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K -THEOR Y OF AFFINE TORIC V ARIETIES

JOSEPH GUBELADZE

( c ommunic ate d by Hve dri Inassaridze )

A bstr act

This is an up dated and expanded v ersion of m y preprin t #68 in the

K -theory serv er at Urbana (whic h w as an abstract of m y talk at V ec h ta

conference on comm utativ e algebra, 1994). In x 2 t w o conjectures on

nilp on tency of the `monoid F rob enius action' on the K -theory of toric

cones and on stabilizations of the corresp onding K -groups are stated.

Both of these conjectures are higher analogues of Anderson's conjecture

and their pro of w ould bring a rather complete understanding of K -

theory of toric v arieties/semigroup rings.

1. Surv ey of results

Homotop y prop erties of algebraic K -functors ha v e alw a ys b een among the cen tral topics of

algebraic K -theory whic h, unlik e its top ological coun terpart, is not homotop y in v arian t.

Recall, that a functor F from the category of rings (or its certain sub category , or sc hemes, S -

sc hemes, etc) is called homotopic (on the corresp oning category) if the natural homomorphisms

of t yp e F ( R ) ! F ( R [ t ]) ( F ( X � A

1

) ! F ( X ), resp ectiv ely) are all isomorphisms ( t a v ariable).

Also, a ring R is called F - r e gular if F ( R ) = F ( R [ t ]).

The starting p oin t here is the Grothendiec k-Serre classical theorem that a regular ring is

K

0

-regular. This has b een extended to K

1

b y Bass-Heller-Sw an and to all K

i

b y Quillen in

his fundamen tal w ork [ Q1 ].

In the unstable setting the same homotop y prop erties are at least no less in teresting. The

w ell kno wn Serr e Pr oblem on freeness of pro jectiv e mo dules o v er p olynomial rings with co ef-

�cien ts in a �eld (equiv alen tly , on trivialit y of algebraic v ector bundles o v er a�ne spaces) is

certainly a distinguished question in this diretion. The 20 y ears of unceased activit y to resolv e

this question, that w as rised in Serre's famous F aisc e aux alg � ebriques c oh � er ents and has pla yd

an essen tial r^ ole in creating algebraic K -theory , culminated in t w o indep enden t con�rmations

in 1976 b y Quillen and Suslin [ Q2 ][ Su1 ].

A�ne toric varieties are natural generalizations of a�ne spaces. Originally , M. Demazure

considered in [ D ] c omplete smo oth toric v arieties (in the con text of maximal agebraic tori

in Cremona groups). They can b e c haracterized as equiv arian t (smo oth) compacti�cations

of algebraic tori (sa y , a pro jectiv e space). The theory of general (normal) toric v arieties w as

then dev elop ed in [ KKMS ]. Geometrically , toric v arieties are exactly the normal v arieties

con taining an op en torus ( the emb e dde d torus ) whose group structure extends to an action on

the whole v ariet y (w e refer [F,O] for the bac kground).

A�ne toric v arieties, whic h glue up to general toric v arieties, are exactly prime sp ectra of

a�ne normal monomial algebras. Moreo v er, the condition of the presence of a stable p oin t un-

der the torus action is equiv alen t to the condition of the absence of in v ertible non-trivial mono-

mials. The latter constitute a class of in tuitiv ely con tractible v arieties, generalizing in a natural
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w a y a�ne spaces (for instance, Sp ec( k [ X

3

; X

2

Y ; X Y

2

; Y

3

]), Sp ec( k [ X

3

; Y

3

; Z

3

; X Y Z ])). Cor-

resp ondingly , Anderson's conjecture [ A ] states that pro jectiv e mo dules o v er a�ne normal

monomial subalgebras of p olynomial algebras are free ( k a �eld).

Observ e that the only regular rings in Anderson's conjecture are p olynomial algebras. Th us

there is no immediate application of the aforemen tioned Grothendiec k-Serre theorem ev en in

the stable case. (Actually , one should apply its corollary that K

0

( R

0

) = K

0

( R ) for a graded

regular ring R = R

0

� R

1

� � � � .)

In order to ac hiev e maximal generalit y (b oth for the co e�cien ts rings and the in v olv ed

monomial structures) w e no w switc h to the monoid rings setting.

All the considered b elo w monoids M are assumed to b e comm utativ e, cancellativ e and,

unless sp eci�ed otherwise, torsion free (that is, torsion free in the group of di�erences). These

conditions ammoun t to the injectivit y of the natural mappings M ! gp( M ) ! Q 
 gp( M ),

where gp( M ) is the corresp onding group of di�erences. By the same tok en w e exactly get the

class of additiv e submonoids of rational v ector spaces.

