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Abstra ct . P art I is dev oted to the structural description of normal

and seminormal monoids and relev en t ring-theoretic prop erties of the

corresp onding monoid rings and their completions with resp ect to the

natural augmen tation ideals.

P art I I concerns with divisor class groups of normal monoids. Here

the ranks and torsion parts of these groups are c haracterized in terms

of the com binatorical data of these monoids.

P art I I I deals with K -theoretical prop erties of monoid rings. In

particular:

(a) v arious examples of K -regular monoid rings whic h are not

�ltered unions of regular rings are deriv ed;

(b) b y establishing excision prop ert y in monoid rings for p -divi-

sible monoids ( p > 1), higher K -analogs of V orst's results on Serre's

problem for discrete Ho dge algebras are obtained;

(c) a passing pro cedure (for Grothendiec k groups) from the monoid

rings corresp onding to p -divisible monoids ( p > 1) to arbitrary ones

is descib ed in a categorial framew ork; as a result "almost categorial"

pro of of the trivialit y of the groups S K

0

( R [ M ]) for wide class of

R -s and M -s is deriv ed; in an attempt to dev elop the analogous

approac h to the study of the elemen tary action on unimo dular ro ws

o v er monoid rings an in termediate result is obtained for subin tegral

ring extensions whic h seems to b e of indep enden t in terest;

(d) the same topics are considered in the concluding section for

comm utativ e, cancellativ e, but not necessarily torsion free monoids.

Intr oduction

In this pap er w e con tin ue our study of comm utativ e cancellativ e torsion

free monoids and their represen tations started bac k in [G1-G5]. The

1991 Mathematics Subje ct Classi�c ation . 13C20, 13D15, 13F45, 13F50, 19A13,

19D50, 20M14, 20M25.
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presen t w ork is organized as follo ws:

In P art I (�-corresp ondence and normal monoids) for the readers con-

v enience w e describ e once more the �-corresp ondence b et w een the (com-

m utativ e, cancellativ e, torsion free) monoids and con v ex sets. Thereafter

from the established new structural theorems w e deriv e the w ell-kno wn

necessary and su�cien t conditions for a monoid domain to b e normal or

seminormal [AA-Gi]. The dev elop ed approac h sim ultaneously enables us

to receiv e analogous necessary and su�cien t conditions for a completion

of a monoid domain (with resp ect to the natural augmen tation ideal) to

b e completely in tegrally closed or seminormal. This result seems to b e

new.

P art I I (Divisor class groups of normal monoids) is dev oted to the study

of arithmetic prop erties of normal monoids. Namely , w e researc h the

structure of their divisor class groups (as de�ned in [C1]). More precisely ,

the basis of Q -sp aces Q 
 C l ( M ) for �nitely generated normal monoids M

without non trivial units are explicitly constructed. As a result w e obtain

the follo wing relation ( M as ab o v e) rank( C l ( M )) + rank( M ) = F ( M ),

where F ( M ) denotes the n um b er of co dimension 1 faces of the p olyhedron

�( M ). W e note that the same relation could b e obtained b y iden tifying

Div( M ) with the free ab elian group spanned b y the set of heigh t 1 prime

ideals of M (as one has for rings in [Bo])

1

whic h in their turn are in one-

to-one corresp ondence with the men tioned set of faces of �( M ). There is

also giv en some partial pure geometrical c haracterization of the torsion

part C l ( M )

tor

.

P art I I I (K-theory of monoid rings) consists of some relativ ely indep en-

den t sections, dev oted to the study of K-theoretical prop erties of monoid

rings.

In x 3.I w e giv e examples of normal monoids M whic h are neither di-

visible b y some natural n um b er c > 1 (and, hence, do not fall in to the

class of monoids treated in [G3]) nor �ltered unions of free monoids, but

the homomorphisms K

i

( R ) ! K

i

( R [ M ]) are isomorphisms for all regular

rings R and all indices i . It should b e noted that the p ositiv e answ er to

the V orst-W eib el's problem [LLPS, Sect. 2.10] w ould imply the absence

of suc h monoids in the class of �nitely generated monoids sa v e the case

of free monoids.

In x 3.2, basing on Suslin-W o dzic ki's recen t imp ortan t w ork on exci-

sion in algebraic K -theory , w e pro v e the higher K -analogue in the class

1

This is actually done in [Gi, Sects. 15 and 16].
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of p divisible monoids (for some prime p ) of V orst's theorem concern-

ing Serre's problem for discrete Ho dge algebras [V]. More precisely , the

v alidit y of the follo wing implication is sho wn ( i 2 N )

K

i

( R )

�

� ! K

i

( R [ M ]) ) K

i

( R )

�

� ! K

i

( R [ M ] =R I ) ;

where M is p divisible for some prime p and I is a prop er radical ideal

(

p

I = I ) of M . W e note that if the divisibilit y condition on M is omit-

ted, then the men tioned implication will not hold (according to [Sw2]).

Thereafter the analogous approac h is used to obtain a partial p ositiv e

answ er to the question raised in [G3]. Namely , the natural isomorphisms

K

i

( R )

�

� ! K

i

( R [ M ]) are established, where i is an y natural index (w e

alw a ys mean Quillen's K-groups), R is a (not necessarily comm utativ e)

regular ring and M is an y in termediate p divisible monoid

Z

r

+

� M � Q

r

+

for some prime p and natural r . Previously the ab o v e men tioned iso-

morphisms for an y p divisible monoid M without non trivial units w ere

established in the case i = 1 [G3] and i = 2 [Mu]. W e remark that non-

trivialit y of p divisible in termediate monoids Z

r

+

� M � Q

r

+

follo ws from

the observ ation that an y �nite ab elian group can b e realized as C l

0

( M )

for M normal of the men tioned t yp e, where C l

0

( M ) is some canonical

subgroup of C l ( M ) (see Example 2.5.10 b elo w). It should b e also noted

that the men tioned monoids, as usual, are not �ltered unions of free

monoids [G3, Remark 1.12].

In x 3.3 for certain class of functors from (comm utativ e) rings to ab elian

groups it is pro v ed that (denoting suc h a functor b y G ) G ( R [ Z

r

+

]) =

0 ) G ( R [ M ]) = 0, where R is a comm utativ e ring, r 2 N and M is

an in termediate monoid Z

r

+

� M � Q

r

+

. This class of functors con tains

S K

0

and, th us, w e obtain "almost categorial" pro of of the implication

K

0

( R [ Z

r

+

]) = Z ) K

0

( R [ M ]) = Z for M as ab o v e whic h, in addition,

is normal. Therefore, using [G4] w e get an essen tially new pro of of the

freeness of pro jectiv e R [ M ]-mo dules for an y PID R and an y in termediate

seminormal monoid Z

r

+

� M � Q

r

+

. This pro of a v oids Horro c ks monic

in v ersion tec hnique [L] that w as in v olv ed in the original (and indep en-

den t) pro ofs of the same theorems as presen ted in [G1] and [C2]. W e

recall that in [G2] (whic h used Horro c k's men tioned tec hnique as a start-

ing p oin t) the freeness of all pro jectiv e R [ M ]-mo dules, where R is a PID

and M is an y seminormal monoid (as conjectured b y Anderson [A1,A2])

w as pro v ed.
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Herein w e dev elop the analogous approac h to the question raised in

[G4]: whether the action of E

n

( R [ M ]) on the set U m

n

( R [ M ]) is tran-

sitiv e, where R is a comm utativ e No etherian ring of Krull dim R =

d < 1 , M is an y (comm utativ e, cancellativ e, torsion free) monoid and

n � max( d + 2 ; 3). The "classical" situation is the case of p olynomial

rings (i.e. M = Z

r

+

) treated in [Su]. The men tioned transitivit y for a

rather wide class of monoids including, for example, all monoids with the

rank of the corresp onding groups of quotien ts � 3 and all in termediate

monoids Z

r

+

� M � Q

r

+

( r 2 N ) w as established in [G4, G5]. First

w e pro v e here some tec hnical results on unimo dular ro ws o v er subin te-

gral ring extensions whic h seems to b e of indep enden t in terest, and then

w e prop ose a h yp othetical approac h (in v olving results from [Sc]) to the

aforemen tioned question on unimo dular ro ws.

Comm utativ e, cancellativ e, but not necessarily torsion free monoids,

app ear in the concluding x 3.4. W e in v estigate the analogous transitivit y

prop ert y of the action on unimo dular ro ws and the trivialit y of S K

0

-

groups for the corresp onding monoid rings. P ositiv e results are obtained

in the sp ecial cases when K ( M )

tor

is either cyclic or p -group for some

prime p (if in addition p � 1 = 0 in a co e�cien t ring).

Sections 3.2, 3.3 and 3.4 w ere prepared during m y sta y at the Univ er-

sit y of Chicago (No v em b er-Decem b er 1991). T aking this opp ortunit y I

w ould lik e to thank Professors R.G.Sw an and M.P .Murth y for their in-

vitation. My sp ecial thanks are to R.Sridharan (jr) for the stim ulating

con v ersations on these topics and for his help during m y sta y in Chicago.

R emark . After this pap er has b een written, Wilb erd v an der Kallen

sen t me his top ological example sho wing that Conjecture 3.3.6 fails in

general. Ho w ev er, w e still ma y hop e that our conjecture is true in the

sp ecial case w e are in terested in, i.e. in the case of monoid rings.

P AR T I

� -Correspondence and Normal Monoids

x

1.1. Con v ersations. Let N denote the natural n um b ers and r 2 N . By

S

r � 1

will b e denoted the standard unit sphere in �

r

R , where R denotes

reals. A subset X � S

r � 1

will b e called con v ex if for an y p oin ts x; y 2 X ,

whic h are not opp osite on S

r � 1

, the uniquely determined shortest line

connecting x and y lies en tirely in X . A con v ex p olyhedron P � S

r � 1
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is determined as an in tersection of �nite system of closed hemispheres of

S

r � 1

. Since w e shall not deal with other t yp es of p olyhedra, the w ord

"con v ex" will b e omitted. A p olyhedron P will b e called �nite if it is

con tained in the in terior of some hemisphere. A p oin t x 2 S

r � 1

will

b e called rational if it determines a rational radial direction in �

r

R . A

con v ex h ull of a subset X � S

r � 1

is determined as an in tersection of all

con v ex sets con taining X . W e shall also sa y that X spans this con v ex

h ull. Similarly to the classical "
at" situation [Br] an y p olyhedron can b e

obtained as a con v ex h ull of some �nite set. A con v ex subset X � S

r � 1

will b e called rational if it is spanned b y some rational p oin ts. Of course,

rational p oin ts determine a dense subset of S

r � 1

. A p olyhedron P � S

r � 1

will b e called simplex if its geometrical dimension +1 is equal to the

quan tit y of co dimension 1 faces. F or a con v ex set X � S

r � 1

in t( X ) will

denote the relativ e in terior of it. Finally , a subsphere of S

r � 1

alw a ys will

mean the one with the same cen tre.

x

1.2. � -Corresp ondence. All the considered monoids are assumed to b e

comm utativ e, cancellativ e and torsion free (in the sense that the corre-

sp onding groups of quotien ts ha v e no torsion elemen ts). F or a monoid M

its group of quotien ts will b e denoted b y K ( M ). Z , Q and R will denote

the additiv e monoids of in teger, rational and real n um b ers, while Z

+

,

Q

+

, R

+

will denote those of the corresp onding non-negetiv e n um b ers.

Because of our conditions on a monoid M one has the natural injectiv e

homomorphisms

M � ! K ( M ) � ! Q 
 K ( M )

�

� ! �

r

Q � ! �

r

R

The men tioned cardinal r (ma y b e in�nite) will b e denoted b y rank ( M ).

If the con trary will not b e explicitly stated, the rank ( M ) will b e supp osed

to b e �nite. Put M

+

= M nf 0 g , where 0 is the neutral elemen t of M (in

particular, ( Z

+

)

+

= N ). W e shall iden tify M with its image in �

r

R (for

some �xed isomorphism Q 
 K ( M )

�

� ! �

r

Q ). F or m 2 M

+

b y �( m )

will b e denoted the (rational) p oin t of in tersection of the radial direction

of m with S

r � 1

. �( M ) is de�ned as a con v ex h ull of f �( m ) j m 2 M

+

g

whic h in its turn coincides with the set of all rational p oin ts of �( M ).

R emark . F or rank( M ) = 0 (or equiv alen tly , M = 0) w e put �( M ) = ? .

The group of units of a monoid M (i.e. the largest subgroup of M ) will

b e denoted b y U ( M ). F or a �nitely generated monoid M the set �( M )
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actually is a p olyhedron and in the case U ( M ) = 0 it can b e sho wn that

�( M ) is a �nite one [G2].

F or a monoid M and a con v ex subset X � �( M ) put M ( X ) = f m 2

M

+

j �( m ) 2 X g [ f 0 g . Of course, M ( X ) is a submonoid of M . F or

brevit y M (in t(�( M ))) will b e denoted b y M

�

.

Prop osition 1.2.1 ([G3,G4]). F or a monoid M and a c onvex subset

X � �( M ) such that dim X = dim �( M ) we have K ( M ( X )) = K ( M ) .

Gordan's Lemma 1.2.2 [G3,G4]). A monoid M is �nitely gener ate d if

and only if K ( M ) is �nitely gener ate d and �( M ) is a p olyhe dr on.

x

1.3. Normal monoids. W e shal use additiv e notations (unless otherwise

stated) for a monoid op eration.

De�nition 1.3.1. (a) F or an extension of monoids M � N an elemen t

x 2 N will b e called in tegral o v er M if nx 2 M for some n 2 N ;

(b) F or an extension of monoids M � N the monoid M will b e called

normal in N if there do es not exist an elemen t x 2 N n M whic h is in tegral

o v er M ;

(c) A monoid M will b e called normal if it is normal in K ( M ).

Ob viously , an extension M � N is in tegral i� �( M ) = �( N ), and M

is normal in N if x 2 M for all x 2 N

+

suc h that �( x ) 2 �( M ).

No w w e giv e another c haracterization of �nitely generated normal

monoids without non trivial units.

Theorem 1.3.2. A �nitely gener ate d monoid M with U ( M ) = 0 is nor-

mal i� ther e exists an isomorphic to M submonoid N � Z

r

+

which is

normal in Z

r

+

, wher e r = rank( M ) .

T o pro v e this theorem w e shall use the follo wing

Lemma 1.3.3. F or any natur al r and any r ational hemispher e h �

S

r � 1

the monoid Z

r

+

( h )

�

(= Z

r

(in t( h ))) is a �lter e d union of monoids iso-

morphic to ( Z

r

+

)

�

which, in addition, ar e normal submonoids in Z

r

( h )

�

.

Pr o of. Let dh denote the b oundary of h . Hence dh is a rational sub-

sphere of S

r � 1

ha ving dimension r � 2 (without loss of generalit y here w e

assume r � 2, b ecause Z ( h ) = Z

+

and ( Z

+

)

�

= Z

+

otherwise). Hence

Z

r

( dh ) � Z

r � 1

. Cho ose arbitrarily a basis f x

1

; : : : ; x

r � 1

g of Z

r

( dh ). De-

note b y G the free monoid Z

+

x

1

+ � � � + Z

+

x

r � 1

. Consider no w the

quotien t group Z

r

= Z

r

( dh ). Since Z

r

( dh ) is ob viously normal in Z

r

, this

quotien t group is torsion free and, hence, isomorphic to Z . This just
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means that there exists y 2 Z

r

suc h that f x

1

; : : : ; x

r � 1

; y g is a basis of

Z

r

. Of course, �( y ) 62 dh . Considering � y , if necessary , w e can assume

that �( y ) 2 in t( h ). Cho ose arbitrarily z 2 G

+

�

and consider the system

of free monoids F

c

= Z

+

x

1

+ � � � + Z

+

x

r � 1

+ Z

+

( y � cz ), where c v aries

o v er N . Ob viously , K ( F

c

) = Z

r

for all c . Since free monoids are normal,

w e obtain that F

c

are normal in Z

r

for all c . The condition �( y ) 2 in t( h )

implies ( F

c

)

�

� Z

r

( h )

�

. W e also ha v e F

c

� F

c

0

for c < c

0

. Therefore,

( F

c

)

�

is a �ltered system of monoids ( c 2 N ). All these observ ations

imply that w e will b e done whenev er the inclusion in t( h ) � [

N

�( F

c

) is

sho wn. Put p

i

= �( x

i

), i 2 [1 ; r � 1], q

c

= �( y � cz ) and q

1

= �( � z ).

Let us in tro duce the follo wing notation: for u; v 2 S

r � 1

, whic h are not

opp osite, b y [ u; v ] will b e denoted the uniquely determined shortest line

l � S

r � 1

connecting u with v . F rom the elemen tary geometrical observ a-

tion w e can see that q

c

! q

1

when c ! 1 . Consequen tly , since q

1

for

eac h i is not opp osite to p

i

, w e get [ p

i

; q

c

] ! [ p

i

; q

1

] when c ! 1 (the

con v ergence here is mean t in an ob vious sense). Denote b y H

ic

the con-

v ex h ull of f p

1

; : : : ; p

i � 1

; q

c

; p

i +1

; : : : ; p

r � 1

g , where c 2 N [ f1g , and b y

D that of f p

1

; : : : ; p

r � 1

g . Since �( z ) 2 �( G

�

), w e come to the conclusion

(b y the immediate geometrical observ ation) that

�

r � 1

[

i =1

H

i 1

�

[ D = dh:

Since for eac h c 2 N

�

r � 1

[

i =1

H

ic

�

[ D = d

�

�( F

c

)

�

;

where d (�( F

c

)) denotes the b oundary of �( F

c

), w e obtain d (�( F

c

)) ! dh

when c ! 1 . No w the conditions D � dh and q

c

2 in t( h ) imply that

the con v ex h ulls (in S

r � 1

) of d (�( F

c

)) (coinciding ob viously with �( F

c

)))

almost co v er in t( h ) whenev er c is su�cien tly large. Hence, in t( h ) �

[

N

�( F

c

). �

Pr o of of The or em 1 : 3 : 2 . As it w as men tioned ab o v e, �( M ) is a �nite

p olyhedron. Of course, the hemisphere h � S

r � 1

( r = rank( M )), for

whic h �( M ) � in t( h ), can b e c hosen to b e rational. By Lemma 1.3.3

there exists a free monoid F � K ( M )( � Z

r

) suc h that F (or, equiv-

alen tly , F

�

) is normal in K ( M ) and M � F

�

. Since K ( M ) = K ( F )

(Prop osition 1.2.1) and M is normal, w e see that M is normal in F . Fix-

ing arbitrarily an isomorphism F � Z

r

+

and denoting b y N the image of
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M under this isomorphism, w e obtain the desired extension N � Z

r

+

. �

Here is one more c haracterization of �nitely generated normal monoids

without non trivial units.

Prop osition 1.3.4. A �nitely gener ate d monoid M with U ( M ) = 0 is

normal i� ther e exists an extension of monoids N � Z

s

+

for some s 2

N such that N � M and N = K ( N ) \ Z

s

+

, wher e the interse ction is

c onsider e d in Z

s

.

Pr o of can b e found in [H].

Corollary 1.3.5. A �nitely gener ate d monoid M with U ( M ) = 0 is

normal if and only if ther e exists a pul lb ack diagr am (of monoids) of the

typ e

M � � � ! Z

r

+

?

?

?

y

?

?

?

y

Z

s

+

� � � ! L

c onsisting of emb e ddings ( r ; s 2 N ) such that U ( L ) = 0 .

Pr o of. Let f : M ! Z

r

+

b e the em b edding men tioned in Theorem 1.3.2

(th us r = rank ( M )) and g : M ! Z

s

+

that men tioned in Prop osition

1.3.4. Then K ( f ( M )) = Z

r

and K ( g ( M )) � Z

s

. Consider the diagram

M

f

� � � ! Z

r

+

g

?

?

?

y

?

?

?

y

h

Z

s

+

� � � ! Z

s

;

where the b ottom ro w is the iden tit y em b edding and h coincides with

the comp osite map Z

r

+

, ! Z

r

= K ( f ( M ))

g f

� 1

� � !

�

K ( g ( M )) , ! Z

s

. This

diagram is Cartesian due to the determining prop erties of f and g (the

pro of is straigh tforw ard). Put L = im ( h ) + Z

s

+

. It is also straigh tforw ard

(due to the same prop erties of f and g ) that U ( L ) = 0. Hence the

diagram

M

f

� � � ! Z

r

+

g

?

?

?

y

?

?

?

y

h

Z

s

+

� � � ! L
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is the desired one.

It only remains to note that the normalit y of M at the existence of the

men tioned diagram is ob vious. �

W e state here without pro of the follo wing

Prop osition 1.3.6. A �nitely gener ate d monoid M with U ( M ) = 0 is

normal i� ther e exists a limit diagr am of the typ e

Z

r

Z

r

+

Z

r

+

M

Z

r

+

f

1

f

2

f

n

�

�

�

�

�

�)

P

P

P

P

P

Pq

�

�

�

�

�

�)

�

�	

P

P

P

P

P

Pq

Q

Q

Qs

c onsisting of emb e ddings, wher e r = rank( M ) and n is the quantity of

c o dimension 1 fac es of �( M ) .

The pro of is based on the fact that a con v ex p olyhedron is an in ter-

section of half spaces b ounded b y the supp orting h yp erplanes.

x

1.4. Lo calization of monoids. F or an extension of monoids L � M put

L

� 1

M = f m � l j m 2 M ; l 2 L g � K ( M ).

De�nition 1.4.1. A monoid M is called seminormal if x 2 K ( M ),

2 x 2 M , 3 x 2 M imply x 2 M .

The follo wing prop osition will b e used in the next section.

Prop osition 1.4.2. L et M b e a �nitely gener ate d normal (seminormal)

monoid. Then ther e exists a �nitely gener ate d normal (seminormal)

monoid N with U ( N ) = 0 and its submonoid L such that L

� 1

N = M .

