1xn + yn −

∑
n〈S−1xn, xm 〉 ym Q.E.D.

§1.4 Construction of dual Gabor frames

Q1: What’s the structure of dual Gabor Frames?
Q2: How? Dual formula.

Theorem 1.4.1 Let S be the frame operator corresponding to a Gabor
frame, {gm,n } . Let En and Tn be the modulation and translation operator,

i.e., Emf(t) = f(t)e
2πimt

N , and Tnf(t) = f(t− nT ). Then:

S(EmTnh) = EmTn(Sh), ∀h ∈ H

Pf: S(EmTnh) =
∑

j,k〈EmTnh, EjTkg 〉EjTkg(t)

=
∑

j,k〈h(t), g(t− kT + NT )e
2πi(j−m)(t+nT )

N 〉g(t− kT )e
2πijt

N

=
∑

j,k〈h(t), g(t−(k−n)T )e
2πi(j−m)t

N e
2πi(j−m)nT

N 〉g(t−kT )e
2πijt

N

=
∑

j,k〈h(t), g(t−(k−n)T )e
2πi(j−m)t

N 〉e
−2πi(j−m)nT

N g(t−kT )e
2πijt

N

Note: EmTng(t− (k − n)T )e
2πi(j−m)t

N

= Emg(t− (k − n)T − nT )e
2πi(j−m)(t−nT )

N

= g(t− kT )e
2πi(j−m)(t−nT )

N e
2πimt

N

= g(t− kT )e
2πi(j−m)t

N e
2πimt

N e
−2πi(j−m)nT

N

= g(t− kT )e
2πijt

N e
−2πi(j−m)nT

N

=
∑

j,k〈h(t), g(t−(k−n)T )e
2πi(j−m)t

N 〉EmTng(t−(k−n)T )e
2πi(j−m)t

N

= EmTn(
∑∞

j,k=−∞〈h, gj−m,k−n 〉gj−m,k−n

Let p = j −m, and q = k − n to obtain:
= EmTn(

∑∞
j,k=−∞〈h, gp,q 〉gp,q

= EmTn(Sh) Q.E.D.
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Corollary 1.4.2 S−1(EmTng) = EmTn(S−1g)

Pf: Let h = S−1g. Then, S[EmTn(S−1g)] = EmTn(S(S−1g)) = EmTng �

Theorem 1.4.3 (Dual Gabor Formula) Let {gmn} of L2(R). Let C ∈
L2(R) be s.t. {Cm,n} is a Bessel sequence. Then the set of all dual Gabor
functions is given by

γ = S−1g + C −
∑
mn

〈S−1g, gmn 〉 cmn (2)

and dual Gabor frames are generated by, γmn(t) = γ(t− nT )e
2πimt

N

Pf: (outline of Proof) Use the general dual frame formula.

(1) Select W operator by,
∀d ∈ l2, Wd =

∑
mn d(m, n)Cmn (d = {d(m,n)}),

(2) Show that the translation and modulation of γ in (2) is a
dual Gabor frame, i.e., we need to go through a similar computation
of S(EmTnh) = EmTn(Sh).

Applications: One can construct compactly supported dual Gabor function
γ. (Ex. a discrete case). Let γ be zero at the tails, γ(0) = γ(1) = · · · =
γ(M − 1) = 0, γ(L− 1) = γ(L− 2) = γ(L− 1) · · · = γ(L− 1).



γ(0) − γ0(0)
γ(1) − γ0(1)

...
γ(M − 1) − γM−1(0)
γ(L−M) − γL−M(0)

...
γ(L− 1) − γL−1(0)


=
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=



C(0)
C(1)

...
C(M − 1)
C(L−M)

...
C(L− 1)


−



a11 a12 · · · a14 a15 · · · a17

a21 a22 · · · a24 a25 · · · a27
...

... · · · ...
... · · · ...

a41 a42 · · · a44 a45 · · · a47

a51 a52 · · · a54 a55 · · · a57
...

... · · · ...
... · · · ...

a71 a72 · · · a74 a75 · · · a77





|
|
|

C ′s
|
|
|


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