A monoid M is called normal if (writing additiv ely) nx 2 M for n 2 N and x 2 gp( M )

imply x 2 M . M is called seminormal if the follo wing implication holds

x 2 gp( M ) ; 2 x 2 M and 3 x 2 M ) x 2 M :

Observ e that monoids are in general assumed neither �nitely generated nor without non-trivial

in v ertible elemen ts.

Normal monoids are seminormal, but there are man y seminormal non-normal monoids

[ Gu1 ].

It is w ell kno wn that a monoid domain R [ M ] is normal (seminormal) if and only if the

domain R and the monoid M are normal (seminormal, resp ectiv ely).

W e sa y that M is c -divisible for some c 2 N if for an y x 2 M there exists y 2 M for whic h

cy = x . Observ e that a c -divisible monoid is alw a ys seminormal.

Later on Z

+

will denote the additiv e monoid of nonnegativ e rational in tegers and Q

+

that

of nonnegativ e rationals.

All the considered rings are assumed to b e comm utativ e.

The follo wing result in particular con�rms Anderson's conjecture:

Theorem 1.1 ([Gu1 ]). F or any princip al ide al domain (PID) R and any monoid M (mayb e

in�nitely gener ate d and with non-trivial units) the fol lowing c onditions ar e e quivalent:

(a) Pic ( R [ M ]) = 0 ,

(b) K

0

( R [ M ]) = Z ,

(c) �nitely gener ate d pr oje ctive R [ M ] -mo dules ar e al l fr e e,

(d) M is seminormal.

Remark 1.2.

(a) M. Masuda, L. Moser-Jauslin and T. P etrie [ MMJP ] succeeded in establishing a p os-

itiv e answ er to the Equivariant Serr e Pr oblem for reductiv e ab elian groups (that ev ery

G -v ector bundle o v er the represen tation space is trivial whenev er G is ab elian) b y con-

necting it with the corresp onding Quotient Pr oblem , whic h in its turn reduces to the

sp ecial case of Theorem 1.1.

(b) R. Laub en bac her and C. W o o dburn ha v e dev elop ed an algorithmic v esrion of Theorem

1.1 [ L W ].

F or the stable case w e ha v e

Theorem 1.3 ([Gu2][Gu5 ]). F or any r e gular ring R and any monoid M we have S K

0

( R ) =

S K

0

( R [ M ]) and K

� i

( R ) = K

� i

( R [ M ]) = 0 (Bass ne gative K -gr oups). The fol lowing c ondi-

tions ar e e quivalent:
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(a) Pic( R ) = Pic( R [ M ]) ,

(b) K

0

( R ) = K

0

( R [ M ]) ,

(c) M is seminormal.

The equalit y ab o v e concerning S K

0

is still v alid for monoids M for whic h gp( M )

tor

is a

p -group (for some prime p ) if in addition p � 1 = 0 in R [ Gu5 ].

R. G. Sw an has deduced from [Gu1] the most general unstable result:

Theorem 1.4 ([Sw1 ]).

(a) F or any monoid M and a De dekind domain R al l �nitely gener ate d pr oje ctive R [ M ] -

mo dules ar e of typ e fr e e � r ank 1.

(b) F or any a�ne r e gular domain R and a seminormal monoid M without nontrivial units

al l �nitely gener ate d pr oje ctive R [ M ] -modules ar e extende d fr om R .

Remark 1.5. The claim (a) con�rms a conjecture of P . Murth y . By P op escu's appro ximation

theorem on regular domains con taining a �eld [ Sw2 ] w e immediately obtain the generalization

of the statemen t (b) to arbitr ary regular rings just con taining a sub�eld (w e recall that the

case when M is free corresp onds to the Bass-Quil len Conje ctur e , pro v ed for geometric case b y

H. Lindel, [ Lin ]).

The con v erse to Theorem 1.1 is pro vided b y the follo wing

Theorem 1.6 ([Gu2][Sw1]). F or a not ne c essarily torsion fr e e monoid M the fol lowing c on-

ditions ar e e quivalent:

(a) Pic( R [ M ]) = 0 for al l PID's R ,

(b) M is torsion fr e e and seminormal.

Remark 1.7. No longer the torsion freeness of M follo ws from the trivialit y of the Pic( k [ M ])

if instead of PID's k runs through �elds . The monoid Z

+

� Z

2

n f (0 ; 1) g is suc h an example.