W e shall need

Lemma 1.4.3. F or a seminormal monoid M the monoid M

�

is normal.

Pr o of can b e found in [G2, Prop osition 1.6].

Pr o of of Pr op osition 1 : 4 : 2 . Let M b e a �nitely generated normal or semi-

normal monoid. Assume U ( M ) 6= 0. Cho ose arbitrarily m 2 U ( M )

+

and

a rational �nite p olyhedron P � S

r � 1

( r = rank ( M )) of dimension r � 1,

for whic h �( m ) is con tained in its in terior. Denote b y Q the rational �-

nite p olyhedron �( M ) \ P . W e claim that L

� 1

N = M , where N = M ( Q )

and L = Z

+

m . First observ e that U ( N ) = 0 (since the p olyhedron Q
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is �nite) and N is �nitely generated (b y Gordan's Lemma). It is also

ob vious that the normalit y of M implies that of N and similarly for

the seminormalit y . Since dim Q = dim P , b y Prop osition 1.2.1 K ( N ) =

K ( M ). Hence K ( L

� 1

N ) = K ( M ). Let us sho w that �( L

� 1

N ) = �( M ).

Since K ( L ) � L

� 1

N , it su�ces to sho w that �( x ) 2 �( L

� 1

N ) for an y

x 2 M n K ( L ). Indeed, assume x 2 M n K ( L ). Then �( x ) cannot b e

the p oin t opp osite (on S

r � 1

) to �( m ). Let [�( x ) ; �( m )] b e the uniquely

determined shortest line on S

r � 1

connecting �( x ) with �( m ). By the

de�nition of Q , the in tersection Q \ [�( x ) ; �( m )] do es not degenerate

in to �( m ), i.e. there exists y 2 N

+

suc h that �( y ) 6= �( m ) and

[�( y ) ; �( m )] � [�( x ) ; �( m )]. F rom the elemen tary geometrical obser-

v ations w e obtain �( x ) 2 [�( y ) ; �( m )] [ [�( y ) ; �( � m )] � �( L

� 1

N ).

No w assume M is normal. Since lo calizations preserv e normalit y ,

L

� 1

N will b e normal (the normalit y of M ob viously implies that of

N ). It follo ws from the equalit y K ( L

� 1

N ) = K ( M ) that L

� 1

N is nor-

mal in M . W e also ha v e the in tegralit y of the extension L

� 1

N � M

( , �( L

� 1

N ) = �( M )). The last t w o conditions imply L

� 1

N = M , as

claimed ab o v e.

It remains to consider the case of seminormal monoids. First of all

observ e that lo calizations in monoids preserv e seminormalit y . Indeed, if

G � H is an extension of monoids, H is seminormal, x 2 K ( G

� 1

H )

and 2 x; 3 x 2 G

� 1

H , then 2 x = h � g for some h 2 H and g 2 G ,

and hence 2( x + g ) = h + g 2 H ; analogously , 3( x + g

0

) 2 H for

appropriate g

0

2 G ; therefore 2( x + g + g

0

), 3( x + g

0

+ g ) 2 H and

b y seminormalit y of H w e obtain x + g + g

0

2 H ) x 2 G

� 1

H . In

particular, L

� 1

N is seminormal (notations are giv en as ab o v e). Since

M (�( � m )) = � M (�( m )) = � N (�( m )) and � N (�( m )) � L

� 1

N , w e

see that in order to sho w L

� 1

N = M , it su�ces to sho w x 2 L

� 1

N

for an y x 2 M

+

suc h that �( x ) 6= �( � m ) (here for a monoid H under

� H w e mean the monoid f� h 2 K ( H ) j h 2 H g ). Denote b y l ( x ) the

union [�( m ) ; �( x )] [ [�( x ) ; �( � m )] and put ( L

� 1

N )( x ) = ( L

� 1

N )( l ( x ))

and M ( x ) = M ( l ( x )). The seminormalit y of L

� 1

N and M imply that

of ( L

� 1

N )( x ) and M ( x ). By Lemma 1.4.3. w e obtain the normal-

it y of ( L

� 1

N )( x )

�

and M ( x )

�

. W e ha v e �(( L

� 1

N )( x )

�

) = in t( l ( x )) =

�( M ( x )

�

). Since dim( Q \ in t( l ( x )) = dim (in t( l ( x ))), b y Prop osition 1.2.2

K (( L

� 1

N )( x )

�

) = K ( M ( x )

�

). T aking all this in to accoun t, w e conclude

that ( L

� 1

N )( x )

�

is normal in M ( x )

�

and the extension ( L

� 1

N )( x )

�

�

M ( x )

�

is in tegral. Therefore, x 2 M ( x )

�

= ( L

� 1

N )( x )

�

. �
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W e complete this section with some equalities (without pro ofs), relat-

ing algebraic and geometrical data on monoids. F or a monoid M and

its elemen t x b y d ( x ) will b e denoted the geometrical dimension of the

uniquely determined face of �( M ) for whic h �( x ) is its in ternal p oin t

(the w ord "face" for some con v ex set is used in its ob vious sense). F or

x = 0 w e put d ( x ) = � 1.

Prop osition 1.4.4. L et M b e a monoid and x its any element. Then

(a) d ( x ) + 1 = rank( U (( Z

+

x )

� 1

M )) ;

(b) in c ase M is normal and �nitely gener ate d,

( Z

+

x )

� 1

M � Z

d ( x )+1

� M

0

for some �nitely gener ate d normal monoid M

0

with u ( M

0

) = 0 .

The sp ecial case of (b) when U ( M ) = 0 and d ( x ) = 0 is pro v ed in [G2];

if, in addition, �( M ) is a simplex, the pro of is giv en in [C2].

x

1.5. Normalit y and seminormalit y conditions for monoid domains and

their completions. F or a �nitely generated monoid M with U ( M ) trivial

and a ring (alw a ys assumed to b e comm utativ e) R the completion of

R [ M ] with resp ect to the M

+

R [ M ]-adic top ology will b e denoted b y

R [[ M ]]. Em b edding M in to a free monoid Z

s

+

, w e can iden tify R [[ M ]]

with the set of those p o w er series f 2 R [[ Z

s

+

]] in whic h only monomials

of t yp e am o ccur for some a 2 R and m 2 M .

De�nition 1.5.1. A monoid M will b e called completely in tegrally

closed if (writing m ultiplicativ ely) x 2 K ( M ), m 2 M and mx

d

2 M for

all d 2 N imply x 2 M .

A completely in tegrally closed monoid is normal, but not con v ersely ,

ho w ev er for a wide class of monoids these t w o conditions coincide (details

will b e giv en in the next part). A domain will b e called normal if it is in-

tegrally closed in its �eld of fractions, and seminormal if its m ultiplicativ e

monoid of all nonzero elemen ts is suc h [Sw3].

Our aim here is to deduce from the structural theorems on monoids,

established in the previous sections, the follo wing

Theorem 1.5.2. L et R b e a domain and M a monoid. Then

(a) R [ M ] is normal i� R and M ar e such;

(b) R [ M ] is seminormal i� R and M ar e such;

(c) for a �nitely gener ate d monoid M with trivial U ( M ) R [[ M ]] is

c ompletely inte gr al ly close d i� R and M ar e such;
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(d) for a �nitely gener ate d monoid M with trivial U ( M ) R [[ M ]] is

seminormal i� R and M ar e such.

R emark . (a) and (b) are w ell kno wn and pro v ed in [Gi, Corollary 12.11]

and [AA, Corollary 6.2], resp ectiv ely . But our approac h is di�eren t and

mak e use of the structural theorems established in the previous sections.

A t the same time this approac h enables us to establish the statemen ts

(c) and (d) without an y essen tial c hanges in the pro ofs.

W e need the classical case of Theorem 1.5.2, i.e. the case when M = Z

r

+

.

Theorem 1.5.3. L et R b e a domain and r 2 N . Then

(a) R [ Z

r

+

] is normal i� R do es;

(b) R [ Z

r

+

] is seminormal i� R do es;

(c) R [[ Z

r

+

]] is c ompletely inte gr al ly close d i� R do es;

(d) R [[ Z

r

+

]] is seminormal i� R do es.

Pr o of. (a) is pro v ed in [Bo, Ch.V, x 1.3], (b) follo ws from [GH], (c) can

b e found in [Bo, Ch.V, x 1.4], (d) is con tained in [BN]. �

W e shall use

Lemma 1.5.4. F or a seminormal monoid M and its normalization

n ( M ) (i.e., n ( M ) = K ( M )(�( M )) ) we have M

�

= n ( M )

�

.

Pr o of follo ws directly from Prop osition 1.2.1 and Lemma 1.4.3.

Lemma 1.5.5. A normal (seminormal) monoid is a �lter e d union of

�nitely gener ate d normal (seminormal) monoids.

Pr o of. Represen t arbitrarily M as a �ltered union of �nitely generated

monoids, sa y M = [

i

M

i

. Then M = [

i

N

i

is the desired represen tation

for N

i

= ( K ( M

i

) \ M )(�( M

i

)) (the �nite generation of N

i

follo ws, for

example, from Gordan's Lemma). �

Pr o of of The or em 1 : 5 : 2 . (a) and (b). Since �ltered unions and lo caliza-

tions preserv e normalit y (for domains), b y Prop osition 1.4.2 and Lemma

1.5.5 w e can assume M to b e �nitely generated and U ( M ) to b e trivial.

By Corollary 1.3.5 there exists a pull-bac k diagram of the t yp e

M

h

� � � ! Z

r

+

g

?

?

?

y

?

?

?

y

Z

s

+

� � � ! L;

; U ( L ) = 0 ;
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consisting of em b eddings. Clearly , the diagram

R [ M ]

h

�

� � � ! R [ Z

r

+

]

g

�

?

?

?

y

?

?

?

y

R [ Z

s

+

] � � � ! R [ L ]

; (*)

will b e a pull-bac k one, consisting of R -em b eddings, and similarly for the

diagram

R [[ M ]]

h

��

� � � ! R [[ Z

r

+

]]

g

��

?

?

?

y

?

?

?

y

R [[ Z

s

+

]] � � � ! R [[ L ]]

: (**)

Of course, the crucial momen t for the former diagram is that U ( L ) is

trivial.

No w assume f to b e an elemen t of the �eld of fractions of R [ M ],

whic h is in tegral o v er R[M]. Then h

�

( f ) 2 R [ Z

r

+

] and g

�

( f ) 2 R [ Z

s

+

] (b y

Theorem 1.5.3 (a)). Hence f 2 R [ M ]. The same argumen ts applied to

(**) sho w the truth of (c).

No w let us return to the seminormalit y prop ert y ((b) and (d)). Again,

b y Lemma 1.5.5 and Prop osition 1.4.2, without loss of generalit y , w e

can assume (considering (b)) M to b e �nitely generated and U ( M ) to

b e trivial. By Gordon's Lemma so will b e the normalization of M (=

K ( M )(�( M ))) denoted later on b y n ( M ). Considering the diagrams

of t yp es (*) and (**) for the monoid ring R [ n ( M )] and its completion

R [[ n ( M )]], resp ectiv ely , and using Theorem 1.5.3 (b),(d), w e get f 2

R [ n ( M )] or f 2 R [[ n ( M )]] with resp ect to f

2

; f

3

2 R [ n ( M )] or f

2

; f

3

2

R [[ n ( M )]]. By Lemma 1.5.4 w e obtain f

�

2 R [ M ] or f

�

2 R [[ M ]] with

resp ect to f

2

; f

3

2 R [ M ] or f

2

; f

3

2 R [[ M ]], where f

�

is the sum (or

formal sum) of all those monomials in v olv ed in the canonical form of f

whic h ha v e a form am for some a 2 R and m 2 M

+

�

.

No w let F b e a face of �( M ) (of arbitrary dimension). Then w e

ha v e the R -retractions R [ n ( M )( F )]

p ( F )

� R [ n ( M )] and R [[ n ( M )( F )]]

q ( F )

�

R [[ n ( M )]], where p ( F )( m ) = q ( F )( m ) = m for m 2 n ( M )( F ) and

p ( F )( m ) = q ( F )( m ) = 0 otherwise. Assume f

2

; f

3

2 R [ M ] ( R [[ M ]],

resp ectiv ely). Then the same argumen ts, w e ha v e used ab o v e, sho w

p ( F )( f

�

) 2 R [ M ( F )] � R [ M ] ( q ( F )( f

�

) 2 R [[ M ( F )]] � R [[ M ]]), where
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p ( F )( f

�

) and q ( F )( f

�

) are determined analogously to f

�

. T o complete

the pro of it remains only to observ e that

f =

X

F

p ( F )( f

�

)

�

f =

X

F

q ( F )( f )

�

resp.

�

;

where F v aries o v er the set of all fases of �( M ) including �( M ) and

? , and p ( ? )( f )

�

= f (0) (the constan t term of f ), and similarly for

q ( ? )( f ). �

Corollary 1.5.6. L et R b e a seminormal domain and f M

i

g

n

i =1

and

f N

i

g

n

i =1

two systems of seminormal monoids without nontrivial units.

Assume M

i

to b e �nitely gener ate d. Then the natur al homomorphism

Pic( R ) � ! Pic( R [[ M

1

]][ N

1

] � � � [[ M

i

]][ N

i

] � � � [[ M

n

]][ N

i

] is an isomorphism.

Pr o of of Cor ol lary follo ws directly from Theorem 1.5.2, the main result

of [A2] and the observ ation that Pic endures reduction mo dulo radical

ideals [B].

R emark 1.5.7 . Actually our argumen ts sho w a sligh tly general result

than (b) (from Theorem 1.5.2) and (corresp ondingly) Corollary 1.5.6.

Namely , w e mean the one concerning the reduced seminormal rings (in

the sense of [Sw3]).

P AR T I I

Divisor Class Gr oups of Normal Monoids

x

2.1. De�nitions. Let M b e a monoid. A divisorial ideal of M is de�ned

as a nonempt y in tersection (in K ( M )) of the t yp e \

i

( x

i

+ M ), where x

i

2

K ( M ) and x

i

+ M denotes the set f x

i

+ m j m 2 M g . The set of divisorial

ideals of M will b e denoted b y Div( M ). It con tains the set of principal

divisorial ideals, i.e. those of the t yp e x + M � K ( M ), x 2 K ( M ).

Denote b y Pr( M ) the ab o v e men tioned subset of Div ( M ). As one has

for domains [Bo, Ch.VI I, x 1], Div( M ) can b e aquipp ed with a monoid

stucture. Namely , for d; d

0

2 Div ( M ) put dd

0

= \

x 2 K ( M ) ;d + d

0

� x + M

( x + M ),

where d + d

0

= f a + a

0

j a 2 d; a

0

2 d

0

g . Then Pr( M ) will turn out to b e

a subgroup of Div( M ), isomorphic to K ( M ) =U ( M ). Analogously to the

domains w e ha v e

Prop osition 2.1.1 (see [C1]). Div ( M ) is a gr oup if and only if M is

c ompletely inte gr al ly close d.
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F or a completely in tegrally closed monoid M the quotien t group

C l ( M ) = Div ( M ) = Pr( M ) is called a divisor class group of M . It just

measures the deviation from the unique factorization prop ert y .

Here is an alternativ e c haracterization of completely in tegrally closed

monoids.

Prop osition 2.1.2. A �nite r ank monoid M is c ompletely inte gr al ly

close d if and only if it is normal and any r ational p oint of �( M ) (the

closur e of �( M ) ) b elongs to �( M ) .

Pr o of. Assume M to b e normal and all rational p oin ts of �( M ) b elong

to �( M ). Assume further m 2 M , x 2 K ( M ) and m + nx 2 M for all

n 2 M . Since �( m + nx ) ! �( x ) when n ! 1 and �( x ) is rational, w e

get �( x ) 2 �( M ), or equiv alen tly , ax 2 M for some a 2 N . By normalit y

x 2 M . Assume no w M to b e completely in tegrally closed. If z = x � y 2

K ( M ), where x; y 2 M satis�es the condition cz 2 M for some c 2 N ,

then az + cy 2 M for all a 2 N . Hence z 2 M . Consequen tly , M is

normal. Consider no w a rational p oin t X 2 �( M ) . Clearly , there exists

an elemen t x 2 K ( M )

+

suc h that �( x ) = X . Consider an y m 2 M

+

�

.

Elemen tary geometrical observ ation sho ws that �( m + nx ) 2 �( M ) for

all n 2 N . Because of completely in tegrally closedness x 2 M . Hence

x 2 �( M ). �

Corollary 2.1.3. A �nitely gener ate d normal monoid is c ompletely in-

te gr al ly close d.

Pr o of. Since the �-image of a �nitely generated monoid is a p olyhedron,

w e that in the �nite generation case �( M ) = �( M ) .

In what follo ws all the ab o v e considered monoids will b e assumed to b e

of �nite rank. F or a monoid M b y Div

0

( M ) will b e denoted the in termedi-

ated subset Pr( M ) � Div

0

( M ) � Div( M ) consisting of the in tersections

of �nite families of principal divisorial ideals. It is straigh tforw ard (from

the cancellativit y) that Pr ( M ) � Div

0

( M ) � Div

0

( M ) and hence w e can

consider the subset C l

0

( M ) = Div

0

( M ) = Pr( M ) � C l ( M ). �

Prop osition 2.1.4. L et M a c ompletely inte gr al ly close d monoid and

d = \

i

( x

i

+ M ) and d

0

= \

j

( y

j

+ M ) two arbitr ary elements of Div( M ) .

Then

dd

0

= \

i;j

( x

i

+ y

j

+ M ) :
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Pr o of. The argumen ts v ery similar to those from [Bo, Ch.VI I, x 1.2] sho w

that for an y a; b 2 Div( M ) the set a : b = f m 2 M j m + b � a g b elongs

to Div ( M ) and ( a : b ) b = a . Hence w e will b e done whenev er the equalit y

\

i;j

( x

i

+ y

j

+ M ) : \

i

( x

i

+ M ) = \

j

( y

j

+ M )

is established. W e ha v e

\

i;j

( x

i

+ y

j

+ M ) : \

i

( x

i

+ M ) = \

j

�

\

i

( x

i

+ y

j

+ M ) : \

i

( x

i

+ M )

�

=

= (b y cancellativit y) \

j

 

�

y

j

+ \

i

( x

i

+ M )

�

: \

i

( x

i

+ M )

!

:

Therefore, it su�ces to sho w that for an y j

( y

j

+ d ) : d = y

j

+ M :

By the aforemen tioned equalit y ( a : b ) b = a w e obtain (( y

j

+ d ) : d ) d =

y

j

+ d (of course, w e use the ob vious observ ation that y

j

+ d 2 D iv ( M )).

On the other hand ( y

j

+ M ) d = y

j

+ d . Since D iv ( M ) is a group (b y

Prop osition 2.1.1) w e arriv e to the desired equalit y ( y

j

+ d ) : d = y

j

+

M . �

Corollary 2.1.5. F or a c ompletely inte gr al ly close d monoid M the set

Div

0

( M ) is a submonoid of Div ( M ) and, henc e, C l

0

( M ) is that of C l ( M ) .

Corollary 2.1.6. L et M b e a c ompletely inte gr al ly close d monoid, a 2 N

and d = \

i

( x

i

+ M ) 2 Div( M ) . Then d

a

= \

i

( ax

i

+ M ) .

Pr o of. By Prop osition 2.1.4 d

a

= \

i

1

;::: ;i

a

( x

i

1

+ � � � + x

i

a

+ M ). Consequen tly ,

it su�ces to sho w

k = a

\

k =1

( ax

i

k

+ M ) � x

i

1

+ � � � + x

i

a

+ M

for an y subset f x

i

1

; : : : ; x

i

a

g � f x

i

g

i

. Ob viously , the p oin t x

i

1

+ � � � + x

i

a

2

R

r

, where r = rank( M ), b elongs to the con v ex h ull P of the subset

f ax

i

k

g

k = a

k =1

� R

r

. It is also ob vious that P is a �nite (con v ex) p olyhedron.

Let f z

j

g b e the set of all v ertices of P (hence f z

j

g � f ax

i

k

g

k = a

k =1

). W e

are going to pro v e a more general statemen t whic h will imply the desired

inclusion. Namely , w e claim that for an y p oin t z 2 P the follo wing in-

clusion holds: \

j

( z

j

+ M ) � z + M . Let c ( M ) b e the (con v ex) cone, with

v ertex in 0 spanned b y M . By normalit y w e ha v e M = c ( M ) \ K ( M ).
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Denote b y c ( M ) the closure of c ( M ). Then Prop osition 2.1.2 immedi-

ately implies M = c ( M ) \ K ( M ). Therefore, w e will b e done whenev er

the inclusion \

j

( z

j

+ c ( M ) ) � z + c ( M ) is established. Represen t arbi-

trarily c ( M ) as an in tersection of closed half spaces in R

n

the b oundary

h yp erplanes of whic h pass through 0. Sa y c ( M ) = \

s

H

s

. No w our claim

follo ws from the follo wing ob vious inclusions \

j

( z

j

+ H

s

) � z + H

s

(for

all s ). �

x

2.2. Divisible monoids. F or a monoid M b y Q

+


 M will b e denoted

its divisible h ull in Q 
 K ( M ), i.e. Q

+


 M = [

c 2 N

f m=c j m 2 M g � Q

r

,

where r = rank( M ). Clearly , Q

+


 M is the smallest divisible monoid

con taining M . Since the extension M � Q

+


 M is an in tegral, w e ha v e

�( M ) = �( Q

+


 M ).

Prop osition 2.2.1. (a) F or a monoid M its divisible hul l Q

+


 M is

normal; if, in addition, M is �nitely gener ate d, then Q

+


 M is c ompletely

inte gr al ly close d;

(b) if �( M ) = �( M

0

) , then Q

+


 M = Q

+


 M

0

;

(c) for a �nitely gener ate d monoid M with U ( M ) = 0 ther e exists a

divisible submonoid N � Q

r

+

( r = rank( M ) ) isomorphic to Q

+


 M ;

(d) any divisible submonoid of Q

r

( r 2 N ) is normal in Q

r

;

(e) Q

+


 M � lim

!

( M

2

� ! M

3

� ! M

4

� ! M

5

� ! � � � ) .

Pr o of is trivial. W e only men tion that (c) follo ws from the appropriate

c hoice of a basis of the Q -spac e Q 
 K ( M ).

In what follo ws w e �x a �nitely generated monoid M with U ( M ) = 0.

Without loss of generalit y w e shall assume (basing on (c) from the prop o-

sition ab o v e) Q

+


 M � Q

r

+

( r = rank( M )). F or brevit y w e put

N = Q

+


 M . In this section it will b e pro v ed that b oth C l ( N ) and its

submonoid C l

0

( N ) are the Q -spaces . Actually w e shall construct certain

generating set of the Q -spac e C l

0

( N ) and establish the corresp onding re-

lations. These data will b e used in the next (mostly geometrical) section

to compute explicitly rank ( C l

0

( N )).

First w e in tro duce some auxiliary notations. C will denote the cone

c ( M ); for an y t 2 Q

+

b y H

t

will b e denoted the h yp erplane ( X

1

+ � � � +

X

r

= t ) and if, in addition, t 6= 0, b y h

t

w e denote the homothetic

transformation of R

r

with cen tre 0 and co e�cien t t

� 1

; for an y z 2 Q

r

(= K ( N )) w e put P

t;z

= ( z + C ) \ H

t

and Q

t;z

= h

t

( P

t;z

); for simplicit y
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w e shall assume P

t

= P

t; 0

and Q

t

= Q

t; 0

(th us Q

t

= P

1

). It is clear that

for arbitrary t and z the p olyhedron P

t;z

is either empt y , or degenerated

in to a p oin t, or homothetic to P

t

, where t w o p olyhedra P and Q in

H

t

are called homothetic if there exists a homothetic transformation of

H

t

with a cen tre and a p ositiv e co e�cien t transforming P in to Q . Of

course, when t is su�cien tly large (for z �xed), the p olyhedra P

t

and P

t;z

are homothetic and the corresp onding homothetic transformation of H

t

is

uniquely determined and has a rational cen tre and a rational co e�cien t (a

p oin t on H

t

is called rational if it b elongs to Q

r

). Denote b y c

t;z

the ab o v e

men tioned rational co e�cien t. The immediate geometrical observ ation

sho ws that c

t;z

! 1 for z �xed when t ! 1 . Moreo v er, the distances

b et w een the corresp onding faces (i.e. b et w een their a�ne h ulls) of P

t

and P

t;z

do not dep end on t . Since, at the same time, the p olyhedron P

t

"blo ws up" prop ortionally to the gro wth of t , w e conclude that Q

t

\ Q

t;z

=

P

1

\ Q

t;z

� ! P

1

when z is �xed and t ! 1 ; moreo v er, for t su�cien tly

large the n um b ers of co dimension 1 faces of P

1

\ Q

t;z

and P

1

coincide,

there exist (for all su�cien tly large t ) natural bijectiv e corresp ondences

b et w een the sets of these faces suc h that the corresp onding faces are

parallel and appro ximate eac h other when t ! 1 . No w assume w e are

giv en a �nite set of p oin ts z

1

; : : : ; z

k

2 Q

r

. The v ery same argumen ts

sho w that for t su�cien tly large the t w o p olyhedra P

1

and P

1

\ Q

t;z

1

\

� � � \ Q

t;z

k

relate to eac h other in the same w a y (describ ed ab o v e) as P

1

and Q

t;z

. W e ha v e the follo wing ob vious equalit y

P

1

\ Q

t;z

1

\ � � � \ Q

t;z

k

= C \ ( t

� 1

z

1

+ C ) \ � � � \ ( t

� 1

z

k

+ C ) \ H

1

:

F or brevit y put P ( t; Z ) = P ( t; z

1

; : : : ; z

k

) = P

1

\ Q

t;z

1

\ � � � \ Q

t;z

k

, where

Z = ( z

1

; : : : ; z

k

). Consider the elemen t

d ( t; Z ) = C \ ( t

� 1

z

1

+ C ) \ � � � \ ( t

� 1

z

k

+ C ) \ Q

r

2 Div

0

( N ) :

F rom the elemen tary geometrical consideration w e ha v e

Prop osition 2.2.2. If P ( t; Z ) 6= P ( t

0

; Z

0

) , then d ( t; Z ) 6= d ( t

0

; Z

0

) (no-

tation as ab ove). If P ( t; Z ) = P ( t

0

; Z

0

) and dim ( P ( t; Z )) = r � 1 , then

d ( t; Z ) = d ( t

0

; Z

0

) .

Corollary 2.2.3. The set of al l nonde gener ate p olyhe dr a of typ e P ( t; Z )

is natur al ly emb e dde d in Div

0

( N ) .



GEOMETRIC AND ALGEBRAIC REPRESENT A TIONS 19

Denote b y G the ab o v e men tioned set of p olyhedra. In what follo ws

w e shall iden tify G with its image in Div

0

( N ). It should b e noted that a

p olyhedron P ( t; Z ) 2 G do es not de�ne the pair ( t; Z ).

F or a subset Y � Q

r

and a rational t > 0 put tY = f ty j y 2 Y g .

Prop osition 2.2.4. F or any d

1

2 Pr ( N ) , d

2

2 Div

0

( N ) , d

3

2 Div( N )

and a r ational t > 0 we have td

1

2 Pr( N ) , td

2

2 Div

0

( N ) , td

3

2 Div( N ) .

Pr o of immediately follo ws from the divisibilit y of N .

Prop osition 2.2.5. F or any d 2 Div

0

( N ) ther e exist d

0

2 G and r atio-

nal t > 0 such that td

0

= d (mo dulo Pr ( N ) ).

Pr o of. There exist elemen ts z

0

; z

1

; : : : ; z

k

2 Q

r

( k 2 N ) suc h that d =

( z

0

+ C ) \ ( z

1

+ C ) \ � � � \ ( z

k

+ C ) \ Q

r

. Put z

0

i

= z

i

� z

0

, i 2 [1 ; k ].

Then d = C \ ( z

0

1

+ C ) \ � � � \ ( z

0

k

+ C ) \ Q

r

(mo dulo Pr ( N )). Cho ose

rational t su�cien tly large. Then P ( t; Z

0

) is not degenerate, where Z

0

=

( z

0

1

; : : : ; z

0

k

). It remains only to note that tP ( t; Z

0

) = C \ ( z

0

1

+ C ) \ � � � \

( z

0

k

+ C ) \ Q

r

. �

The last t w o prop ositions imply

Corollary 2.2.6. F or any x 2 C l

0

( N ) ther e exist r ational t > 0 and an

element in the image of G in C l

0

( N ) such that ty = x .

Of course, w e can iden tify P

1

with �( N ) (i.e. the �-in terpretation can

b e assumed to b e "
at"). W e shall sa y that a p olyhedron Q in H

1

is in

the " -neigh b ourho o d of P

1

if the b oundary of Q is in the " -neigh b ourho o d

of the b oundary of P

1

(for some real " > 0). W e recall that all the ab o v e

considered p olyhedra are supp osed to b e �nite and con v ex. No w assume

w e are giv en a real n um b er " > 0 and a �nite subset f z

1

; : : : ; z

k

g � Q

r

( k 2 N ). F rom our remarks (b efore Prop osition 2.2.2) it b ecomes clear

that P ( t; Z ) is in the " -neigh b ourho o d of P

1

if t is su�cien tly large,

where Z = ( z

1

; : : : ; z

k

). Denote b y G

"

the subset of G consisting of

those p olyhedra whic h fall in to the " -neigh b ourho o d of P

1

. Observ e that

in the pro of of Prop osition 2.2.5 the rational n um b er t could b e c hosen

su�cien tly large. In particular, w e can strengthen the last corollary as

follo ws

Prop osition 2.2.7. F or any x 2 C l

0

( N ) and a r e al " > 0 ther e exist

r ational t > 0 and an element y of the image of G

"

in C l

0

( N ) such that

ty = x .
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F or a co dimension 1 face F of P

1

�x arbitrarily a rational in ternal

p oin t n ( F ). Let us also �x an arbitrary in ternal rational p oin t of P

1

, sa y

m . Clearly , n ( F ) � s and m b elong to N . More precisely , n ( F ) 2 N ( F )

+

�

and m 2 N

+

�

(at the same time these p oin ts b elong to H

1

). F or a natural

n um b er c consider the elemen ts

v

c

( F ) = c

� 1

m � (1 + c

� 1

) n ( F ) ;

where F v aries o v er the set of all co dimension 1 faces of P

1

. No w consider

the elemen ts

d

c

( F ) = C \ ( v

c

( F ) + C ) \ K ( N ) � Div

0

( N ) :

W e claim that C l

0

( N ) is a Q -spac e and for c su�cien tly large the images

d

c

( F ) of d

c

( F ) in C l

0

( N ) generate this Q -space. The rest of this section

is dev oted to the pro of of this claim.

F or eac h co dimension 1 face F of P

1

and a rational n um b er u > 0

let h

u

F

denote the homothetic transformation of H

1

with resp ect to the

cen tre n ( F ) and the co e�cien t u , and T

u

F

the parallel transp osition of

H

1

with resp ect to the v ector uc

� 1

( m � n ( F )).

F rom the direct calculations w e ha v e

Prop osition 2.2.8. L et F b e a c o dimension 1 fac e of P

1

and u > 0 a

r ational numb er. Then

�

uv

c

( F ) + C

�

\ H

1

= T

u

F

h

1+ u

F

( P

1

) :

Assume no w c is su�cien tly large. F rom the elemen tary geometrical

observ ation it b ecomes clear that the p olyhedron

P

c; 1

( F ) = C \

�

v

c

( F ) + C

�

\ H

1

= T

1

F

h

2

F

( P

1

) \ P

1

is obtained as follo ws: it is b ounded b y the a�ne h ulls of all co dimension

1 faces of P

1

except the face F , and the last face of P

c; 1

( F ) is parallel to

F , su�cien tly close to F and lies on the same side of F as the p olyhedron

P

1

.

W e lea v e to the reader the detailed v eri�cation of the follo wing

Prop osition 2.2.9. L et c > 0 b e a su�ciently lar ge r ational numb er.

Then for any r ational u 2 (0 ; 1) and a c o dimension 1 fac e of P

1

, say F ,

the p olyhe dr on

P

c;u

( F ) = C \

�

uv

c

( F ) + C

�

\ H

1

= T

u

F

h

1+ u

F

( P

1

) \ P

1

satis�es the c onditions
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(1) P

c; 1

( F ) � P

c;u

( F ) � P

1

;

(2) the fac es (of c o dimension 1 ) of P

c;u

( F ) sp an the same a�ne hul ls as

those of P

1

exc ept the last (in the appr opriate enumer ation) fac e, which

is p ar al lel to F , is situate d su�ciently close to F and lies on the same

side of F as the p olyhe dr on P

1

.

Conversely, any p olyhe dr on in H

1

satisfying the c onditions (1) and (2)

is of typ e P

c;u

( F ) for some u 2 (0 ; 1) .

Corollary 2.2.10. F or al l su�ciently lar ge r ational c -s ther e exist r e al

" (dep ending on c ) such that any element P 2 G

"

is of typ e \

F

P

c;u

F

( F ) ,

wher e F varies over the set of al l c o dimension 1 fac es of P

1

and u

F

2

Q \ [0 ; 1] .

No w w e ha v e the follo wing passage to arithmetics.

Prop osition 2.2.11. F or al l su�ciently lar ge r ational c -s the fol lowing

e qualities ar e valid in Div

0

( N ) ,

\

F

P

c;u

F

( F ) =

Y

F

P

c;u

F

( F )

wher e F varies over the set of al l c o dimension 1 fac es of P

1

and u

F

2

Q \ [0 ; 1] .

R emark 2.2.12 . Observ e that for all su�cien tly large c -s the p olyhedra

of the t yp e \

F

P

c;u

F

( F ) ( F and u

F

are as ab o v e) b elong to G whic h in its

turn is iden ti�ed with the corresp onding subset of Div

0

( N ).

Pr o of. Due to our em b edding of G in to Div

0

( N ) (Corollary 2.2.3) w e ha v e

to sho w that for all su�cien tly large rational c -s the follo wing equalities

are v alid in Div

0

( N ),

C \

�

\

F

( u

F

v

c

( F ) + C )

�

\ Q

r

=

Y

F

�

C \ ( u

F

v

c

( F ) + C ) \ Q

r

�

;

where F -s and u

F

-s are as in the prop osition. According to Prop osition

2.1.4,

Y

F

�

C \ ( u

F

v

c

( F ) + C ) \ Q

r

�

= \

S ( F )

�

C \

�

X

s ( F )

u

F

v

c

( F ) + C

�

\ Q

r

�

;

where S ( F ) denotes the set of all nonempt y subsets of the set of all

co dimension 1 faces of P

1

and s ( F ) v aries o v er S ( F ). Therefore, w e will
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b e done whenev er the inclusions

C \

�

X

s ( F )

u

F

v

c

( F ) + C

�

� \

s ( F )

�

C \ ( u

F

v

c

( F ) + C )

�

are established for all s ( F ) 2 S ( F ).

F or simplicit y the corresp onding co dimension 1 faces of C and P

1

will

b e denoted b y the same sym b ols. There exists a system of R -linear maps

V

F

: R

r

! R , where F v aries o v er the set of all co dimension 1 faces of

C suc h that V

F

( F ) = 0 and C = f x 2 R

r

j V

F

( x ) � 0 for all F g . Fix

arbitrarily suc h a system. In terms of V

F

� s w e just w an t to sho w the

follo wing implication (for eac h s ( F ) 2 S ( F )):

x 2 R

r

; V

F

( x ) � 0 and V

F

( x ) � V

F

( u

F

0

v

c

( F

0

)) for all F ; F

0

2 s ( F ) )

) V

F

( x ) � V

F

�

X

s ( F )

u

F

0

v

c

( F

0

)

�

for all F 2 s ( F )

( F

0

v aries o v er s ( F ) in the summation) :

In its turn the ab o v e men tioned implication follo ws from the follo wing

system of implications (the system is considered for eac h s ( F ) 2 S ( F )):

F or eac h F 2 s ( F )

x 2 R

r

; V

F

( x ) � 0 and V

F

( x ) � V

F

( u

F

0

v

c

( F

0

)) for all F

0

2 s ( F ) )

) V

F

( x ) � V

F

�

X

s ( F )

u

F

0

v

c

( F

0

)

�

:

No w observ e that for F

0

6= F w e ha v e V

F

( n ( F

0

)) > 0. Therefore, for

c su�cien tly large V

F

( v

c

( F

0

)) = V

F

( c

� 1

m � (1 + c

� 1

) n ( F

0

)) < 0 for all

F

0

2 s ( F ) di�eren t from F . Hence, for suc h c -s it will su�ce to sho w the

implication

x 2 R

r

; V

F

( x ) � 0 and V

F

( x ) � V

F

( u

F

0

v

c

( F

0

)) for all F

0

2 s ( F ) )

) V

F

( x ) � V

F

�

u

F

v

c

( F )

�

(recall that u

F

0

� 0), whic h is ob vious (since F 2 S ( F )). �

Prop osition 2.2.13. C l

0

( N ) is a Q -sp ac e and for al l su�ciently lar ge

r ational c -s the images in C l

0

( N ) of the elements

d

c

( F ) = C \ ( v

c

( F ) + C ) \ K ( N ) 2 Div

0

( N ) ;
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wher e F varies over the set of al l c o dimension 1 fac es of P

1

, gener ate

this Q -sp ac e.

Pr o of. Step 1. First w e shall sho w that the group C l ( N ) is a Q -space.

Since the group Pr( N ) is ob viously a Q -spac e, w e only ha v e to sho w that

the group Div ( N ) is also a Q -sp ace. By Corollary 2.1.6 for arbitrary t 2 N

and d 2 Div( N ) w e ha v e ( t

� 1

d )

t

= d (recall that in our notations t

� 1

d =

f t

� 1

y j y 2 d g ). Therefore, it remains only to sho w the torsionfreeness

of C l ( N ). Assume d

t

2 Pr( N ) for some d = \

i

( x

i

+ N ) 2 Div( N )

( x

i

2 K ( N )) and t 2 N . Then, since Pr( N ) is a Q -sp ace, w e get t

� 1

( d

t

) 2

Pr( N ). Finally , b y Corollary 2.1.6. t

� 1

( d

t

) = t

� 1

( \

i

( tx

i

+ N )) = \

i

( x

i

+

N ) = d (of course, the crucial momen t here is the divisibilit y of N ).

Step 2. Since C l ( N ) turned out to b e a Q -space , the submonoid

C l

0

( N ) � C l ( N ) (see Corollary 2.1.5) m ust b e torsion free. Moreo v er,

the argumen ts in the previous step sho w that for arbitrary rational n um-

b ers u

F

� 0 ( F are as ab o v e) the elemen ts d

c

( F )

u

F

2 Div( N ) b elong

actually to Div

0

( N ) (in other w ords, C l

0

( N ) is a ro ot closed in C l ( N )).

No w, b y Prop osition 2.2.7 Corollary 2.2.10 and Prop osition 2.2.11 w e

obtain that for all su�cien tly large rational c -s

�

Y

F

d

c

( F )

u

F

�

�

� u

F

2 Q

+

�

= Div

0

( N ) :

Step 3. It remains only to sho w that for all su�cien tly large rational

c -s there exist strictly p ositiv e rational n um b ers u

F

( F -s are as ab o v e)

suc h that

Q

F

d

c

( F )

u

F

2 Pr( N ). It is clear that for an y real " > 0 there

exists a rational n um b er k

"

2 (0 ; 1) suc h that the homothetic image of P

1

with resp ect to the cen tre m (notations are as ab o v e) and the co e�cien t

k

"

b elongs to G

"

. It is also clear (from the divisibilit y of N ) that the

ab o v e men tioned image of P

1

de�nes an elemen t of Pr ( N )). Therefore,

Corollary 2.2.10 and Prop osition 2.2.11 giv e the desired result. �

x

2.3. Ranks of divisor class groups. W e k eep all the notations from the

previous section. The main purp ose of this section is to pro v e

Theorem 2.3.1. L et M b e a �nitely gener ate d normal monoid with

U ( M ) = 0 . Then rank( C l ( M )) + rank ( M ) = F ( M ) , wher e F ( M ) de-

notes the numb er of al l c o dimension 1 fac es of �( M ) .

The pro of of this theorem consists of three indep enden t prop ositions.
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Prop osition 2.3.2. L et M b e a �nitely gener ate d normal monoid with

U ( M ) = 0 . Then C l

0

( M ) = C l ( M ) .

Pr o of. W e ha v e to sho w that Div

0

( M ) = Div( M ). Let d b e an elemen t

of Div ( M ). It can b e represen ted as an in tersection \

i

( x

i

+ C ) \ K ( M ),

where x

i

-s are some elemen ts of K ( M ). Let C = \

F

H ( F ) b e the uniquely

determined represen tation of the cone C as an in tersection of certain

half-spaces whose b oundaries are spanned b y the co dimension 1 faces of

C , where F v aries o v er the set of the ab o v e men tioned faces of C . Let

us sho w that for eac h F there exists an index i ( F ) suc h that x

i ( F )

+

H ( F ) = \

i

( x

i

+ H ( F )). Since M is �nitely generated, K ( M ) is a free

group of rank r . Let dH ( F ) denote the b oundary h yp erplane of H ( F ).

Then K ( M ) \ dH ( F ) will b e isomorphic to Z

r � 1

and K ( M ) = Z �

( K ( M ) \ dH ( F )) for some subgroup Z ( � Z ) of K ( M ) (recall that w e

had the analogous situation in the pro of of Lemma 1.3.3). W e can �x

an isomorphism Z � Z suc h that the "p ositiv e part" of Z will fall in

H ( F ). Denote b y z

i

the natural images of x

i

in Z resp ectiv ely . Since

\

i

( x

i

+ H ( F ) 6= ? , w e get sup

i

( z

i

) 6= 1 . But then there exists an index

i ( F ) suc h that z

i ( F )

= sup

i

( z

i

). Clearly , the index i ( F ) satis�es the

required prop ert y . F or a co dimension 1 face F c ho ose arbitrarily an

index of the ab o v e men tioned t yp e. Then d = \

i ( F )

( x

i

+ C ) \ K ( M ) =

\

i ( F )

( x

i

+ M ) 2 Div

0

( M ). �

Prop osition 2.3.3. L et M b e as ab ove. Then C l

0

( N ) � Q 
 C l

0

( M )

( N , as ab ove, denotes the divisible hul l of M ).

Pr o of. W e de�ne the map  : Div

0

( M ) � ! Div

0

( N ) as follo ws  ( \

i

( x

i

+

M )) = \

i

( x

i

+ N ) for an arbitrary �nite subset f x

i

g

i

� K ( M ). Let

us mak e sure that  is w ell de�ned. Let \

i

( x

i

+ M ) = \

j

( y

j

+ M ) in

Div

0

( M ). W e claim that \

i

( x

i

+ N ) = \

j

( y

j

+ N ). F or an y natural t

put M

t

= t

� 1

M . W e ha v e N = \

t 2 N

M

t

. Therefore it will su�ce to sho w

that \

i

( x

i

+ M

t

) = \

j

( y

j

+ M

t

) for all t -s. Multiplying b oth sides b y

t (in the sense w e did it in x 2.2), w e come to the equiv alen t equalit y
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\

i

( tx

i

+ M ) = \

j

( ty

j

+ M ) whic h actually is v alid, since

\

i

( tx

i

+ M ) =

�

\

i

( x

i

+ M )

�

t

=

�

\

j

( y

j

+ M )

�

t

= \

j

( ty

j

+ M )

b y Corollary 2.1.6. Since a Q -span of the image of  is the whole Div

0

( N ),

w e get that when passing to the quotien t groups the image of the corre-

sp onding map  : C l

0

( M ) � ! C l

0

( N ) is a generating set of the Q -space

C l

0

( N ) (Prop osition 2.2.13). Hence w e will b e done if the trivialit y of

k er (  ) 
 Q is pro v ed. Assume that the image of d = \

i

( x

i

+ M ) 2

Div

0

( M ) in C l

0

( M ) b elongs to k er (  ). It means that  ( d ) 2 Pr( N ).