The situation c hanges radically when w e consider higher K -groups:

Theorem 1.8 ([Gu6]). F or any K

2

-r e gular ring R and any interme diate �nitely gener ate d

monoid Z

n

+

� M � Q

n

+

, wher e n is an arbitr ary natur al numb er, the fol lowing c onditions ar e

e quivalent:

(a) M � Z

n

+

,

(b) R [ M ] is K

1

-r e gular,

(c) M is seminormal and S K

1

( R ) = S K

1

( R [ M ]) ,

and, if in addition, 


1

R= Z

6= 0

(d) S K

1

( R ) = S K

1

( R [ M ]) .

Remark 1.9.

(a) In case 


1

R= Z

= 0 there are `exotic' examples of �elds and non-seminormal monoids

whose monoid algebras ha v e trivial S K

1

-groups. F or instance, S K

1

( k [ X

2

; X

3

]) = 0 for

an y n um b er �eld k [ Kr ]. Ho w ev er, according to the statemen t (b) the ring k [ X

2

; X

3

] is

not S K

1

-regular.

(b) First explicit examples of non trivial elemen ts in S K

1

( C [ M ]) for certain rank 2 monoids

(i. e. rank(gp( M ) = 2)) w ere constructed b y V. Sriniv as [ SR ]. Actually , as it follo ws

from [ Gu6 ], Theorem 1.8 is v alid for essen tially more wide class of �nitely generated

monoids than in the statemen t ab o v e. Moreo v er, the corresp onding non trivial elemen ts

in S K

1

-groups are explicitly constructed. This theorem in particular implies that rings of

t yp e R [ M ] for M as ab o v e are not K

i

-regular for all i > 0. Therefore, the `naiv e' higher

analogue (the equalities of t yp e K

i

( R ) = K

i

( R [ M ])) of Anderson's conjecture fails badly

in the class of �nitely generated monoids.
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(c) The metho d dev elop ed in [ Gu6 ] do es not allo w one to sho w that the homogeneous

co ordinate ring of the Segre em b edding P

1

� P

1

! P

3

is not K

1

-regular. I could not

sho w indep enden tly that this ring k [ U W ; U X ; V W ; V X ] ( k a �eld) is in fact not K -

regular. Hence the question: is the men tioned ring an example of a singular ring whic h

is K

i

-regular for all i 2 N ? W e recall that the question w ether or not regularit y and

K -regularit y are equiv alen t in the No etherian setting is still unsettled (ev en for a�ne

rings).

Ho w ev er, there is a wide class of in�nitely gener ate d monoids for whic h the K -regularit y is

restored. The next three results are in this direction.

Theorem 1.10 ([Gu2]). L et c > 1 b e a natur al numb er and M a c -divisible monoid. Then:

(a) S L

r

( R [ M ]) = E

r

( R [ M ]) for al l Euclide an domains R and for al l natur al numb ers r > 3 ,

(b) K

1

( R ) = K

1

( R [ M ]) for any r e gular ring R pr ovide d M has no nontrivial units.

Theorem 1.11 ([M]). L et M b e a c -divisible monoid for some c > 1 , having no non-trivial

units. Then K

2

( R ) = K

2

( R [ M ]) for any r e gular ring R .

Theorem 1.12 ([Gu5]). K

i

( R ) = K

i

( R [ M ]) for any r e gular ring R pr ovide d Z

n

+

� M � Q

n

+

,

i; n 2 N , and M is c divisible for some c > 1 .

Remark 1.13. The k ey ingredien t in the pro of of Theorem 1.12 is the Suslin-W o dzic ki solu-

tion to the excision problem in algebraic K -theory [ SuW ]. The condition Z

n

+

� M � Q

n

+

is

equiv alen t (up to isomorphism) to the condition that the set �( M ) (to b e de�ned b elo w) is

a simplex. The generalization to arbitrary con v ex p olytop es pro vides a natural generalization

of Anderson's conjecture to higher K -groups. See x 2 for details.

The follo wing result concerns certain class of monoids { the monoids of � -simplicial gr owth .

This class generalizes the class of in termediate monoids Z

n

+

� M � Q

n

+

exactly in the same w a y

as the class of simplicial gro wth con v ex p olytop es generalizes the class of arbitrary simplices

(of arbitrary dimensions). Here a �nite con v ex p olytop e P � R

n

is said to b e of simplicial

gro wth if there exists a sequence of con v ex p olytop es

P

1

� P

2

� : : : � P

m

= P

(for some natural m ) suc h that P

1

and the closures (in the Euclidean top ology) of P

i

n P

i � 1

( i 2 [2 ; m ]) are all simplices. The p olytop e itself, asso ciated to a monoid M , is obtained b y a

h yp erplane cross section of the cone spanned b y M (in the real space gp( M ) 
 R ) , pro vided

suc h exists. The men tioned p olytop e will b e denoted b y �( M ). Of course, �( M ) is de�ned up

to pro jectiv e equiv alence, but the prop erties w e deal with are in v arian t under this equiv alence.