Sa y ,  ( d ) = z + N for some z 2 K ( N ). Cho ose a natural n um b er t

suc h that tz 2 K ( M ). W e ha v e  ( td ) =  ( d

t

) = \

i

( tx

i

+ N ) = tz + N .

Therefore, tz + M = ( tz + N ) \ M = \

i

(( tx

i

+ N ) \ M ) = \

i

( tx

i

+ M ) = d

t

or, equiv alen tly , d 2 C l

0

( M )

tor

. Consequen tly , k er (  ) 
 Q = 0. �

The follo wing prop osition will complete the pro of of Theorem 2.3.1.

Prop osition 2.3.4. L et N b e a divisible hul l of an in�nitely gener ate d

monoid M with U ( M ) = 0 . Then rank ( C l

0

( N )) = F ( M ) � rank( M ) ,

wher e F ( M ) denotes the numb er of c o dimension 1 fac es of �( M ) .

The pro of needs some preparatory results.

De�nition 2.3.5. Assume w e are giv en t w o �nite con v ex p olyhedra P

and Q in a real a�ne space and dim ( P ) = dim( Q ). W e shall sa y that P

is inscrib ed in Q if P � Q and eac h co dimension 1 face of Q con tains a

co dimension 1 face of P . No w, assume w e are giv en a monoid extension

K � L with trivial units suc h that �( K ) and �( L ) are �nite p olyhedra

(w e consider �nite rank monoids). W e shall sa y that K is inscrib ed in L

if �( K ) is inscrib ed in �( L ) and K is normal in L (clearly , rank ( K ) =

rank( L )).

Lemma 2.3.6. L et N b e as in Pr op osition 2 : 3 : 4 : Then N c an b e in-

scrib e d in Q

r

+

( r = rank( M )) , i.e. ther e exists a divisible submonoid

N

0

� Q

r

+

which is isomorphic to N and is inscrib e d in Q

r

+

.

Pr o of. Eac h co dimension 1 face F of the p olyhedron �( N ) determines

uniquely a closed hemisphere h

F

� S

r � 1

suc h that �( N ) � h

F

and

F = �( N ) \ h

F

(here the �-corresp ondence is considered on S

r � 1

instead

of H

1

). Ob viously , w e can c ho ose r man y co dimension 1 faces of �( N ),
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sa y F

1

; : : : ; F

r

suc h that

i = r

\

i =1

h

F

will b e a (rational) simplex in S

r � 1

. The

pro of of this fact is left to the reader. Denote the ab o v e men tioned

simplex b y D and consider the monoid Q

r

( D ) � Q

r

+

. It only remains to

note that N is inscrib ed in Q

r

( D ). �

W e de�ne a small p erurbation T of a co dimension 1 face F of P

1

as

a parallel transp osition of the a�ne h ull of F satisfying the conditions:

(a) T ( F ) � H

1

; (b) the p olyhedron P

1

( T ) b ounded b y the a�ne h ulls

of all co dimension 1 faces of P

1

di�eren t from F and that of T ( F ) has

the same n um b er of co dimension 1 faces as P

1

itself; (c) P

1

( T ) � P and

P

1

( T ) 6= P . It can b e sho wn that for a small p erturbation T of F and

an y real u 2 (0 ; 1) the transp osition uT is lik ewise a small p erturbation

of F . A small p erturbation T will b e called rational if P

1

( T ) is a rational

p olyhedron. A parallel transp osition T of the face F will b e called and

" -transp osition if the distance b et w en the a�ne h ulls of F and T ( F ) is

strictly p ositiv e and less than " ( " here is a giv en p ositiv e real n um b er),

and T ( F ) lies on the same side of F as P

1

. Eviden tly , for su�cien tly

small " > 0 an y " -transp osition of F is actually a small p erturbation of

F . A small p erturbation of a system of co dimension 1 faces of P

1

, sa y

F

1

; : : : ; F

s

, is de�ned as a system of the corresp onding small p erturba-

tions T

1

; : : : ; T

s

suc h that the p olyhedron

i =1

\

i =1

P

1

( T

i

) has the same n um b er

of co dimension 1 faces as P

1

. Again, for suc h a system of T

i

and an y

real n um b ers u

i

2 (0 ; 1) the system u

i

T

i

will b e a small p erturbation of

F

i

-s. A rational small p erturbation of a system of faces is de�ned analo-

gously . Finally , a small p erturbation of a system of co dimension 1 faces

will b e called an " -p erturbation if it consists of " -transp ositions of the

corresp onding faces.

Let c b e a su�cien tly large rational n um b er and let d

c

( F ) 2 Div

0

( N )

b e the elemen ts of the t yp e men tioned in Prop osition 2.2.13. Then w e

ha v e

Lemma 2.3.7. F or al l su�ciently smal l r e al " > 0 and " -p erturb ations

of a c o dimension 1 fac e F of P

1

, say T , the p olyhe dr a P

1

( T ) ar e of typ e

d

c

( F )

u

for some p ositive r ational u . F or al l su�ciently smal l " > 0

and al l " -p erturb ations of c o dimension 1 fac es F of P

1

, say T ( F ) , the

p olyhe dr a \

F

P

1

( T ( F )) ar e of typ e

Q

F

d

c

( F )

u

F

for some u

F

2 Q

+

.

Pr o of immediately follo ws from Prop ositions 2.2.9 and 2.2.11 and

Corollary 2.2.10.
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In what follo ws w e �x suc h a rational n um b er c and a small real " > 0.

Assume w e are giv en a nonempt y system of co dimension 1 faces f F

i

g

i = s

i =1

whic h will b e called d -dep ended ( d is for divisors) if there exist a disjoin t

union X [ Y � f 1 ; : : : ; s g and a small " -p erturbations of systems f F

i

g

i 2 X

and f F

i

g

i 2 Y

, sa y f T ( F

i

) g

i 2 X

and f T ( F

i

) g

i 2 Y

, resp ectiv ely , suc h that the

p olyhedra \

X

P

1

( T ( F

i

)) and \

Y

P

1

( T ( F

i

)) are homothetic where, in addition,

w e do not exclude Y = ? for whic h w e put \

?

P

1

( T ( F

i

)) = P

1

. A system is

called d -indep enden t if it is not d -dep ended. Clearly , in these de�nitions

w e exclude the case X = ? .

Lemma 2.3.8. The numb er of elements of a maximal (with r esp e ct to

the inclusion) d -indep endent system of fac es of P

1

is e qual to

dim

Q

( C l

0

( N )) .

Pr o of follo ws directly from the previous lemma and the observ ation

that if P ; Q 2 G

"

are homothetic, then their images P and Q in C l

0

( N )

satis�es the equalit y of the t yp e P

u

= Q for some rational u > 0.

Pr o of of Pr op osition 2 : 3 : 4 . By Lemma 2.3.6 w e can assume N is inscrib ed

in Q

r

+

. Then eac h co dimension 1 face of the simplex �( Q

r

+

) con tains ex-

actly one co dimension 1 face of �( N ). Let F

1

; : : : ; F

r

b e these men tioned

faces of �( N ) and K

1

; : : : ; K

s

b e all other faces ( s = F ( M ) � r ). By

Lemma 2.3.8 w e will b e done whenev er the d -indep endence and the max-

imalit y of the system f K

1

; : : : ; K

s

g are sho wn.

Step 1. The set f K

1

; : : : ; K

s

g is d -indep enden t.

Assume X [ Y � f 1 ; : : : ; s g is a disjoin t union and the p olyhedra

\

X

P

1

( T ( K

i

)) and \

Y

P

1

( T ( K

i

)) are homothetic for some " -p erturbations

f T ( K

i

) g

i 2 X

and f T ( K

i

) g

i 2 Y

of the systems f K

i

g

i 2 X

and f K

i

g

i 2 Y

, re-

sp ectiv ely . On the other hand, b oth of the ab o v e men tioned p olyhedra

are inscrib ed in the simplex �( Q

r

+

). W e giv e here an elemen tary obser-

v ation that t w o homothetic p olyhedra P and Q coincide whenev er they

are inscrib ed in the same simplex. In particular,

\

X

P

1

( T ( K

i

)) = \

Y

P

1

( T ( K

i

)) :

But the last equalit y is imp ossible, since X \ Y = ? .

Step 2. The d -indep enden t set f K

1

; : : : ; K

s

g is maximal.

In other w ords w e ha v e to sho w that the set f F

j

; K

1

; : : : ; K

s

g is d -

dep ended for an y j 2 [1 ; r ]. Let D b e the simplex �( Q

r

+

) and o

j

its

v ertex situated opp ositely to the a�ne h ull of F

j

. It should b e noted
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here (as in the previous step) the �-corresp ondence here is considered in

the h yp erplane H

1

. Let � > 0 b e a small rational n um b er and consider

the homothetic transformation t with resp ect to the cen tre o

j

and the

co e�cien t 1 � � . Put P = P

1

\ t ( P

1

), and Q = P

1

\ t

� 1

( P

1

). No w,

divide the set f F

j

; K

1

; : : : ; K

s

g in to three parts as follo ws: call a face

from this set p ositiv e if P

1

and o

j

lie on the same side of the a�ne

h ull of this face; if the ab o v e men tioned a�ne h ull separates P

1

and o

j

,

w e call this face negativ e; and, �nally , if o

j

b elongs to this a�ne h ull,

the face is called neutral. It is an easy exercise that for all su�cien tly

small rational n um b er � the p olyhedron P is of t yp e \

POS

P

1

( T ( L )), where

POS denotes the p ositiv e part of f F

j

; K

1

; : : : ; K

s

g (clearly F

j

2 POS )

and T ( L )-s constitute an " -p erturbation of f F

1

; : : : ; F

r

; K

1

; : : : ; K

s

g ( L

v aries o v er this set). Analogously , Q is of t yp e \

NEG

P

1

( T ( L )) for the

negativ e part NEG of f F

j

; K

1

; : : : ; K

s

g (in b oth of these represen tations

the systems T ( L ) can b e ob viously c hosen the same). Since w e ha v e an

ob vious equalit y P = tQ , w e obtain that the disjoin t union POS [ NEG �

f F

j

; k

1

; : : : ; K

s

g , where POS 6= ? , p ossesses the prop ert y men tioned in

the de�nition of d -dep ended systems. �

x

2.4. On torsion parts of divisor class groups.

Theorem 2.4.1. L et M and N b e �nitely gener ate d normal monoids

with trivial units. Assume M is inscrib e d in N . Then ther e is an emb e d-

ding of C l ( M )

tor

into C l ( N )

tor

.

Lemma 2.4.2. L et L b e a �nitely gener ate d normal monoid with U ( L ) =

0 and let C b e the c one with vertex 0 and sp anne d by L . Then

x

i

; z 2 K ( L ) ; \

i

( x

i

+ L ) = z + L ) \

i

( x

i

+ C ) = z + C :

Pr o of. Replacing x

i

's b y x

i

� z 's, w e see that without loss of generalit y

it can b e assumed z = 0. Due to the normalit y of L there exists a

system of R -linear maps v

F

: R

r

� ! R , where F v aries o v er the set

of all co dimension 1 faces of C suc h that L = f x 2 K ( L ) j v

F

( x ) �

0 for all F g . In terms of these maps b y Corollary 2.1.6 and Lemma 2.3.2

the equalit y ( \

i

( x

i

+ L ))

n

= L (for eac h n) is equiv alen t to the v alidit y of

the implications

x 2 K ( L ) ; 8 F 8 i v

F

( x ) � v

F

( x

i

) � n , 8 F v

F

( x ) � 0 : (*)

n
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Since for eac h x 2 Q

r

( r = rank ( L )) there exists natural n for whic h

nx 2 K ( L ), (*) implies the v alidit y of (here (*) means [

n

( � )

n

)

x 2 Q

r

; 8 F 8 i v

F

( x ) � v

F

( x

i

) , 8 F v

F

( x ) � 0 : (**)

In its turn (**) is equiv alen t to the equalit y

\

i

( x

i

+ C ) \ Q

r

= C \ Q

r

:

No w our lemma easily follo ws from the observ ations that C � \

i

( x

i

+ C )

are b oth con v ex closed sets whose rational p oin ts coincide (to complete

the pro of w e could use, for example, separation theorems from [Be,

x 11.4.1]. �

Lemma 2.4.3. L et M and N b e as in The or em 2 : 4 : 1 and x

i

2 K ( M ) .

Assume \

i

( x

i

+ M ) 2 Pr( M ) . Then \

i

( x

i

+ N ) 2 Pr ( N ) .

Pr o of. W e shall pro v e a bit stronger result whic h ob viously will imply the

lemma. Namely , w e claim that \

i

( x

i

+ N ) = N whenev er \

i

( x

i

+ M ) =

M , where x

i

2 K ( M ). Indeed, assume \

i

( x

i

+ M ) = M . Denote b y

C ( M ) and C ( N ) the cones with v ertices at 0 spanned b y M and N ,

resp ectiv ely . By Lemma 2.4.2, \

i

( x

i

+ C ( M )) = C ( M ). W e ha v e the

represen tations of t yp es C ( M ) = \

F

H ( F ) and C ( N ) = \

G

H ( G ), where

H ( F )'s and H ( G )'s are the closed half-spaces in R

r

( r = rank( M ) =

rank( N )) with b oundaries con taining 0, and F and G v ary o v er the

sets of all co dimension 1 faces of C ( M ) and C ( N ), resp ectiv ely . Let

us sho w that \

i

( x

i

+ H ( G )) = H ( G ) for eac h G . Since �( M ) is inscrib ed

in �( N ), w e ha v e f H ( G ) g

G

� f H ( F ) g

F

. But for eac h F the equalit y

\

i

( x

i

+ C ( M )) = C ( M ) ob viously implies \

i

( x

i

+ H ( F )) = H ( F ). No w the

equalities \

i

( x

i

+ H ( G )) = H ( G ) established ab o v e imply the follo wing

one \

i

( x

i

+ C ( N )) = C ( N ). Consequen tly , \

i

( x

i

+ N ) = \

i

(( x

i

+ C ( N )) \

K ( N )) = C ( N ) \ K ( N ) = N . �

It should b e noted that in the pro of ab o v e w e ha v e not used the equalit y

K ( M ) = K ( N ) (v alid for inscrib ed monoids), w e ha v e only used the

inclusion K ( M ) � K ( N ).

Lemma 2.4.4. L et M and N b e as in The or em 2 : 4 : 1 and x

i

; y

j

2 K ( M ) .

Assume \

i

( x

i

+ M ) = \

j

( y

j

+ M ) , then \

i

( x

i

+ N ) = \

j

( y

j

+ N ) .
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Pr o of. Since Div( M ) is a group (Prop osition 2.1.1 and Corollary 2.1.3),

b y Prop osition 2.1.4 there exist elemen ts z

k

2 K ( M ) suc h that \

i;k

( x

i

+

z

k

+ M ) = \

j;k

( y

j

+ z

k

+ M ) = M . In this situation, as it has b een sho wn

in the pro of of Lemma 2.4.3, \

i;k

( x

i

+ z

k

+ N ) = \

j;k

( y

j

+ z

k

+ N ) = N .

Hence, again b y Prop osition 2.1.4 (and Prop osition 2.1.1 and Corollary

2.1.3) w e get \

i

( x

i

+ N ) = ( \

k

( z

k

+ N ))

� 1

= \

j

( y

j

+ N ). �

Clearly , Lemma 2.4.4 implies Lemma 2.4.3.

Pr o of of The or em 2 : 4 : 1 . By Lemma 2.4.4 the corresp ondence

\

i

( x

i

+ M ) 7� ! \

i

( x

i

+ N ) giv es us a w ell de�ned map from Div( M )

to Div ( N ). Denote it b y f . By Prop osition 2.1.4, f is a group homomor-

phism. By Lemma 2.4.3, f naturally induces a group homomorphism

f : C l ( M ) � ! C l ( N ). W e claim that the restriction of f to the torsion

part C l ( M )

tor

is a monomorphism. This means that w e ha v e to sho w

that \

i

( x

i

+ M ) 2 Pr( M ) whenev er \

i

( x

i

+ N ) 2 Pr( N ) and \

i

( ax

i

+ M ) 2

Pr( M ) where x

i

2 K ( M ) and a 2 N . Since rank( M ) = rank ( N ) and

M is normal in N , b y Prop osition 1.2.1 K ( M ) = K ( N ). Denote this

common group of quotion ts b y K . Assume x

i

2 K and a 2 N satisfy the

ab o v e-men tioned conditions. This just means that there exist u; v 2 K

suc h that \

i

( x

i

+ N ) = u + N and \

i

( ax

i

+ M ) = v + M . As it w as sho wn

in the pro of of Lemma 2.4.3, the equalit y \

i

( ax

i

+ M ) = v + M implies

\

i

( ax

i

+ N ) = v + N . On the other hand, the equalit y \

i

( x

i

+ N ) = u + N

implies \

i

( ax

i

+ N ) = au + N . Therefore, au + N = v + N . Since U ( N )

is trivial, w e get au = v . By Lemma 2.4.2, \

i

( ax

i

+ C ( M )) = au + C ( M ),

where C ( M ) is the cone spanned b y M (with v ertex at 0). F or a subset

Y � R

r

( r = rank( M )) and an elemen t t 2 R w e put tY = f ty j y 2 Y g �

R

r

. W e ha v e a

� 1

( \

i

( ax

i

+ C ( M ))) = \

i

( x

i

+ a

� 1

C ( M )) = \

i

( x

i

+ C ( M ))

and a

� 1

( au + C ( M )) = u + C ( M ). Therefore, \

i

( x

i

+ C ( M )) = u + C ( M ).

Finally , w e get \

i

( x

i

+ M ) = \

i

( x

i

+ C ( M )) \ K = ( u + C ( M )) \ K =

u + M 2 Pr( M ). �

x

2.5. Examples of computations of divisor clas groups.

Example 2.5.1 (Chouinard, [C1]). F or a Krull domain R and a �ni-

tely generated normal monoid M the ring R [ M ] is a Krull domain and



GEOMETRIC AND ALGEBRAIC REPRESENT A TIONS 31

C l ( R [ M ]) = C l ( R ) � C l ( M ).

Example 2.5.2 (Chouinard, [C1]). An y �nitely generated ab elian

group can b e realized as C l ( M ) for some �nitely generated normal monoid

M ; furthermore, M can b e c hosen with trivial U ( M ).

Example 2.5.3 ([C1, G4]). F or a �nitely generated normal monoid M

the group C l ( M ) is a torsion group i� �( M ) is a simplex. This also

follo ws from Theorem 2.3.1.

Example 2.5.4. F or �nitely generated normal monoids M and N ,

C l ( M � N ) = C l ( M ) � C l ( N ). This is an easy consequence of Example

2.5.1.

Example 2.5.5. F or a �nitely generated normal monoid M , C l ( M ) = 0

i� M is isomorphic to Z

r

� Z

s

+

for some r ; s 2 Z

+

. This follo ws from

the follo wing observ ations: (a) M = U ( M ) � M

0

for an appropriate M

0

;

(b) p olynomial and Lauren t p olynomial rings with co e�cien ts in a �eld

are factorial; (c) K [ M ] is factorial i� M is a free monoid, where K is a

�eld and M is a �nitely generated normal monoid with U ( M ) = 0.

Example 2.5.6. In general, k er ( f ) is not trivial, where f : C l ( M ) � !

C l ( N ) is the map men tioned in the pro of of Theorem 2.4.1. Indeed,

consider an y rational p olyhedron P inscrib ed in the symplex �( Z

r

+

) for

some r � 3. W e can c ho ose P 6= �( Z

r

+

). Then, putting M = Z

r

+

( P )

and N = Z

r

+

, w e get (according to Theorem 2.3.1 and Example 2.5.5)

C l ( M ) 6= 0 and C l ( N ) = 0. Hence k er ( f ) 6= 0.

Example 2.5.7. F or an y natural n there exists a �nitely generated nor-

mal monoid M of rank 3 suc h that C l ( M ) = Z

n

. Indeed, w e ha v e only

to c ho ose the p olyhedron P , men tioned in the previous example, to ha v e

n + 3 edges, put M = Z

3

+

( P ) and then apply Theorem 2.4.1.

Example 2.5.8 (=concluding remark of [G5]). F or an y �nitely gener-

ated ab elian group A there exists a �-simplicial gro wth normal monoid

M suc h that C l ( M ) = A (for de�nitions see Remark 3.3.8). Indeed,

assume A = Z

r

� A

tor

for some r 2 Z

+

. By Example 2.5.7 there ex-

ists a �nitely generated rank 3 monoid M with U ( M ) = 0 suc h that

C l ( M ) = Z

r

. By Examples 2.5.2 and 2.5.3 there exists a �nitely gener-

ated normal monoid N suc h that C l ( N ) = A

tor

and �( N ) is a simplex.

It is clear that K � L is of simplicial gro wth whenev er K is so and �( L )

is a simplex. On the other hand, all �nitely generated monoids of rank
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3 and with trivial units are of �-simplicial gro wth [G5]. It only remains

to apply Example 2.5.4.

Example 2.5.9. Assume r 2 N and �( Z

r

+

) = D [ G , where D is a

simplex con taining exactly one of the v ertices of the simplex �( Z

r

+

), and

D \ G is a common face of D and G . In [G4] w e called the monoids

of t yp e Z

r

+

( D ) the truncated monoids. As it w as sho wn in [G4], the

divisor class groups of truncated monoids are alw a ys �nite cyclic. No w

w e are in terested in divisor class groups of monoids of t yp e Z

r

+

( G ) (w e

could call these monoids co-truncated). Theorems 2.3.1 and 2.4.1 im-

ply directly C l ( Z

r

+

( G )) = Z (it should only to b e noted that C l ( M )

is �nitely generated when M is �nitely generated [Cl]). In particular,

C l ( Z

+

(1 ; 0 ; 0) + Z

+

(0 ; 1 ; 1) + Z

+

(1 ; 1 ; 0) + Z

+

(0 ; 0 ; 1)) = Z .

Example 2.5.10. Prop osition 2.3.2 can b e generalized as follo ws. F or

a subset S � N and a monoid M let S

� 1

M denote the smallest monoid

con taining M and s divisible for eac h s 2 S . Then w e claim that for

an y �nitely generated monoid M with U ( M ) = 0 the normalit y of M

implies S

� 1

C l ( M ) = C l

0

( S

� 1

M ). As a result w e obtain that for an y

�nite ab elian group A there exist r 2 N , prime p and an in termediate

monoid Z

r

+

� M � Q

r

+

satisfying the conditions that M is p divisible, M

is normal and C l

0

( M ) = A . Indeed, the existence of a �nitely generated

normal monoid N situated b et w een Z

rank ( N )

+

and Q

rank ( N )

+

and satisfying

the equalit y C l ( N ) = A follo ws from Examples 2.5.2 and 2.5.3 and [G4,

Prop osition 1.1]. No w, w e ha v e only to c ho ose prime p not dividing the

order of A , and apply the aforemen tioned claim to the subset f p g � N .

P AR T I I I

K-THEOR Y OF MONOID RINGS

x

3.1. Hemispherical Monoids. A (�nite rank) monoid M will b e called

hemispherical if �( M ) is an op en hemisphere and, in addition, if the clo-

sure in S

rank( M ) � 1

of �( M ) is a rational hemisphere, then M will b e called

the rational one. W e see that the class of monoids treated in Lemma 1.3.3

coincides with that of rational hemispherical normal monoids with �ni-

tely generated groups of fractions. W e could ask whether suc h monoids

are �ltered unions of free monoids themselv es (instead of monoids iso-

morphic to ( Z

r

+

)

�

). Clearly , this w ould imply Lemma 1.3.3. Ho w ev er,

it can b e sho wn that this is not the case. A bit stronger result will b e

pro v ed b elo w.
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In the pro of of Lemma 1.3.3 it w as established that

Prop osition 3.1.1. R ational hemispheric al normal monoids with �ni-

tely gener ate d gr oups of fr actions ar e exactly the monoids isomorphic to

H

r

= ( Z

r � 1

� Z

+

) nf ( a; 0) j a 2 Z

r � 1

; a 6= 0 g for some r 2 N .

Put c

� 1

Z

+

= f z =c

s

j z ; s 2 Z

+

g � Q

+

, where c 2 N , and H

r ;c

= ( Z

r � 1

�

c

� 1

Z

+

) nf ( a; 0) j a 2 Z

r � 1

; a 6= 0 g . Clearly , H

r ;c

is a rational hemispherical

normal monoid whic h is a �ltered union of monoids isomorphic to H

r

and

�( H

r ;c

) = �( H

r

).

Theorem 3.1.2. (a) F or any natur al numb ers r and c for r � 2 the

monoid H

r ;c

is not a �lter e d union of fr e e monoids;

(b) F or a (c ommutative) r e gular ring R and natur al numb ers r and c ,

such that c has at le ast two distinct prime divisors, the natur al homo-

morphisms K

i

( R ) � ! K

i

( R [ H

r ;c

]) (for Quil len 's K -gr oups) ar e isomor-

phisms for al l i � 0 .

Pr o of. (a) Let r and c b e as in the p oin t (a). Fix arbitrarily a sub-

set G � Z

r � 1

whic h generates Z

r � 1

as a monoid and consider the set

X = f ( g ; 1) j g 2 G g � H

r ;c

. W e claim that there do es not exist a free

in termediate monoid X � F � H

r ;c

whic h implies (a). Supp ose suc h a

free monoid F do es exist. Denote its basis b y f m

1

; : : : ; m

r

g . Assume

m

i

= ( m

i 1

; : : : ; m

ir

) for some m

i 1

; : : : ; m

ir � 1

2 Z and m

ir

2 c

� 1

Z

+

.

Cho ose among the n um b ers m

ir

( i 2 [1 ; r ]) the minimal one, sa y m

i

0

r

(ma yb e o ccuring in some of m

i

-s). Clearly , from the v ery b eginning w e

could assume (0 ; 1) 2 X . In this situation Z

r � 1

� 0 � K ( F ). Sim ulta-

neously , some p ositiv e m ultiple of (0 ; : : : ; 0 ; m

i

0

r

) will also b elong to F .

Since (0 ; : : : ; 0 ; m

i

0

r

) 2 K ( F ), w e obtain (b y normalit y of free monoids)

(0 ; : : : ; 0 ; m

i

0

r

) 2 F . But then (0 ; : : : ; 0 ; m

i

0

r

) 2 f m

1

; : : : ; m

r

g , b ecause

otherwise (0 ; : : : ; 0 ; m

i

0

r

) = x

i

1

m

i

1

+ � � � + x

i

k

m

i

k

for some natural n um-

b ers x

i

1

; : : : ; x

i

k

, where 2 � k � r , whic h con tradics the minimalit y of

m

i

0

r

(note that b y the de�nition of H

r ;c

the n um b ers m

ir

are all strictly

p ositiv e). Consider no w the natural pro jection � : H

r ;c

� ! Z

r � 1

. Since

� ( F ) = Z

r � 1

, w e get that the set f � ( m

i

) j i 6= i

0

g � Z

r � 1

m ust gener-

ate Z

r � 1

as a monoid. But this is a con tadiction, since Z

r � 1

cannot b e

generated as a monoid b y a system consisting of r � 1 elemen ts.

(b) W e need some information on transfer maps in algebraic K -theory ,

namely , w e mean the "pro jection form ula". Let f : A � ! B b e a

ring homomorphism of comm utativ e rings suc h that B b ecomes a �ni-

tely generated pro jectiv e A -mo dule via this homomorphism. Then there
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exist group homomorphisms f

�

: K

i

( B ) � ! K

i

( A ) for all i � 0 suc h

that f

�

( y � f

�

( x )) = f

�

( y ) � x for all y 2 K

0

( B ) and x 2 K

i

( A ) ( f

�

de-

notes the functorial homomorphism K

i

( A ) � ! K

i

( B )), where the m ul-

tiplication is mean t in the sense of K

0

-mo dule structure on K

i

. Actu-

ally , a more general form ula is v alid. Namely , for a ring homomorphism

f : A � ! B , making B a �nitely generated A -mo dule of �nite pro jectiv e

dimension, there exist homomorphisms f

�

: K

i

( B ) � ! K

i

( A ), suc h that

f ( y � f

�

( x )) = f

�

( y ) � x for all y 2 K

i

( B ) and x 2 K

j

( A ) ( i; j 2 Z

+

)

[Ge]. f

�

here means the homomorphism induced b y the exact functor

P

1

( B ) � ! P

1

( A ) of scalar restriction from B to A . Ho w ev er, the

sp ecial case men tioned ab o v e can b e obtained quite directly . It merely

follo ws from the application of Quillen's Q -construction [Q] to the iso-

morphic exact functors

X � ! Y 


B

( B 


A

X ) and X � ! Y 


A

X

from P

1

( A ) to P

1

( B ), where Y 2 P ( B ). W e shall use the follo w-

ing consequence of the "pro jection form ula" for a ring homomorphism

f : A � ! B , for whic h B is a free A -mo dule of rank n , there ex-

ist homomorphisms f

�

: K

i

( B ) � ! K

i

( A ) (for all i � 0) suc h that

f

�

f

�

: K

i

( A ) � ! K

i

( A ) is a m ultiplication b y n .

No w, let R ; r and c b e as in the p oin t (b). Supp ose p and q are distinct

prime divisors of c . Fix arbitrarily a basis f e

1

; : : : ; e

r � 1

g of Z

r � 1

and for

eac h natural i and k put

M

ik

=

=

 

[

0 � a

1

;:::;a

r � 1

<p

k

max( a

1

;:::;a

r � 1

) > 0

�

H

r ;c

+

a

1

p

k

e

1

+ � � � +

a

r � 1

p

k

e

r � 1

+

1

c

i

e

r

�

!

[

H

r ;c

;

where Z

r � 1

is iden ti�ed with Z

r � 1

� 0, e

r

denotes (0 ; : : : ; 0 ; 1), a

j

-s are

nonnegativ e in tegers satisfying the ab o v e indicated inequalities and the

sums are considered in Q

r

( x + H

r ;c

means f x + h j h 2 H

r ;c

g ). W e claim

that

(1) M

ik

-s are the submonoids of Q

r

for all i and k ;

(2) the natural inclusions R [ H

r ;c

] ! R [ M

ik

] mak e R [ M

ik

]-s free R [ H

r ;c

]-

mo dules of rank p

k ( r � 1)

, resp ectiv ely;

(3) M

ik

is con tained in M

ik +1

and M

i +1 k

and the �ltered union of M

ik

-s

( i; k 2 N ) is a rational hemispherical p divisible monoid.
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Let us �rst sho w ho w these claims imply that

cok er

�

K

n

( R ) � ! K

n

( R [ H

r ;c

])

�

are the p -groups for all n � 0. Since the v ery same argumen ts imply

that these groups are q -groups, w e will b e done, i.e. the homomorphisms

K

n

( R ) ! K

n

( R [ H

r ;c

]) will b e isomorphisms for all n � 0.

Denote b y M the �ltered union [

i;k

M

ik

whic h b y (3) is a hemispherical

p divisible monoid. Ob viously , �( M ) is a �ltered union of rational sim-

plices, sa y �( M ) = [

s

D

s

. Then M will b e a �ltered union of monoids

M ( D

s

)

�

, whic h are p divisible as w ell. By Appro ximation Theorem A

from [G3], M ( D

s

)

�

are the �ltered unions of free monoids. No w, b y

the con tin uit y of K -functors and Quillen's theorem on K -regularit y of

regul;ar rings [Q], w e obtain K

n

( R )

�

� ! lim

!

K

n

( R [ M ( D

s

)

�

]) = K

n

( R [ M ]).

Assume [ z ] 2 cok er ( K

n

( R ) � ! K

n

( R [ H

r ;c

])) for some n � 0 and z 2

K

n

( R [ H

r ;c

]). Again b y con tin uit y of K -functors the image z

�

of z in

K

n

( R [ M

ik

]) will b elong to the image of K

n

( R ) for appropriate indices

i and k . Therefore, there exists x 2 im( K

n

( R ) ! K

n

( R [ H

r ;c

])) suc h

that z � x maps in to 0 in K

n

( R [ M

ik

]). Using (2) and the aforemen-

tioned consequence of "pro jection form ula", w e get p

k ( r � 1)

( z � x ) = 0 or

equiv alen tly , p

k ( r � 1)

[ z ] = 0.

It remains to c hec k (1),(2) and (3).

(1) Let � : Q

r

! Q

r � 1

b e the pro jection corresp onding to the last

co ordinate. Ob viously , � ( M

ik

) = Z

r � 1

=p

k

(= f a=p

k

j a 2 Z

r � 1

g � Q

r � 1

).

Assume u; v 2 M

ik

. Since � ( u + v ) 2 � ( M

ik

), w e ha v e to c hec k that

u

r

+ v

r

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

� 1 =c

i

if � ( u + v ) =

a

1

p

k

e

1

+ � � � +

a

r � 1

p

k

e

r � 1

for some a

j

2 Z

+

suc h that 0 � a

j

< p

k

and max

j

( a

j

) > 0 ; j 2 [1 ; r � 1] ;

> 1 =c

i

if � ( u + v ) is not of the aforemen tioned t yp e

and do es not b elong to Z

r � 1

;

> 0 if � ( u + v ) 2 Z

r � 1

;

where u

r

and v

r

denote r -th co ordinates of u and v resp ectiv ely . But these

inequalities immediately follo w from the observ ations that u

r

+ v

r

> u

r

and u

r

+ v

r

> v

r

, whenev er u 6= 0 6= v and that � ( u + v ) 62 Z

r � 1

implies

at least one of � ( u ) and � ( v ) do es not b elong to Z

r � 1

(in this situation

w e necessarily ha v e u

r

� 1 =c

i

or v

r

� 1 =c

i

, resp ectiv ely).
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(2) Let us sho w that the system

�

a

1

p

k

e

1

+ � � � +

a

r � 1

p

k

e

r � 1

+

1

c

i

e

r

�

�

�

�

a

j

2 Z

+

; 0 � a

j

< p

k

;

max

j

( a

j

) > 0 ; j 2 [1 ; r � 1]

�

[ f 0( 2 M

ik

) g

determines a free R [ H

r ;c

]-basis of R [ M

ik

]. In general, w e ha v e the fol-

lo wing observ ation (see also Lemma 3.3.3 b elo w): for an extension of

(comm utativ e cancellativ e) monoids G � H and a subset f h

1

; : : : ; h

s

g �

H n K ( G ), suc h that h

x

� h

y

62 K ( G ) for all distinct x; y 2 [1 ; s ] and

H = G [

s

[

x =1

( h

x

+ G ), the ring extension A [ G ] � A [ H ] (for an arbi-

trary comm utativ e ring A ) mak es A [ H ] a free A [ G ]-mo dule with basis

f 0 ; h

1

; : : : ; h

s

g (0 here means the neutral elemen t of G ). No w the equal-

it y � ( M

ik

) = Z

r � 1

=p

k

ensures us that the extension H

r ;c

� M

ik

and the

considered system fall in to the situation describ ed ab o v e.

(3) The inclusions M

ik

� M

ik +1

and M

ik

� M

i +1 k

are trivial. Supp ose

M = [

i;k

M

ik

. Then � ( M ) = p

� 1

Z

r � 1

= [

s 2 N

Z

r � 1

=p

s

(notations as ab o v e).

It is also easy to sho w that for eac h a 2 p

� 1

Z

r � 1

one has �

� 1

( a ) =

either f ( a; b ) j b 2 ( c

� 1

Z

+

)

+

g or f ( a; b ) j b 2 c

� 1

Z

+

g with resp ect to a 6= 0

or a = 0. Then M = ( p

� 1

Z

r � 1

� c

� 1

Z

+

) nf ( a; 0) j a 2 p

� 1

Z

r � 1

; a 6= 0 g ,

whic h is ob viously p divisible. �

R emark 3.1.3 . If w e consider monoids of t yp e ( Z

r � 1

+

� c

� 1

Z

+

) nf ( a; 0) j a

2 Z

r � 1

+

, a 6= 0 g instead of monoids H

r ;c

, then the v ery same argumen ts

w ould imply the analogous isomorphisms for K -groups. Ho w ev er, it turns

out that suc h monoids are the �ltered unions of free monoids and, th us,

the ab o v e men tioned isomorphisms are actually trivial ones.

R emark 3.1.4 . It is not clear whether the groups K

i

( R ) and K

i

( R [ H

r

])

coincide for regular R and i � 1.

R emark 3.1.5 . Call a hemispherical monoid M purely irrational if the

h yp erplane spanned b y the b oundary of the closure of �( M ), is of t yp e

( a

1

X

1

+ � � � + a

r

X

r

= 0), where a

j

-s constitute a Q -linearly indep enden t

system. On the con trary to the rational hemispherical monoids, it turns

out that all purely irrational hemispherical normal monoids are the �l-

tered unions of free monoids [G6]. This result could also b e used in the

pro of of Theorem 1.5.2.
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x

3.2. Excision in Algebraic K -theory of Monoid Rings. Statemen t of

the results. A subset I � M of a monoid M is called ideal if (writing

m ultiplicativ ely) I M � I or R I is an ideal in R [ M ] for an y ring R . An

ideal I of a monoid M is called radical if x

n

2 I for some x 2 M and

n 2 N implies x 2 I . It can b e pro v ed that for a comm utativ e reduced

ring R and an ideal I of a monoid M the ideal R I � R [ M ] is radical

i� I is radical. The rings are not assumed to b e comm utativ e and the

term 'monoid ring' will include the comm utativit y prop ert y b et w een the

scalars and 'pure monomials' (i.e. the elemen ts from monoid).

Theorem 3.2.1. (a) L et R b e a ring and M b e a p divisible monoid for

a prime p . Assume rank( M ) < 1 , i 2 N and I is a pr op er r adic al ide al

of M . Then the fol lowing implic ation holds

K

i

( R )

�

� ! K

i

( R [ M ]) ) K

i

( R )

�

� ! K

i

( R [ M ] =R I ) ;

(b) Assume R is a ring satisfying the c ondition K

i

( R )

�

� ! K

i

( R [ M ])

for al l p divisible monoids M without nontrivial invertibles for a natur al i

and a prime p . Then K

i

( R )

�

� ! K

i

( R [ M ] =R I ) for al l p divisible monoids

M without nontrivial units and al l pr op er r adic al ide als I of M ;

(c) F or i = 0 we c an omit in (a) the p divisibility assumption on M

and the r adic ality assumption on I (ke eping the c ondition rank( M ) < 1 ).

F or the c ommutative c o e�cient rings and the functor S K

1

we have an

analo gous implic ation (monoid and its ide al ar e arbitr ary)

rank( M ) < 1 ; S K

1

( R )

�

� ! S K

1

( R [ M ]) ) S K

1

( R )

�

� ! S K

1

( R [ M ] =R I ) :

W e w ould lik e to a v oid the restriction rank ( M ) < 1 in (a) (and (c)

as w ell). Analysing the pro of w e presen t b elo w, where the ideals corre-

sp onding to the in teriors of �( M ) (and its faces) arise, it b ecomes clear

that one (and p ossible, main) of the di�culties in this direction is the

follo wing: if w e de�ne in�nite dimensional con v ex p olyhedra as �ltered

unions of the �nite dimensional (i.e. ordinary) ones, then the v ery notion

of an in terior v anishes. Corresp ondingly , there arises

Question. Let R [ M ] b e a monoid ring with some p divisible monoid

M (ma y b e with rank( M ) = 1 ) for some prime p and I b e a prop er

radical ideal of M and i 2 N . Then do es the implication similar to thast

men tioned in Theorem 3.2.1 (a) hold?

A partially p ositiv e answ er to the question risen in [G3] is giv en b y the

follo wing
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Theorem 3.2.2. L et R b e a K -r e gular (for example, r e gular) ring, r 2

N and p a prime numb er. Then for an interme diate p divisible monoid

Z

r

+

� M � Q

r

+

we have the natur al isomorphisms

K

i

( R )

�

� ! K

i

( R [ M ]) ;

wher e i 2 Z

+

.

R emark 3.2.3 . Observ e that a monoid M can b e isomorphically sit-

uated b et w een Z

r

+

and Q

r

+

if and only if �( M ) is a simplex (see also

Example 2.5.10).

Excision. W e shall sa y that a ring I without unit satis�es excision

(in algebraic K -theory) if for all rings R , con taining I as a t w o-sided

ideal the natural maps K

i

(

e

I ; I ) ! K

i

( R ; I ) are the isomorphisms for all

indices i , where

e

I = Z n I is the ring obtained from I b y adjoing unit.

Hence, for suc h a ring I without unit and a ring R , con taining I as a

t w o-sided ideal w e ha v e the long exact sequence

� � � ! K

i +1

( R =I ) ! K

i

( I ) ! K

i

( R ) ! K

i

( R =I ) ! � � �

( i 2 Z ), where K

i

( I ) = K

i

(

e

I ; I ).

Theorem 3.2.4 (Suslin-W o dzic ki, [SW]). A ring I without unit satis-

�es excision if for any �nite system of elements a

1

; : : : ; a

n

2 I ( n 2 N )

ther e exist elements b

1

; : : : ; b

n

; c; d 2 I such that a

i

= b

i

cd for al l i 2 [1 ; n ]

and left annilihators of elements c and cd c oincide.

W e shall use the follo wing notation: for a monoid M and its ideal I

put

p

I = f x 2 M j x

n

2 I for some n 2 N g . Clearly ,

p

I is the smallest

radical ideal con taining I .

Prop osition 3.2.5. L et M b e a p divisible monoid for some prime p and

m 2 M n U ( M ) . Then for an arbitr ary ring R the ring R

p

mM ( � R [ M ])

without unit satis�es excision.

Pr o of. In this pro of w e shall use additional notations for a monoid op er-

ation. W e just claim that the conditions of Theorem 3.2.4 are satis�ed

for

p

m + M R . Ob viously , without loss of generalit y w e can assume

a

1

; : : : ; a

n

2

p

m + M . Let us sho w that there exists x

0

2 N suc h that

for all x > x

0

a

1

� m=p

x

; : : : ; a

n

� m=p

x

2

p

m + M :
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Let G b e the group generated b y f a

1

; : : : ; a

n

; m g and N b e the nor-

malization of G \ (

p

m + M [ f 0 g ) in

p

m + M [ f 0 g . Since M is p

divisible, so will b e

p

m + M [ f 0 g and, hence, N . In addition, w e ha v e

rank( N ) < 1 . Therefore, w e can consider the �-corresp ondence for N .