It is a classical fact of con v ex geometry that the aforemen tioned cross section exists for an y

�nite, con v ex, p oin ted, p olyhedral cone. On the other hand M spans suc h a cone in R 
 gp ( M )

if it is �nitely generated and has no non-trivial units. More generally , the cross section exists

if there is a monoid extension N � M satisfying the conditions: N is �nitely generated and

without non-trivial units, and for an y x 2 M some p ositiv e m ultiple of x is in N (the inte gr al

extension condition)

Theorem 1.14 ([Gu3][Gu4]). L et R b e a no etherian ring of �nite Krul l dimension d and

M a monoid of � -simplicial gr owth. Then the gr oup of elementary matric es E

r

( R [ M ]) acts

tr ansitively on the set of unimo dular r -r ows Um

r

( R [ M ]) for al l r > max(3 ; d + 2) .

Remark 1.15. The classical case of this theorem (i. e. when M = Z

n

+

) is due to Suslin [ Su2 ].

W e remark that the case of monoids M of t yp e Z

n

+

� M � Q

n

+

is also non trivial and that in

order to in v olv e all monoids one has to treat the monoids to whom corresp ond arbitrary �nite

con v ex p olytop es. It should also b e men tioned that Theorem 1.14 generalizes to the monoids
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for whic h gp( M )

tor

is either cyclic or a p -group for some prime p (pro vided p � 1 = 0 in R )

[ Gu5 ]. Theorem 1.14 eviden tly implies (for monoid rings) an impro v emen t of Bass-V aserstein

general estimate for surjectiv e K

1

-stabilization. In view of results of Bhat w adek ar-Lindel-Rao-

Ro y , concerning K

0

-stabilizations for p olynomial rings, w e can hop e for suc h an impro v emen t

of K

0

-stabilizations for monoid rings (see x 2 for details).

Basing on [ Gu2 ] (and the tec hnique dev elop ed b y Lindel) G. Sc habh • user pro v ed that a

w eak form of the exp ected injectiv e K

0

-stabilization for a monoid ring (i. e. the corresp ond-

ing cancellation prop ert y for pro jectiv e mo dules) actually tak es place when the monoid is

c -divisible for some c > 1.

It turns out that w e can in v ok e `generalized Discrete Ho dge Algebras' in the picture as

follo ws.

Theorem 1.16 ([Gu5]).

(a) F or a ring R and a monoid M the e quality K

0

( R ) = K

0

( R [ M ]) ( S K

1

( R ) = S K

1

( R [ M ]) )

implies K

0

( R ) = K

0

( R [ M ] =R I )

( S K

1

( R ) = S K

1

( R [ M ] =R I ) r esp e ctively), wher e I is an arbitr ary pr op er ide al of M .

(b) The implic ations as in (a) hold for the c orr esp onding unstable obje cts (me ening the pr op-

erties that pr oje ctive mo dules ar e extende d fr om R and S L

r

= E

r

).

(c) F or a ring R and a c -divisible monoid M ( c > 1 ) the e quality K

i

( R ) = K

i

( R [ M ]) implies

K

i

( R ) = K

i

( R [ M ] =R I ) , wher e i 2 N and I is an arbitr ary pr op er r adic al ide al of M (i. e.

p

I = I ).

The sp ecial case of Theorem 1.16(b) for `ordinary' Discrete Ho dge Algebras (i. e. monomial

quotien ts of p olynomial algebras) is due to V orst [ V or ].

The pro ofs of these results in v olv e the corresp onding algebraic to ols (Quillen's lo cal-to-

global principle, v arious generalizations of Horro c ks' monic in v ersion theorem, sym b ols, ex-

cision in algebraic K -theory , sp ecial automorphisms of p olynomial and monoid rings etc.)

com bined with purely con v ex geometrical constructions (relativ e in teriors, homothetic trans-

formations, sp ecial decomp ositions of p olytop es etc.).

In view of the results presen ted ab o v e it is natural to ask whether one can alw a ys distin-

guish monoid rings corresp onding to non-isomorphic monoids. The theorem b elo w giv es the

(essen tially �nal) p ositiv e answ er to this question (p osed in [ Gi ]).