Of course, for an y natural x the elemen ts

a

1

� m=p

x

; : : : ; a

n

� m=p

x

b elong to K ( N ). Observ e no w that when x is large enough, the p oin ts

�( a

i

� m=p

x

) are su�cien tly close to �( a

i

), resp ectiv ely . Denote b y G

i

the

groups generated b y f a

i

; m g and let N

i

b e the normalizations of G

i

\ N

in N . N

i

is p divisible for all i 2 [1 ; n ]. �( N

i

) is 1 � or 0-dimensional

con v ex subset of �( N ) for eac h i 2 [1 ; n ]. The conditions a

i

2

p

m + M ,

ob viously , imply �( a

i

) 2 in t(�( N

i

)). Hence, b y the aforemen tioned re-

mark, �( a

i

� m=p

x

) 2 in t(�( N

i

)), resp ectiv ely (of course, taking x large,

w e can assume a

i

� m=p

x

6= 0 for all i 2 [1 ; n ]). Equiv alen tly , a

i

� m=p

x

2

( N

i

)

�

nf 0 g for x large enough, b ecause a

i

� m=p

x

2 K ( N

i

) = K (( N

i

)

�

),

and in its turn, ( N

i

)

�

is normal, since N

i

is seminirmal, b eing p divisible

(see Lemma 1.4.3): 2 y ; 3 y 2 N

i

) py 2 N

i

) y 2 N

i

. Therefore, for

su�cien tly large x -s

a

i

� m=p

x

2 (( N

i

)

�

nf 0 g ) �

p

m + M :

No w put b

i

= a

i

� m=p

x

; i 2 [1 ; n ] ( x as ab o v e), c = m=p

x +1

and d =

( p � 1) m=p

x +1

. Returning to the m ultiplicativ e notations, w e get a

i

=

b

i

cd ( i 2 [1 ; n ]) ; ann

left

( c ) = ann

left

( cd ) = 0 in

p

mM R . �

Corollary 3.2.6. L et R b e a ring and M a monoid of a �nite rank .

Then p divisibility of M implies that the ring in t( M ) R ( � R [ M ]) without

unit satis�es excision, wher e in t( M ) = M

�

nf 1 g and p is a prime numb er.

Pr o of. immediately follo ws from the observ ation that in t( M ) =

p

mM

for arbitrary m 2 in t( M ).

Pr o of of The or em 3 : 2 : 1 (a) and (b) Let us �rst sho w that (a) implies (b).

Assume R ; p; M and I are as in the theorem. M is a �ltered union of �ni-

tely generated monoids without non trivial units, sa y M = [

s

M

s

. Denote

b y N

s

the normalizations (i.e. in tegral closures) of M

s

-s in M , resp ec-

tiv ely . Then N

s

will b e p divisible, of �nite ranks and without non trivial

units. F urthermore, R [ M ] =R I will b e a �ltered union of R [ N

s

] =R I

s

-s,
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where I

s

= I \ N

s

are radical ideals of N

s

-s, resp ectiv ely . Hence, the al-

gebras treated in (b) are the �ltered unions of those treated in (a). By our

conditions on R w e ha v e K

i

( R )

�

� ! lim

!

K

i

( R [ N

s

] =R I

s

) = K

i

( R [ M ] =R I ).

Let us pro v e (a). First some remarks on s.c. extremal submonoids

(corresp onding in terms of our �-corresp ondence to the faces of con v ex

p olyhedra). Recall that for a monoid extension A � B the submonoid A

is called extremal in B if b

1

; b

2

2 B , b

1

+ b

2

2 A ) b

1

; b

2

2 A . F or an y

monoid B the group of its units U ( B ) is the smallest extremal submonoid

of B . Clearly , B itself is the biggest one.

Lemma 3.2.7. L et B b e a monoid and I its pr op er ide al. Then any

maximal submonoid A � B (with r esp e ct to the inclusion) avoiding I

(i.e. A \ I = ? ) is extr emal.

Pr o of. Let A b e of the ab o v e men tioned t yp e and b

1

+ b

2

2 A for some

b

1

; b

2

2 B . If b

1

62 A , then the monoid spanned (in B ) b y A and b

1

meets

I (in view of maximalit y of A ). Assume a + b

1

2 I for some a 2 A . W e

ha v e then a con tradiction a + b

1

+ b

2

2 I \ A .

Lemma 3.2.8. Bet B a monoid and I its pr op er ide al. Assume A is a

maximal submonoid of B avoiding I and R is a ring. Then R [ A ] is a

r etr act of R [ B ] =R I .

pr o of. Clearly , the comp osite map R [ A ] � ! R [ B ] � ! R [ B ] =R I is in-

jectiv e. Th us w e can iden tify R [ A ] with its image in R [ B ] =R I . No w

consider the map f : R [ B ] ! R [ A ] determined b y

f ( b ) =

8

<

:

b; if b 2 A;

0 ; if b 62 A:

Ob viously , f passes through the map R [ B ] � ! R [ B ] =R I .

Lemma 3.2.9. L et B b e a monoid of a �nite r ank and I its any pr op er

r adic al ide al. Then for a maximal submonoid A � B avoiding I the set

in t( A ) [ I is an ide al of B . Mor e over, in t( A ) [ I is a r adic al one.

R emark . Since rank ( A ) < 1 , w e can de�ne the in terior submonoid

A

�

� A and, as it w as in Corollary 3.2.6, w e put in t( A ) = A

+

�

.
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Pr o of. If b 2 A , then b + in t( A ) � in t( A ) � in t( A ) [ I . Asume no w

b 62 A . W e w an t to sho w that b + c 2 in t( A ) [ I for an y c 2 in t( A ). By

maximalit y of A there exists a 2 A for whic h b + a 2 I . No w assume

b + c 62 I . By radicalit y xb + xc 62 I as w ell for arbitrary x 2 N . On

the other hand xc = a + a

0

for some a

0

2 A whenev er x is large inough

(the determing prop ert y of in t( A ). No w w e obtain the con tradiction

xb + xc = ( b + a ) + [( x � 1) b + a

0

] 2 I for x and a

0

as ab o v e. �

No w supp ose R ; p; M and I are as in the p oin t (a). Let N b e a maximal

submonoid of M a v oiding I . Without loss of generalit y w e shall assume

I 6= ? . The existence of N follo ws from the inequalit y I 6= M . W e

shall iden tify R [ N ] with its natural image in R [ M ] =R I . Then b y Lemma

3,2,9 R in t( N ) will b e an ideal in the b oth rings R [ N ] and R [ M ] =R I .

Observ e that N is p divisible. Hence b y Corollary 3.2.6 w e ha v e the

exact sequence

K

i

( R in t( N )) � ! K

i

( R [ M ] =R I ) � ! K

i

( R [ M ] =R (in t( N ) [ I )) :

W e claim that the map K

i

( R in t( N )) � ! K

i

( R [ M ] =R I ) is actually a

zero-map. Again, b y Corollary 3.2.6 one has the exact sequence

K

i

( R in t( N )) � ! K

i

( R [ N ]) � ! K

i

( R [ N ] =R in t( N )) :

By Lemma 3.2.8, R [ N ] is a retract of R [ M ] and, hence (since R is a

retract of b oth of them) our conditions K

i

( R )

�

� ! K

i

( R [ M ]) ( i > 0) im-

ply K

i

( R )

�

� ! K

i

( R [ N ]). Observ e that R is a retract of R [ N ] =R in t( N )

(consider the map g : R [ N ] =R in t( N ) � ! R determined b y g ([ n ]) =

0 if n 2 N n U ( N ) and g ([ n ]) = 1 otherwise). Therefore, the map

K

i

( R [ N ]) � ! K

i

( R [ N ] =R in t( N )) coincides with the split em b edding

K ( R ) � ! K

i

( R [ N ] =R in t( N )). Th us K

i

( R in t( N )) � ! K

i

( R [ N ]) is a

zero-map. No w the trivialit y of the map K

i

( R in t( N )) � ! K

i

( R [ M ] =R I )

follo ws from the comm utativ e triangle

K

i

( R in t( N ))

�

�

�

�

�

�:

K

i

( R [ M ] =R I ) ;

K

i

( R [ N ])

?

P

P

P

P

P

Pq

induced b y the comm utativ e triangle
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R in t( N )

�

�

�

�

�

�:

R [ M ] =R I :

R [ N ]

?

P

P

P

P

P

Pq

Consider the c hains of �nite lengths of the t yp e

A

1

� ! A

2

� ! � � � � ! A

n

;

where n is a natural n um b er, A

1

= R [ M ] =R I , eac h of A

j

-s ( j 2 [1 ; n ])

is of t yp e R [ M ] =R J for some radical prop er ideal J of M and the

ring homomorphisms A

j

� ! A

j +1

(for all j 2 [1 ; n � 1]) are of t yp e

R [ M ] =R J � ! R [ M ] =R ( J [ in t( L )) for some submonoid L � M satis-

fying the condition: L is maximal in the system of submonoids of M

a v oiding J . The v ery same argumen ts w e ha v e used ab o v e sho w that for

an y homomorphism A

j

� ! A

j +1

of the ab o v e men tioned t yp e the corre-

sp onding homomorphism K

i

( A

j

) � ! K

i

( A

j +1

) (for eac h i ) is injectiv e.

Let D

1

denote the diagram obtained b y the union of all c hains of

the aforemen tioned t yp e. W e claim that D

i

is directed. This claim is

an immediate consequence of the follo wing observ ation: for the t w o ar-

bitrary maximal submonoids N

1

; N

2

� M a v oiding I the in tersection

in t( N

1

) \ in t( N

2

) is empt y and (hence) the rings A

j

, in v olv ed in our

diagram, are of the t yp e R [ M ] =R ( I [ in t( N

1

) [ : : : [ in t( N

j � 1

)) for some

maximal submonoids N

1

; : : : ; N

j � 1

� M a v oiding I . In its turn this ob-

serv ation follo ws from Lemma 3.2.7 and the basic (and easy) observ ation

that in teriors of t w o extremal submonoids meet if and only if they do

coincide. T aking all these remarks in to accoun t, w e conclude that the

natural homomorphism K

i

( R [ M ] =R I ) � ! lim

!

D

1

K

i

( A

j

) = K

i

(lim

!

D

1

) is

injectiv e.

R emark . It ma y happ en that lim

!

D

1

= R [ U ( M )]. But, in general,

this is not the case. F or example, if �( M ) is a �nite p olyhedron, then

lim

!

D

1

6= R [ U ( M )] pro viding M 6= U ( M ). On the other hand, if U ( M ) is

trivial and �( M ) is a con v ex set spanned b y all rational p oin ts of same

closed ball in S

rank( M ) � 1

(with resp ect to the Euclidean metric), then

lim

!

D

1

= R .

Clearly , lim

!

D

1

is of the t yp e R [ M ] =R J for some in termediate radical

ideal I � J � M . No w apply to lim

!

D

1

the same pro cedure whic h has

b een carried out for R [ M ] =R I . Then w e shall get a new directed diagram
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with similar prop erties. Denote it b y D

2

, then pass to lim

!

D

2

and so on.

In this manner w e shall obtain the em b eddings

K

i

( R [ M ] =R I � ! K

i

(lim

!

D

1

) � ! K

i

(lim

!

D

2

) � ! : : :

W e claim that our pro cedure m ust stop after some �nite steps, moreo v er,

the n um b er k of these steps do es not exceed rank ( M ) � 1. In other w ords

w e claim that lim

!

D

k

= R [ U ( M )] for some k � rank ( M ) � 1. Indeed, let

N b e an y extremal submonoid of M of rank = r � 1, where r = rank( M )

(if suc h a monoid exists). It is clear that the image of R in t( N ) in to lim

!

D

1

is 0 (b ecause, if N a v oids I it is automatically maximal). Analogously , for

an y extremal submonoid L � M with rank = r � 2 the image of R in t( L )

in to lim

!

D

2

is 0, and so on. W e see that after some �nite k ( � r � 1) steps

the image of R in t( K ) in to lim

!

D

k

is 0 whenev er K is prop er extremal

submonoid of M , equiv alen tly lim

!

D

k

= R [ U ( M )] (w e use the follo wing

natural con v ersation: for a group G of �nite rank �( G ) is the only face

of the con v ex set �( G ) without prop er faces).

Since R [ U ( M )] is a retract of R [ M ] (and since K

i

( R [ M ] =R I ) is em-

b edded in K

i

(lim

!

D

k

)), w e obtain

K

i

( R ) � ! K

i

( R [ M ] =R I ) � ! K

i

( R [ U ( M ]) � ! K

i

( R [ M ])

�

� ! K

i

( R ) :

Hence, K

i

( R )

�

� ! K

i

( R [ M ] =R I ).

R emark 3.2.10 . Actually w e ha v e pro v ed a bit stronger result. Namely ,

our argumen ts sho w that if a monoid M satis�es the follo wing conditions:

ev ery prop er extremal submonoid L � M is divisible b y some prime

p ( L ) (dep ending on L ) and the natural maps K

i

( R ) � ! K

i

( R [ L ]) ( R

and i as in the theorem) are isomorphisms for all L -s, then K

i

( R )

�

� !

K

i

( R [ M ] =R I ) whenev er I is a nonempt y prop er radical ideal of M . Here

is an example of suc h a monoid M whic h itself is not divisible b y some

prime n um b er but satis�es the aforemen tioned conditions.

Let r b e a natural n um b er � 2 and p

1

; : : : ; p

r

distinct arbitrary prime

n um b ers. F or eac h j 2 [1 ; r ] let m ult( j ) denote the monoid homomor-

phism Z

r

+

� ! Z

r

+

determined b y

( a

1

; : : : ; a

j � 1

; a

j

; a

j +1

; : : : ; a

r

) � ! ( p

j

a

1

; : : : ; p

j

a

j � 1

; a

j

; p

j

a

j +1

; : : : ; p

j

a

r

)

Observ e that m ult( k ) � m ult( j ) = m ult( j ) � m ult( k ). Therefore, w e can

consider the direct diagram of monoid homomorphisms consisting of the

iterated maps m ult( j ) ( j 2 [1 ; r ]). Denote this diagram b y D . Then
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lim

!

D is the example. More precisely , K

i

( R )

�

� ! K

i

( R [lim

!

D ] =R I ) for all

K

i

-regular rings R ( i 2 N ) and all prop er radical ideals I � lim

!

D .

Pr o of of The or em 3 : 2 : 1 (c) . Let F denote one of the functors K

0

and

S K

1

(the former is considered for comm utativ e rings). Since F endures

reductions mo dulo cen tral nilp oten t elemen ts, w e can replace I b y

p

I

and, hence, assume that the ideal under consideration is radical. F or eac h

maximal submonoid N � M a v oiding I , w e ha v e the follo wing Cartesian

square

R [ N

�

] � � � ! R M =R I

?

?

?

y

?

?

?

y

R � � � ! R [ M ] =R (in t( N ) [ I )

with surjectiv e v ertical maps (w e ha v e used here Lemma 3.2.9). Hence

w e ha v e the exact sequence [B]

F ( R [ N

�

]) � ! F ( R ) � F ( R [ M ] =R I ) � ! F ( R [ M ] =R (in t( N ) [ I ))

Since F ( R ) is a natural direct summand of F ( R [ N

�

]) and the map

F ( R [ N

�

]) � ! F ( R ) � F ( R [ M ] =R I , passes through F ( R [ N ]), the similar

argumen ts w e used in the pro of of (a) sho w that the map

F ( R [ M ] =R I ) � ! F ( R [ M ] = ( R in t( N ) [ I ))

is injectiv e. No w w e can complete the pro of in the same w a y as w e did

it for (a). �

R emark . Previously , the nonstable analogue of the claim (b) for K

0

, in-

v olving arbitrary monoids and their ideals, w as men tioned in Bull.Georg.

Acad.Sci., 130(1988). The detailed pro of of this result w as published in

R.Sw an's pure algebraic exp osition of [G2], where he used the approac h

similar to that w e ha v e presen ted ab o v e.

Pr o of of The or em 3 : 2 : 2 . Let R ; r ; p; i and M b e as in the theorem. By

Corollary 3.2.6 w e ha v e the follo wing long exact sequences

: : : � ! K

i

( R in t( M )) � ! K

i

( R [ M ]) � ! K

i

( R [ M ] =R in t( M )) � !

� ! K

i � 1

( R in t( M )) � ! : : :
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and

: : : � ! K

i +1

( R [ M

�

]) � ! K

i +1

( R ) � ! K

i

( R in t( M )) � !

� ! K

i

( R [ M

�

]) � ! K

i

( R ) � ! � � �

By Appro ximation Theorem (A) from [G3] M

�

is a �ltered union of free

monoids. Hence (since R is K -regular) the homomorphisms K

i

( R [ M

�

]) � !

K

i

( R ) are isomorphisms for all i 2 Z . F rom the second exact sequence

w e obtain that K

i

( R in t( M )) = 0 for all i 2 Z . Therefore, the �rst exact

sequence sho w that

K

i

( R [ M ])

�

� ! K

i

( R [ M ] =R in t( M ))

for all indices i . It just means that (in the terminology of [G2] and

[G3]) w e 'ann uled' the in terior of the simplex �( M ). A t the next step

(arguing as in the pro of of Theorem 3.2.1 (c)) w e ann ule the in terior of

an y dim �( M ) � 1 dimensional face of �( M ), and so on. Then w e turn

to dim �( M ) � 2 dimensional faces of �( M ), and so on. Finally w e shall

descend to the co e�cien t ring R . This completes the pro of. �

x

3.3. On passing from p divisible monoids to arbitrary monoids. Ad-

missible pairs of functors. Let F and G b e t w o functors from the cate-

gory of comm utativ e rings to ab elian groups. W e shall sa y that the pair

( F ; G ) is admissible if the follo wing conditions are satis�ed:

(a) F comm uts with directed limits;

(b) F or a Cartesian square of rings

A � � � ! A

1

?

?

?

y

?

?

?

y

f

A

2

� � � ! A

0

;

in v olving a surjectiv e homomorphism f , the natural sequence

F ( A ) � ! F ( A

1

) � F ( A

2

) � ! F ( A

0

)

is exact (i.e. F is semiexact);

(c) F or a ring extension A � B ; suc h that B = A [ x ] for some x 2 B

for whic h x

2

; x

3

2 A , the corresp onding map F ( A ) � ! F ( B ) is injectiv e;

(d) F or a ring extension A � B , making B a free A -mo dule of a �nite

rank n , there exists a group homomorphism t

B ;A

: G ( B ) � ! G ( A ) suc h
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that the corresp onding comp osite map

G ( A ) � ! G ( B )

t

B ;A

� ! G ( A )

is a m ultiplication on some p o w er of n ;

(e) There exists a natural mono-transformation from F to G .

Main example. The pair ( S K

0

; K

0

) is admissible. Indeed, (a),(b), (d)

and (e) are 'classical' [B] ( t

B ;A

in this situation is just the transfer map

for K

0

). The v alidit y of (c) for this pair directly follo ws from [I], where

it is sho w that for a ring extension A � B of the ab o v e men tioned t yp e

one has the follo wing diagram with exact ro ws

0 � � � ! X � � � ! K

0

( A ) � � � ! K

0

( B ) � � � ! 0

?

?

?

y

�

?

?

?

y

det

?

?

?

y

det

0 � � � ! Y � � � ! Pic( A ) � � � ! Pic( B ) � � � ! 0

(for the de�nition of det see [B]). Actually , in [I] ev en nonstable v ersion

of this statemen t is pro v ed.

Main theorem and its corollaries.

Theorem 3.3.1. L et ( F ; G ) b e an admissible p air and R a (c ommuta-

tive) ring.

(1) Assume p and q two distinct prime numb ers and F ( R [ M ]) = 0

whenever monoid M is p divisible or q divisible. Then F ( R [ M ]) = 0 for

al l monoids M . The same statement r estricte d to the class of monoids

with trivial gr oups of units is also valid;

(2) Assume F ( R [ Z

r

+

]) = 0 for some r 2 N . Then F ( R [ M ]) = 0 for

any interme diate monoid Z

r

+

� M � Q

r

+

.

Corollary 3.3.2. (I) F or a ring R the fol lowing implic ation

holds: S K

0

( R [ M ]) = 0 for al l p divisible and al l q divisible monoids

M ( p and q ar e distinct primes) ) S K

0

( R [ M ]) = 0 for al l monoids M ;

(I I) F or a ring R and any interme diate monoid Z

r

+

� M � Q

r

+

the

fol lowing implic ation holds ( r 2 N ) :

S K

0

( R [ Z

r

+

]) = 0 ) S K

0

( R [ M ]) = 0 ;

(I I I) F or a ring R and any interme diate seminormal monoid Z

r

+

�

M � Q

r

+

the implic ation

K

0

( R [ Z

r

+

]) = Z ) K

0

( R [ M ]) = Z

holds ( r 2 N ) ;
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(IV) F or a No etherian ring R with Krul l dim R = 1 and M as in (I I I)

the implic ation

�nitely gener ate d pr oje ctive R [ Z

r

+

] -mo dules ar e fr e e )

�nitely gener ate d pr oje ctive R [ M ] -mo dules ar e fr e e

holds ( r 2 N ) ;

(V) F or R as in (IV) and two distinct primes p and q the fol lowing

implic ation holds

K

0

( R [ M ]) = Z for al l p and q divisile monoids M )

�nitely gener ate d pr oje ctive R [ M ] � mo dules ar e fr e e

for al l seminormal monoids M :

Pr o of of Cor ol lary 3 : 3 : 2 . Clearly , Theorem 3.3.1 (1) and implies Corol-

lary 3.3.1 (I) and Theorem 3.3.1 (2) implies Corollary 3.3.2 (I I).

(I I I). W e already kno w that S K

0

( R [ M ]) = 0 (b y (I I)). Therefore w e

ha v e only to sho w that Pic( R [ M ]) = 0. Since M is a �ltered union of

�nitely generated seminormal monoids (Lemma 1.5.5), w e can assume

that M itself is �nitely generated. But then M can b e em b edded in Z

r

+

(b ecause b y Theorem 1.3.2 the normalization of M can b e em b edded in

Z

r

+

). Hence R [ M ] can b e graded R [ M ] = R

0

� R

1

� : : : , so that R

0

= R .

Using the w ell kkno wn W eib el's homotopic tric k, w e see that it su�ces to

sho w that Pic( R [ M ])

�

� ! Pic( R [ M ][ Z

+

]). By [Sw3] w e ha v e to sho w that

the reduced ring of R [ M ] is seminormal (in the sense of Sw an). Since the

grading R [ M ]

r ed

= R

r ed

[ M ], b y condition Pic( R )

�

� ! Pic( R [ Z

r

+

]) (= 0)

w e obtain the seminormalit y of R

r ed

(in the sense of Sw an). No w the

pro of is completed b y Remarkk 1.5.7.

Let us note that for domains R the trivialit y of Pic( R [ M ]) immediatele

follo ws from [A2].

(IV). The aforemen tioned argumen ts sho w that K

0

( R [ M ]) = Z . No w

the freeness of all stably free R [ M ]-mo dules directly follo ws from the

main result of [G4].

(V). Using Ma y er-Vietoris sequences for K

0

and Pic corresp onding to

the Cartesian square

R [( M n U ( M )) [ f 1 g ] � � � ! R [ M ]

?

?

?

y

?

?

?

y

R � � � ! R [ U ( M )] ;
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one immediately reduces the general case to the follo wing t w o sp ecial

cases:

(*) M is a group;

(**) U ( M ) is trivial.

First consider (*). W e can assume that M is �nitely generated and,

hence, M = Z

r

for some r 2 N . By (I), S K

0

( R [ Z

r

]) = 0 and b y [Su], all

stably free R [ Z

r

]-mo dules are free. Therefore, w e ha v e only to sho w that

Pic( R [ Z

r

])=0. Consider the diagram

D : Z

r

p:

� ! Z

r

p:

� ! Z

r

� ! : : : :

and the corresp onding diagrams

D

0

: R [ Z

r

] � ! R [ Z

r

] � ! R [ Z

r

] � ! : : : ;

D

00

: Pic( R [ Z

r

]) � ! Pic( R [ Z

r

]) � ! Pic( R [ Z

r

]) � ! : : : :

Since lim

!

D is p divisible, b y our conditions w e ha v e lim

!

D

00

= 0. Cho ose

arbitrarily P 2 Pic( R [ Z

r

]). W e see that P 'dies' after scalars extension of

t yp e R [ Z

r

] � ! R [ Z

r

] induced b y Z

r

p

n

:

! Z

r

for some n 2 N . Since R [ Z

r

] is

a free R [ Z

r

]-mo dule with resp ect to the ab o v e men tioned map R [ Z

r

] !

R [ Z

r

], w e come to the conclusion that �

p

nr

P � �

p

nr

R [ Z

r

] (clearly , rank of

R [ Z

r

] o v er R [ Z

r

] at this map is p

nr

). Analogously , �

q

mr

P � �

q

mr

R [ Z

r

] for

some m 2 N . Put x = p

nr

and y = q

mr

. Assume ax + by = 1 for some

in tegers a > 0 and b < 0 (the case a < 0 and b > 0 can b e considered

analogously). Then

�

ax

R [ Z

r

] � �

ax

P � P � ( �

� by

P ) � P � ( �

� by

R [ Z

r

]) :

Hence P 2 Pic( R [ Z

r

]) is stably free. But it is calssical that all stably

free rank 1 mo dules (o v er comm utativ e rings) are free [L].

Consider no w the case (**). Similarly to the pro of of (I I I) w e get

Pic( R [ M ]) = 0 for all seminormal monoids M . By (I), the groups

S K

0

( R [ M ]) are also trivial (for arbitrary monoids). Hence, for an y semi-

normal monoid M w e ha v e K

0

( R [ M ]) = Z (here the considered monoids

ha v e no non trivial units). It only remains to sho w that stably free R [ M ]-

mo dules are free. According to [G2], for the normal domains R there

is nothing to pro v e (recall that dim R = 1), for monoids of �-simplicial

gro wth the ab o v e men tioned prop ert y of R [ M ] directly follo ws from [G5]

and, �nally , the general case easily follo ws from R . Sw an's algebraization

of [G2] (see the remark after the pro of of Theorem 3.2.1(c)). �
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Belo w w e shall use

Lemma 3.3.3. Assume we ar e given a monoid M and a subset X �

Q 
 K ( M ) satisfying the c onditions

( � ) K ( M ) \ X = ? ,

( � ) x

1

� x

2

62 K ( M ) for arbitr ary distinct x

1

; x

2

2 X ;

( 
 ) The submonoid of Q 
 K ( M ) gener ate d by M [ X c oincides with

M [ ( [

X

( x + M )) ( x + M = f x + m j m 2 M g ) .

Then for a c ommutative ring R the inclusion R [ M ] � ! R [ h M [ X i ]

makes R [ h M [ X i ] a fr e e R [ M ] -mo dule of rank #( X ) + 1 , wher e h M [ X i

me ans the submonoid of Q 
 K ( M ) gener ate d by M [ X and # is the

c ar dinal numb er.

Pr o of. W e claim that just X [ f 1 g is the basis of R [ h M [ X i ] o v er R [ M ],

where 1 denotes the neutral elemen t of M . The pro of of this statemen t

is exactly the same as that of the'classical' observ ation that for a group

extension G � H an y system of represen tativ es of G -conjugation calsses

(righ t or left) determines a basis of the free R [ G ]-mo dule R [ H ] (consid-

ered as left ot righ t R [ G ]-mo dule, resp ectiv ely). �

Pr o of of The or em 3 : 3 : 1 : . First consider the case of normal monoids.

Since normal monoids are �ltered unions of �nitely generated normal

monoids (Lemma 1.5.5), w e will assume that M is �nitely generated

and normal. In this situation there exists a free submonoid L ha ving

the same quotien t group, i.e. K ( L ) = K ( M ). Indeed, consider a ratio-

nal p oin t x 2 in t(�( M )). By normalit y of M w e ha v e M ( f x g ) � Z

+

.

Sa y m is a generator of M ( f x g ). Since Z

+

m and M are normal in M

and K ( M ), resp ectiv ely , w e obtain that K ( M ) = ( Z m ) � F for some

free subgroup F � K ( M ). In other w ords, the elemen t m can b e com-

pleted to a basis of K ( M ). Fix arbitrarily suc h a basis f m; m

2

; : : : ; m

r

g .

No w c ho ose c 2 N large enough and consider the follo wing basis of

K ( M ): f m; m

2

+ cm; : : : ; m

r

+ cm g . Since m 2 in t( M ) for large c -

s, w e shall ha v e m

i

+ cm 2 in t( M ) ( i 2 [2 ; r ]). Finally , put L =

Z

+

m + Z

+

( m

2

+ cm ) + : : : + Z

+

( m

r

+ cm ). F or simplicit y the basis of

L will b e denoted b y f n

1

; : : : ; n

r

g . F or an y a 2 N denote b y M

p;a

the

submonoid of Q 
 K ( M ) generated b y M [ f n

1

=p

a

; : : : ; n

r

=p

a

g . Put

X

p;a

= f c

1

n

1

=p

a

+ : : : + c

r

n

r

=p

a

j 0 � c

1

; : : : ; c

r

< p

a

gnf 0 g �

� Q 
 K ( M ) :
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It can b e easily c hec k ed (using the equalit y K ( L ) = K ( M )) that the

monoid M and the set X

p;a

fall in the situation of Lemma 3.3.3. It is

also ob vious that M

p;a

is generated b y M [ X

p;a

. In particular, w e obtain

that the inclusion R [ M ] � ! R [ M

p;a

] mak es R [ M

p;a

] a free R [ M ]-mo dule

of rank p

ar

. No w consider the diagram

D : M � M

p; 1

� M

p; 2

� : : :

and put M

p

= [

a

M

p;a

= lim

!

D . Denote b y sn ( M

p

) the seminormalization

of M

p

,i.e. a seminormal h ull of M

p

. No w assume w e ha v e already pro v ed

that F ( R [ N ]) = 0 for �nitely generated normal monoids of rank < r .

Cho ose arbitrarily x 2 F ( R [ M ]). W e claim that the image of x in

F ( R [ M

p

]) is 0. Since R [ sn ( M

p

)] is a �ltered union of ring extensions

of the t yp e men tioned in the prop ert y (c) of admissible pairs, w e see that

it su�ces to sho w the trivialit y of the image of x in R [ sn ( M

p

)]. Observ e

no w that K ( sn ( M

p

)) = K ( M

p

) coincides with the p divisible h ull of K ( L )

(in Q 
 K ( L )). By Lemma 1.5.4 w e obtain that sn ( M

p

)

�

= n ( M

p

)

�

. On

the other hand, n ( M

p

) = K ( M

p

)(�( M )). Consequen tly , sn ( M

p

)

�

is p

divisible. If M is a group, then sn ( M

p

)

�

= sn ( M

p

) (is also a group)

and, therefore, the ab o v e image of x is 0 (b y conditions of the theorem).

Assume M is not a group. Then w e can consider the follo wing Cartesian

square

R [ sn ( M

p

)

�

] � � � ! R [ sn ( M

p

)]

?

?

?

y

?

?

?

y

R � � � ! R [ sn ( M

p

)] = ( R sn ( M

p

)

+

�

)

(clearly , M

p

is a group i� M is). By prop ert y (b) men tioned in the

de�nition of admissible pairs, it will su�ce to establish the trivialit y of

x in F ( R [ sn ( M

p

)] =R sn ( M

p

)

+

�

). Clearly , R [ U ( sn ( M

p

))] is naturally em-

b edded in R [ sn ( M

p

)] =R sn ( M

p

)

+

�

. If this em b edding is an isomorphism,

then there is nothing to pro v e (since U ( sn ( M

p

)) is a group of rank < r

and, hence, it is a �ltered union of �nitely generated normal monoids of

rank < r ; here w e use the condition (a) of admissible pairs). Supp ose

R [ U ( sn ( M

p

))] is a prop er subalgebra of R [ sn ( M

p

)] =R sn ( M

p

)

+

�

. Let d b e

an y co dimension 1 face of �( M ) = �( sn ( M

p

)). Then, b y Lemma 3.2.9
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w e ha v e the Cartesian square

R [ sn ( M

p

)( d )

�

] � � � ! R [ sn ( M

p

)] =R sn ( M

p

)

+

�

?

?

?

y

?

?

?

y

R � � � ! R [ sn ( M

p

)] = ( sn ( M

p

)

+

�

[ ( sn ( M

p

)( d )

+

�

)

(for a monoid ring A [ H ] and a subset Y � H b y ( Y ) w e denote the ideal

AY � A [ H ]). Since sn ( M

p

)( d ) is seminormal, the monoid sn ( M

p

)( d )

�

is

normal (Lemma 1.4.3) and, ob viously , it can b e represen ted as a �ltered

union of �nitely generated normal monoids of rank < r . Again, b y

prop ert y (b) w e will b e done whenev er the trivialit y of the image of

x in F ( R [ sn ( M

p

)] = ( sn ( M

p

)

+

�

[ sn ( M

p

)( d )

+

�

)) is established. Th us w e

ha v e the same pro cedure of 'killings' of in teriors whic h w e describ ed in

x 3.2. Finally w e shall descend to the ring R [ U ( sn ( M

p

))] o v er whic h (as

remark ed ab o v e) ev erything is OK.

The aforemen tioned argumen ts sho w that x has a zero image in

F ( R [ M

p

]). By prop ert y (a) of F there exists a 2 N suc h that the image

of x in F ( R [ M

p;a

]) is 0. Consider the follo wing comm utativ e diagram

F ( R [ M ]) � � � ! F ( R [ M

p;a

])

?

?

?

y

?

?

?

y

G ( R [ M ]) � � � ! G ( R [ M

p;a

]) ;

where the v ertical maps are injectiv e ((e)). Since w e kno w that R [ M

p;a

]

is a free R [ M ]-mo dule of rank p

r a

(see ab o v e), b y(d) there exists c 2 N

suc h that p

r ac

� x = 0. No w, rep eating all these argumen ts with resp ect

to the n um b er q , w e conclude that q

r a

0

c

0

� x = 0 for some a

0

; c

0

2 N .

Since p and q are coprime x = 0. T o complete the pro of of Theorem

3.3.1 (1) (b y inductiv e pro cedure), it remains to c hec k the sp ecial case of

�nitely generated normal monoids of rank 1 and then pass to arbitrary

monoids. Assume M is �nitely generated and of rank 1. W e ha v e only

t w o p ossible cases: either M � Z

+

or M � Z . Again, consider the

diagram M

p:

� ! M

p:

� ! M

p:

� ! : : : . In the b oth p ossible cases R [ M ]

will turn out (via the corresp onding em b edings R [ M ] � ! R [ M ]) a free

R [ M ]-mo dule of rank p . Clearly , the same argumen ts whic h w e used in

the �nal step of the pro of of F ( R [ N ]) = 0 for all �nitely generated normal

monoids N of rank r are also applicable (pro viding the same trivialit y for

rank < r normal and �nitely generated monoids).
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No w w e pass to the general case. By (a) w e can assume that the

monoid under consideration is �nitely generated. By (c) w e can pass

to the corresp onding seminormalization whic h, b y Gordan's lemma, is

�nitely generated as w ell. Then, using the pull-bac kk diagrams of the

ab o v e t yp e (and using (b)), w e pass to the 'in terior' submonoids. By

Lemma 1.4.3 these submonoids are normal. Therefore, they are �ltered

unions of �nitely generated normal monoids. Finally , b y (a) w e are done.

Clearly , the same pro of is applicable to the class of monoids with trivial

groups of units.

Let us turn to the statemen t (2). Arguing in the same manner as

b efore, w e easily see that there arise pull-bac k diagrams of rings whose

initial terms will b e the rings of t yp e R [ M ], where: either �( M ) is an

op en simplex and M is p divisible for a preliminarily �xed arbitrary

natural n um b er p (recall that w e ha v e also �xed q , coprime to p ); or

�( M ) is an op en simplex of dimension strictly less than r � 1 ( r is

the rank of the original monoid) and M is normal. In the �rst case

b y Appro ximation Theorem (A) from [G3] M is a �ltered union of free

monoids and in the second case M is �ltered union of �nitely generated �-

simplicial monoids. Hence (a) and the equalit y F ( R [ Z

r

+

]) = 0 will imply

the trivialit y of F ( R [ M ]) for the monoids app earing in the �rst case, and

the induction h yp othesis will imply F ( R [ M ]) = 0 for the second case. T o

complete the consideration of normal monoids, w e ha v e only to c hec k the

case rank( M ) = 1. This can b e done similarly to the claim (1). Finally ,

basing on conditions (a) and (c) (as in the pro of of (1)), w e pass to the

monoids of general t yp e. �

On unimo dular ro ws o v er monoid rings.

Let P .Sets b e the category of p oin ted sets and Groups

�

b e the category

of pairs of groups ( G; H ) suc h that G � H (a morphism from ( G; H ) to

( G

0

; H

0

) is a group homomorphism f : H � ! H

0

for whic h f ( G ) � G

0

).

A pair of functors F : Com.Rings � ! P .Sets and E : Com. Rings � !

Groups

�

will b e called admissible if the follo wing conditions are satis�ed

(A) F comm utes with directed limits;

(B) F or a Cartesian square of rings

A � � � ! A

1

?

?

?

y

?

?

?

y

f

A

2

g

� � � ! A

0

;
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in v olving a surjectiv e homomorphisms f or g and an elemen t x 2 F ( A

1

)

whic h maps in to a basep oin t of F ( A

0

), there exists y 2 F ( A ) mapping

in to x ;

(C) F or a ring extension A � B of t yp e B = A [ b ] for some b 2 B

suc h that b

2

; b

3

2 A , the map F ( A ) ! F ( B ) satis�es the condition: if

x 2 F ( A ) maps in to a basep oin t of F ( B ), then x itself is a basep oin t of

F ( A );

(D) F or a ring extension A � B making B a free A -mo dule of a �nite

rank n , and x 2 H

A

, suc h that E ( i )( x ) 2 G

B

, there exists c 2 N for

whic h x

n

c

2 G

A

, where i is the inclusion A � B , E ( A ) = ( G

A

; H

A

) and

E ( B ) = ( G

B

; H

B

),

(E) There exists a natural transformation from E

r

to F suc h that for

an y A the preimage of a basep oin t of F ( A ) in E

r

( A ) consists of the

basep oin t of E

r

( A ) only , where E

r

: Com. Rings � ! P .Sets is de�ned as

follo ws: E

r

( A ) = ( H

A

=G

A

; G

A

) for the righ t conjugation classes of G

A

in

H

A

denoted b y H

A

=G

A

(here w e mean that E ( A ) = ( G

A

; H

A

)).

Theorem 3.3.4. Assume we ar e given a p air of admissible functors F :

Com.R ings � ! P.Sets and E : Com.R ings � ! Gr oups

�

, a c ommutative

ring R and a (c ommutative, c anc el lative, torsion fr e e) monoid M such

that the c orr esp onding map E

r

( R [ M ]) � ! F ( R [ M ]) is surje ctive.

(1) Assume p and q ar e two distinct prime numb ers and F ( R [ L ]) = �

whenever L is p - or q -divisible. Then F ( R [ M ]) = � .

(2) Assume F ( R [ Z

r

+

]) = � for r = rank( M ) and Z

r

+

� M � Q

r

+

. Then

F ( R [ M ]) = � .

Pr o of go es analogously to that of Theorem 3.3.1 and w e lea v e the

details for the reader.

Conjectural example of an admissible pair . Let n 2 N Consider

the functors U E

n

: Com.Rings � ! P .Sets and GE

n

: Com.Rings � !

Groups

�

, where U E

n

( A ) = ( U m

n

( A ) = righ t action of E

n

( A ), class of

(1 ; 0 ; : : : ; 0)) and GE

n

( A ) = (the subgroup of GL

n

( A ) generated b y

E

n

( A ) and the matrices of t yp e

 

1 0

0 x

!

for x 2 Gl

n � 1

( A ) ; GL

n

( A )).

Theorem 3.3.5. F or any n � 3 the p air of functors ( U E

n

; GE

n

) satis-

�es the c onditions (A),(B),(C) and (E).

Conjecture 3.3.6. F or any n � 3 the p air of functors ( U E

n

; GE

n

) is

admissible.
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By normalit y of E

n

( � ) in GL

n

( � ) for comm utativ e rings ( n � 3) [Su]

and b y Theorem 3.3.5 this conjecture is equiv alen t to the follo wing

Conjecture. Assume A � B is a ring extension making B a fr e e A -

mo dule of a �nite rank r , and ( a

ij

) 2 GL

n

( A ) for some n � 3 . Assume

further ( a

ij

) �

E

n

( B )

 

1 0

0 x

!

for some x 2 GL

n � 1

( B ) . Then ther e exists

c 2 N such that

( a

ij

)

r

c

�

E

n

( A )

 

1 0

0 y

!

for some y 2 GL

n � 1

( A ) .

Before pro ving Theorem 3.3.5 let us state one more

Prop osition 3.3.7. The natur al tr ansformation fr om ( GE

n

)

r

to U E

n

given in c ondition (E) (and describ e d b elow) satis�es the surje ctivity c on-

dition for the map ( GE

n

)

r

( R [ M ]) � ! U E

n

( R [ M ]) , wher e R is a c ommu-

tative No etherian ring with Krul l dimension d < 1 , M is a seminormal

monoid and n � max( d + 1 ; 2) .

R emark 3.3.8 . The con�rmation of our conjecture w ould imply the

p ositiv e answ er to the question risen in [G4] ab out the transitivit y of the

action E

n

( R [ M ]) � U m

n

( R [ M ]) � ! U m

n

( R [ M ]) where R is a comm uta-

tiv e No etherian ring of Krull dimension d < 1 ; n � max( d + 2 ; 3) and M

is an arbitrary monoid. Indeed, in Remark 3.3.10 b elo w w e sho w that the

general case reduces to the case of seminormal (ev en normal) monoids and

b y Theorem 3.3.4 and Prop osition 3.3.7 in the situation of seminormal

monoids the task can b e reduced at once to the consideration of p divisi-

ble monoids for p prime. But the aforemen tioned transitivit y w as pro v ed

in [Sc] (basing on [G3]) for p divisible monoids. W e recall that in [G5]

the transitivit y of the action E

n

( R [ M ]) � U m

n

( R [ M ]) � ! U m

n

( R [ M ])

for the class of monoids M admitting the sequences of con v ex p olyhedra

of t yp e P

0

� P

1

� : : : � P

k

= �( M ) ( k is a natural n um b er), where P

0

and the closures of the sets P

i +1

n P

i

( i 2 [0 ; k � 1]) are all simplices.

Pr o of of The or em 3 : 3 : 6 (A) is clear.

(B). Assume w e are giv en a Cartesian square

A � � � ! A

1

?

?

?

y

?

?

?

y

k

A

2

g

� � � ! A

0
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and elemen ts f 2 U m

n

( A

1

) and e 2 E

n

( A

0

) suc h that he = (1 ; 0 ; : : : ; 0),

where h is the image of f in U m

n

( A

0

).

Consider �rst the case when k is surjectiv e. Let E b e a lifting of e in

E

n

( A

1

). Then the elemen ts f E 2 U m

n

( A

1

) and (1 ; 0 ; : : : ; 0) 2 U m

n

( A

2

)

ha v e the same images in U m

n

( A

0

). Hence, there exists d 2 A

n

mapping in

f E and (1 ; 0 ; : : : ; 0), resp ectiv ely . It is an easy exercise that d 2 U m

n

( A ).

Supp ose no w g is surjectiv e and E

0

2 E

n

( A

2

) is a lifting of e

� 1

in

E

n

( A

2

). Then the elemen ts (1 ; 0 ; : : : ; 0) E

0

2 U m

n

( A

2

) and f ha v e the

same images in U m

n

( A

0

). Again, there exists d

0

2 A

n

mapping in f

and (1 ; 0 ; : : : ; 0) E

0

, resp ectiv ely . As w e remark ed ab o v e, actually d

0

2

U m

n

( A ).

(C). W e claim that for an extension of (comm utativ e) rings A � B suc h

that B = A [ b ], where b

2

; b

3

2 A and n � 3 the follo wing implication holds:

f = ( f

1

; : : : ; f

n

) 2 U m

n

( A ) ; f �

E

n

( B )

(1 ; 0 ; : : : ; 0) ) f �

E

n

( A )

(1 ; 0 ; : : : ; 0) :

In the pro of w e shall use the follo wing sp ecial case of the main result

of [G4].

Prop osition 3.3.9. L et r ; n 2 N and n � 3 . Assume M is an inter-

me diate monoid Z

r

+

� M � Q

r

+

. Then the natur al action E

n

( Z [ M ]) �

U m

n

( Z [ M ]) � ! U m

n

( Z [ M ]) is tr ansitive.

Let us turn to the pro of of the aforemen tioned claim.

Put S = A [ f b g and consider the p olynomial algebra Z [ f t

s

g

S

]. By

the conditions on b the map g : Z [ f t

s

g

S

] � ! B , sending t

s

in to s , is

surjectiv e (notations as in the claim). Consider the pull-bac k square

D � � � ! A

?

?

?

y

?

?

?

y

Z [ f t

s

g

S

] � � � ! B :

By the v alidit y of the condition (B) for the pair of functors b eing con-

sidered w e will b e done whenev er the transitivit y of the natural action

E

n

( D ) � U m

n

( D ) � ! U m

n

( D ) is established. Let N denote the m ulti-

plicativ e monoid consisting of those monomials in t

s

-s whic h are either

trivial (= 1) or in v olv e t

a

b

for some a � 2. W e claim that N is a �ltered

union of �nitely generated monoids without non trivial units whose �-

images are simplices (s.c. �-simplicial monoids, [G4]). Assume S = [

i

S

i

is a �ltered union of all �nite subsets of S con taining b . Put N

i

=
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(the monoid of monomials in v olving t

s

-s only for s 2 S

i

) \ N . Ob vi-

ously , N is a �ltered union of N

i

-s. So it will su�ces to sho w that eac h

N

i

is a �ltered union of monoids of the aforemen tioned t yp e. W e ha v e

�( N

i

) = �( F

i

) n B

i

, where F

i

-s are free monoids spanned b y f t

s

g

S

i

and

B

i

-s are the bases of simplices �( F

i

) (resp ectiv ely) situated opp ositly

to the v ertex �( t

b

). Clearly , �( F

i

) n B

i

can b e represen ted as �ltered

unions of rational simplices and, hence N

i

-s are �ltered unions of �nitely

generated (b y Gordan's lemma) monoids to whom corresp ond rational

simplices. It should b e noted that N

i

-s are not normal or ev en seminor-

mal. By Prop osition 3.3.9, E

n

acts transitiv ely on U m

n

for eac h monoid

ring Z [ N

i

]. Hence E

n

( Z [ N ]) acts transitiv ely on U m

n

( Z [ N ]). Observ e

no w that w e ha v e the follo wing Cartesian square

0

B

B

B

@

N

+

?

?

?

y

0 2 Z

1

C

C

C

A

Z [ N ] � � � ! D

?

?

?

y

?

?

?

y

Z � � � ! D = N

+

D ;

where, as usual, N

+

= N nf 1 g . So w e will b e done whenev er the tran-

sitivit y of the action E

n

( D = N

+

D ) � U m

n

( D = N

+

D ) � ! U m

n

( D = N

+

D )

is established (here w e again use (B)). By the de�nition of (D) w e see

that Z [ f t

s

g

A

] � D . No w represen t an y elemen t d 2 D as a sum d

0

+

t

b

d

1

for some d

0

2 Z [ f t

s

g

A

] and d

1

2 Z [ f t

s

g

S

]. Since ( t

b

d

1

)

2

2 N

+

and ( t

b

Z [ f t

s

g

S

]) \ Z [ f t

s

g

A

], w e easily see that ( D = N

+

D ) = (nilp oten ts) =

Z [ f t

s

g

A

] Since the transitivit y of the action E

n

� U m

n

� ! U m

n

is an

in v arian t prop ert y mo dulo nilp oten ts (and since E

n

( Z [ f t

s

g

A

]) ob viously

acts transitiv ely on U m

n

( Z [ f t

s

g

A

])), the pro of is completed.

R emark . In this pro of w e ha v e used the observ ation that a �nitely

generated monoid M without non trivial units whose �-image is a sim-

plex can isomorphically b e situated b et w een Z

rank( M )

+

and Q

rank ( M )

+

(see

Example 2.5.10).

(E). W e ha v e to de�ne a natural transformation from ( GE

n

)

r

to U E

n

whic h will p ossess the required prop erties. Let A b e a comm utativ e

ring and x 2 ( GE

n

)

r

( A ). Asume ( a

ij

) 2 GL

n

( A ) is a represen tativ e of x .

Denote b y a the elemen t ( a

11

; a

12

; : : : ; a

1 n

) 2 U m

n

( A ) and b y [ a ] the class

of a in U E

n

( A ). W e de�ne a natural transformation from ( GE

n

)

r

to U E

n

as the system of maps (for all A ) ( GE

n

)

r

( A ) � ! U E

n

( A ) determined b y

x � ! [ a ]. First w e ha v e to sho w that this de�nition is correct. In other

w ords, w e ha v e to sho w that for arbitrary E 2 E

n

( A ) an y y 2 GL

n � 1

( A )
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the �rst ro ws of E � ( a

ij

) and

 

1 0

0 y

!

� ( a

ij

) represen t the same elemen t [ a ]

in U E

n

( A ). F or E � ( a

ij

) this claim dirrectly follo ws from the normalit y

of E

n

( A ) in GL

n

( A ) [Su], and for

 

1 0

0 y

!

� ( a

ij

) there is nothing to pro v e,

since the �rst ro w merely coincides with ( a

11

; : : : ; a

1 n

). No w the v alidit yy

of (E) follo ws from the easy observ ation that x 2 GL

n

( A ) has the �rst

ro w b elonging to E

n

( A )-orbit of (1 ; 0 ; : : : ; 0) if and only if x b elongs to

the subgroup of GL

n

( A ) generated b y E

n

( A ) and the matrices of t yp e

 

1 0

0 y

!

for y 2 GL

n � 1

( A ) (the part 'if ' follo ws from the aforemen tioned

correctness). �

R emark 3.3.10 . F rom the claim w e stated at the v eri�cation of (C) it

follo ws that the question from [G4] (see Remark 3.3.8) reduces to the case

of �nitely generated normal monoids without non trivial units. Indeed,

the passage to the �nite generation case is clear and, using Cartesian

squares of the t yp e men tioned in the pro of of Corollary 3.3.2 (V), w e

are able (basing on (B)) to a v oid non trivial units in a monoid. Here, of

course, w e ned the p ositiv e answ er to our question for the group rings

[Su]. Finally , b y the suitable �ltered diagrams w e pass to the seminor-

malizations of the corresp onding monoids and then 'kill' the in teriors as

in x 3.2 whic h (according to Lemma 1.4.3) determine normal submonoids.

Pr o of of Pr op osition 3 : 3 : 7 . By the de�nition of the natural transforma-

tion ( GE

n

)

r

� ! U E

n

w e ha v e only to sho w that an y f 2 U m

n

( R [ M ])

(notations as in the prop osition) is completable to an elemen t of

GL

n

( R [ M ]). Equiv alen tly , w e ha v e to pro v e that an y �nitely gener-

ated pro jectiv e R [ M ]-mo dule of rank > d is extended from R when-

ev er it is stably extended from R (see[L]). F or PID-s this follo ws from

[G2]; or more generally , for regular rings this result is explicitly stated in

R.Sw an's aforemen tioned notes on [G2]; and �nally , the general case can

b e obtained b y com bining the results from these notes and [Li]. �

x

3.4. On monoids with torsion. In this section w e no longer require the

torsion freeness of monoids (whic h again will b e assumed to b e comm u-

tativ e and cancellativ e). Ob viously , the inclusion functor COM. CANC.

TOR. FREE MONOIDS � ! COM.CANC.MONOIDS has a left adjoin t

functor determined b y M � ! (the image of M in K ( M ) =K ( M )

tor

). W e

denote this functor b y G .
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De�nition 3.4.1. W e shall sa y that a monoid M is

(a) �-simplicial if G ( M ) is suc h (i.e. �( G ( M )) is a simplex and G ( M )

is �nitely generated (see [G4]));

(b) of �-simplicial gro wth if G ( M ) is suc h (i.e. G ( M ) is of the t yp e

describ ed in Remark 3.3.8 (see [G5]);

(c) normal or seminormal if the ob vious conditions for M are satis�ed.

Theorem 3.4.2. L et M b e a monoid and R a (c ommutative) ring.

(1) Assume R is No etherian and of Krul l dimension d < 1 and

K ( M )

tor

is cyclic. If M is of � -simplicial gr owth, then E

n

acts tr an-

sitively on U m

n

for R [ M ] whenever n � max( d + 2 ; 3) ;

(2) Assume R is a No etherian and of Krul l dimension d < 1 , p � 1 =

0 in R for some prime p and K ( M )

tor

is a p -gr oup. If M is of � -

simplicial gr owth, then E

n

acts tr ansitively on U m

n

for R [ M ] whenever

n � max( d + 2 ; 3) ;

(3) Assume R is r e gular, p � 1 = 0 in R for some prime p and K ( M )

tor

is a p -gr oup. Then S K

0

( R [ M ]) = S K

0

( R ) .

In the rest of this section w e shall sk etc h the pro of of this theorem.

Observ e that if M satis�es one of the conditions giv en in Theorem 3.4.2,

then it is a �ltered union of �nitely generated monoids satisfying the

same condition. Consequen tly , without loss of generalit y w e shall assume

that the monoid men tioned in the theorem is �nitely generated. In this

situation M � G ( M ) � K ( M )

tor

. Put T = K ( M )

tor

and M

�

= ( G ( M )

�

�

T ) \ M . the notations sn ( � ) ; �

+

and in t( � ) will b e used in the ob vious

sense (in particular, in t( � ) = �

+

�

).

Lemma 3.4.3. F or a �nitely gener ate d monoid L we have in t( sn ( L )) =

in t( sn ( G ( L ))) � T .

Lemma 3.4.4. F or a r e gular ring R and a torsion fr e e (c ommutative

and c anc el lative) monoid L we have S K

0

( R [ L ]) = S K

0

( R ) and

K

� 1

( R [ L ]) = K

� 1

( R ) = 0 .

W e note only that Lemma 3.4.4 can b e pro v ed b y the stable v ersion of

[G2] for arbitrary regular rings and b y [I].

Lemma 3.4.5. Without loss of gener ality we c an assume that the mo-

noid M given in The or em 3 : 4 : 2 has no nontrivial units.
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Pr o of. Consider the Cartesian square with surjectiv e v ertical maps

R [( M n U ( M )) [ f 1 g ] � � � ! R [ M ]

?

?

?

y

?

?

?

y

R � � � ! R [ U ( M )] :

In the situations of claims (1) and (2) G ( M ) is a �nite p olyhedron

and, hence, U ( G ( M )) is trivial. Therefore, for (1) and (2) w e ha v e

U ( M ) = M \ T . Since U ( M ) turned out to b e a �nite group, R [ U ( M )] is

again No etherian with Krull dimension d . Therefore E

n

( R [ U ( M )]) acts

transitiv ely on U m

n

( R [ U ( M )]). No w let us sho w that in the situation

of claim (3) S K

0

( R [ U ( M )]) = S K

0

( R ). W e ha v e U ( M ) = Z

s

� T

0

for

some s 2 N and T

0

� T . Assume T

0

= Z

p

a

1

� : : : � Z

p

a

k

for some

a

k

; : : : ; a

1

2 N ( k 2 N ). Consider the Cartesian square

D � � � ! R [ Z

s

][ t

1

; : : : ; t

k

]

?

?

?

y

g

?

?

?

y

R [ Z

s

] � � � ! R [ Z

s

� T

0

] ;

where t

i

-s are v ariables and g is an R [ Z

s

]-homomorphism determined b y

t

i

� ! e

i

for the generators e

i

-s of Z

p

a

i

-s, resp ectiv ely . Ob viously , D is

an R [ Z

s

]-subalgebra of R [ Z

s

][ t

1

; : : : ; t

k

] generated b y the ideal ( t

p

a

1

1

�

1 ; : : : ; t

p

a

k

k

� 1) R [ Z

s

][ t

1

; : : : ; t

k

] � R [ Z

s

][ t

1

; : : : ; t

k

]. Changing the v ari-

ables t

i

b y u

i

= t

i

� 1, D will turn out to b e an R [ Z

s

]-subalgebra of

R [ Z

s

][ u

1

; : : : ; u

k

] generated b y a certain set of 'pure'monomials. In other

w ords, D = R [ Z

s

][ L ] for an appropriate torsion free monoid L . Consider

no w the Ma y er-Vietoris sequence corresp onding to our Cartesian square

K

0

( R [ Z

s

]) � K

0

( R [ Z

s

][ u

1

; : : : ; u

k

]) � ! K

0

( R [ Z

s

� T

0

]) � ! K

� 1

( D )

Using regularit y of R and Lemma 3.4.4, w e conclude that K

0

( R ) =

K

0

( R [ Z

s

� T

0

]) and, hence, S K

0

( R ) = S K

0

( R [ Z

s

� T

0

]).

The pro of of Lemma 3.4.5 is no w completed b y the observ ation that

( M n U ( M )) [ f 1 g and M satisfy the same conditions in all the situations

(of claims (1),(2) and (3)). T o k eep the �nite generation condition, w e

note that in the situations of (1) and (2) ( M n U ( M )) [ f 1 g itself is �nitely

generated (and, of course, of �-simplicial gro wth), while in the situation

of (3) ( M n U ( M )) [ f 1 g should b e represen ted as a �ltered union of its

�nitely generated submonoids. �
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Pr o of of The or em 3 : 4 : 2

By the remarks ab o v e and Lemma 3.4.4 without loss of generalit y w e

shall assume M to b e �nitely generated and U ( M ) trivial. In this situ-

ation w e are able to carry out the pro cedure of 'killings' of the in teriors

of the monoid itself and its extremal submonoids, as describ ed in the

pro of of Theorem 3.3.1. Hence, it will su�ce to c hec k our claims for

monoid rings of t yp e R [ M

�

], where U ( M ) is supp osed to b e trivial. By

Lemma 3.4.3, in t( sn ( M )) = in t( sn ( G ( M ))) � T ( T = K ( M )

tor

). By the

claims w e stated in the v eri�cation of Theorem 3.3.5 (C) and the main

example of x 3.3, w e can (in addition) assume that M = sn ( M ). Conse-

quen tly , w e ha v e to c hec k the claims (1),(2) and (3) for the monoids of

t yp e L = ( N

�

� T ) nf (1 ; t ) j t 2 T ; t 6= 1 g where N is a comm utativ e, can-

cellativ e, torsion free, normal and �nitely generated monoid with U ( N )

trivial, T is a �nite group and 1 denotes a neutral elemen t of the corre-

sp onding monoid for whic h, with resp ect to the claims (1),(2) and (3),

the follo wing conditions are satis�ed:

(1) N is of �-simplicial gro wth and T is cyclic;

(2) N is of �-simplicial gro wth and T is a p -group ( p � 1 = 0 in the

co e�cien t ring R );

(3) T is a p -group ( p � 1 = 0 in the co e�cien t ring R ).

Observ e that the natural pro jection from L in to N

�

sends in to 1 2 N

the elemen t 1 2 L only . On the other hand, the �nite generation of N

and the trivialit y of U ( N ) enables us to em b ed N in to Z

rank ( N )

+

. But then

the comp osite map L ! N

�

� N � ! Z

rank ( N )

+

will send in to the neutral

elemen t of Z

rank ( N )

+

the elemen t 1 2 L only . This observ ation implies the

existence of grading R [ L ] = R

0

� R

1

� : : : for whic h R

0

= R . Hence,

using the lo cal-global principle for the elemen tary action on unimo dular

ro ws o v er a graded ring [G4], for the claim (1) without loss of generalit y

w e shall supp ose that R is lo cal.

Consider the pull-bac k diagram

D � � � ! R [ L ]

?

?

?

y

?

?

?

y

R [ N

�

][ t

1

; : : : ; t

k

]

g

� � � ! R [ N

�

� T ] ;

where t

i

-s are v ariables, k is equal to the n um b er of cyclic summands of

T when T is a p -group (for (2) and (3)) and 1 when T itself is cyclic (for

( l )), g ( t

i

) = e

i

for the corresp onding generators e

i

of the ab o v e men tioned



GEOMETRIC AND ALGEBRAIC REPRESENT A TIONS 61

cyclic direct summands of T (in all three cases (1),(2) and (3)), and the

v ertical maps are em b eddings.

Let us �rst consider the cases (2) and (3). Since R [ T ] is a No etherian

(comm utativ e) ring of Krull dimension d and N

�

is ob viously a �ltered

union of monoids of �-simplicial gro wth, E

n

acts transitiv ely on U m

n

for

R [ N

�

� T ] = R [ T � N

�

] [G5]. Arguing analogously to the pro of of Lemma

3.4.5 (where Z

s

is substituted b y N

�

), the regularit y of R in the situation

of (3) will imply the equalit y S K

0

( R [ N

�

� T ]) = S K

0

( R ). Therefore,

w e will b e done whenev er the conclusions of the claims (2) and (3) are

established for D (at the appropriate conditions).

R emark . When w e substitute Z

s

b y N

�

in the pro of of Lemma 3.4.5 w e

ha v e to use the isomorphisms of t yp e K

0

( R )

�

� ! K

0

( R [ H ]) for arbitrary

normal monoids H without a torsion. These isomorphisms are the results

of the stable v ersion of [G2] for arbitrary regular rings.

Put I = in t( N ) R [ N

�

][ t

1

; : : : ; t

k

] and observ e that I is an ideal of D as

w ell. Therefore w e can consider the follo wing Cartesian square

R [ I ] � � � ! D

?

?

?

y

?

?

?

y

R � � � ! D =I ;

where R [ I ] is an R -subalgebra of R [ N

�

][ t

1

; : : : ; t

k

] generated b y I . Clearly ,

R [ I ] is an R -subalgebra of R [ N

�

][ t

1

; : : : ; t

k

] generated b y 'pure' monomi-

als of N

�

[ f t

c

1

1

: : : t

c

k

k

j c

i

� 0 g , i.e. R [ I ] is a monoid ring. Easy geomet-

rical argumen ts sho w that the corresp onding monoid is a �ltered union

of monoids of �-simplicial gro wth. Hence, basing on this remark and

Lemma 3.4.4, w e see that it will su�ce to to establish the transitivit y

of the action E

n

( D =I ) � U m

n

( D =I ) � ! U m

n

( D =I ) and the equalit y

S K

0

( R ) = S K

0

( D =I ) in the situations of (2) and (3), resp ectiv ely . It re-

mains only to note that the ring D =I is of t yp e D in the pro of of Lemma

3.4.5 (in whic h Z

s

is omitted). Th us the corresp onding substitution of

v ariables t

i

-s (as in the ab o v e men tioned lemma) completes the pro of (it

should b e noted that after the substitution D =I will turn out to b e a

�-simplicial monoid ring and, hence, w e are able to apply [G4] to the

situation of (2)).

No w, consider (1). The v ery same argumen ts sho w that w e ha v e to

sho w the transitivit y of the action E

n

( D =I ) � U m

n

( D =I ) � ! U m

n

( D =I )

under the appropriate conditions. In this situation D =I = R [( t

m

1

�
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1) R [ t

1

]] ( R -subalgebra of R [ t

1

] generated b y the ideal ( t

m

1

� 1) R [ t

1

]),

where m is an order of the cyclic group T . Supp ose m � 1 and f =

( f

1

; : : : ; f

n

) 2 U m

n

( D =I ). By Lemma 3.4 from [L] w e can assume

ht

D =I

(( f

1

; : : : ; f

n � 1

)) � n � 1. W e ha v e the in tegral ring extension

R [ t

m

1

] � D =I . By Lemma 6.5, step 2 from [G4],

ht

R [ t

m

1

]

(( f

1

; : : : ; f

n � 1

)) \ R [ t

m

1

] � n � 1

(here, as ab o v e, (( f

1

; : : : ; f

n � 1

)) denotes the ideal of D =I generated b y

f f

1

; : : : ; f

n � 1

g ). Since n � 1 > d , b y Lemma 3.2 from [L] w e obtain that

the ideal of the leading co e�cien ts 
 ((( f

1

; : : : ; f

n � 1

)) \ R [ t

m

1

]) coincides

with R . Consequen tly , (( f

1

; : : : ; f

n � 1

)) con tains a monic p olynomial, sa y

u . Clearly , if c is a su�cien tly large natural n um b er, then f

n

+ u

c

is monic

as w ell. Since f �

E

n

( D =I )

( f

1

; : : : ; f

n � 1

; f

n

+ u

c

), without loss of generalit y

from the v ery b eginning w e could assume that f

n

itself is monic. Observ e

no w that D =I is a �nitely generated R [ t

m

1

]-algebra (more precisely , it is

generated b y the elemen ts t

m +1

1

� t

1

; t

m +2

1

� t

2

1

; : : : ; t

2 m � 1

1

� t

m � 1

1

). In this

situation it is not di�cult to sho w that the quotien t algebra ( D =I ) = ( f

n

)

is a �nitely generated R -mo dule. Since w e supp osed the lo calit y of R ,

the aforemen tioned remarks imply the semilo calit y of ( D =I ) = ( f

n

). Let

bar denote the reduction mo dulo f

n

. W e ha v e

( f

1

; f

2

; : : : ; f

n � 1

) �

E

n � 1 ( D =I )

( 1 ; 0 ; : : : ; 0)

Therefore,

( f

1

; f

2

; : : : ; f

n � 1

; f

n

) �

E

n

( D =I )

(1 + h

1

; h

2

; : : : ; h

n � 1

; f

n

) �

E

n

( D =I )

(1 ; 0 ; : : : ; 0)

for appropriate elemen ts h

1

; : : : ; h

n � 1

2 ( f

n

). Q.E.D.

In general, w e ma y exp ect that E

n

( R [ M ]) acts transitiv ely on

U m

n

( R [ M ]) for arbitrary comm utativ e cancellativ e monoids M , for R

is a (comm utativ e) No etherian with Krull dimension d < 1 and n �

max( d + 2 ; 3).
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