Theorem 1.17 ([Gu8]). L et M and N b e �nitely gener ate d monoids and R b e a ring. Then

e ach of the fol lowing c onditions implies M � N :

(a) M and N have no non-trivial units and R [ M ] � R [ N ] as augmente d R -algebr as (with

r esp e ct to the natur al augmentations

R [ M ] ! R and R [ N ] ! R mapping non-unit monomials to 0 ).

(b) R [ M ] � R [ N ] as R -algebr as and M is normal.

W e remark that for rank t w o monoids the isomorphism problem is answ ered in the p ositiv e

without an y additional condition [ Gu7 ].

2. Conjectures

Here w e state t w o main conjectures on stable and unstable K -theory of semigroup rings.

They include the results from x 1 in a uniform w a y and, sim ultaneously , pro vide their �nal

p ossible generalizations.

A c -divisible monoid is a �ltered union of its c -divisible submonoids of �nite rank ( c > 1).

In its turn an y �nite rank c -divisible monoid is a �ltered limit of c -divisible h ulls of �nitely
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generated monoids, i. e. limits of diagrams of t yp e

M

exp

c

� � � � ! M

exp

c

� � � � ! � � � ; M �nitely generated ;

where exp

c

( m ) = m

c

(writing the monoid structure m ultiplicativ ely). The crucial p oin t here

is Gordan Lemma sa ying the follo wing: an y �nite rank monoid M without non-trivial units is

�nitely generated if (and only if ) gp( M ) is �nitely generated and the cone C ( M ) � R 
 gp ( M )

spanned b y M is �nite p olyhedral.

In view of these remarks on c -divisible monoids and Theorems 1.10, 1.11, 1.12 the equalities

K

i

( R ) = K

i

( R [ M ]) for �xed R , i , c > 1, and M running through all c -divisible monoids

without non-trivial units, are equiv alen t to the equalities

K

i

( R ) = lim

!

D

( R;i;c;M )

;

with the same R , i , c , and M running through �nitely gener ate d monoids without non-trivial

units, where D

( R;i;c;M )

is the diagram

K

i

( R [ M ])

K

i

( R [exp

c

])

� � � � � � � ! K

i

( R [ M ])

K

i

( R [exp

c

])

� � � � � � � ! � � � :

W e, therefore, arriv e at the follo wing conjecture whose sp ecial cases are Theorems 1.10, 1.11

and 1.12. Consider N as a monoid with resp ect to the m ultiplicativ e structure. Then there is

an action of N on the quotien t groups K

i

( R [ M ]) =K

i

( R ) de�ned b y

c 7! K

i

( R [exp

c

]) =K

i

( R ) :

W e sa y that this action is nilp otent if for an y x 2 K

i

( R [ M ]) =K

i

( R ) and c 2 N n f 1 g there is

n 2 N suc h that c

n

� x = 0

Conjecture 2.1. F or any index i 2 Z

+

, any r e gular ring R and any monoid M without

non-trivial units the multplic ative action of N on K

i

( R [ M ]) =K

i

( R ) is nilp otent.

In other w ords, w e sa y that the equalities K

i

( R ) = K

i

( R [ M ]) hold alw a ys for c -divisible

monoids M without non-trivial units. But w e state the conjecture in terms of the m ultiplicativ e

actions of N b ecause of Remark 2.3(c,d) b elo w.

By Theorems 1.1, 1.10, 1.11 and 1.12 this conjecture holds in the sp ecial cases when either

i 6 2 or M runs through in termediate monoids Z

n

+

� M � Q

n

+

( n 2 N ) . A further supp ort is

pro vided b y

Theorem 2.2 ([Gu5]).

(a) Conje ctur e 2.1 is e quivalent to the same nilp otency c ondition when M runs thr ough the

sub class of �nitely gener ate d normal monoids without non-trivial units.

(b) Conje ctur e 2.1 implies the analo gous nilp otency pr op erty of the multiplic ative action of

N on the gr oups K

i

( R [ M ] =R I ) =K

i

( R ) , wher e I � M is any ide al.

(c) Assume R is any ring and the multiplic ative action of N on the gr oups S K

0

( R [ M ]) ar e

nilp otent, wher e M runs thr ough monoids without non-trivial units. (This c ondition in

p articular implies S K

0

( R ) = 0 .) Then S K

0

( R [ M ]) = 0 for al l monoids without non-

trivial units.

(d) L et R b e a ring. If

lim

!

�

K

0

( R [ M ])

K

0

( R [exp

c

])

� � � � � � � � ! K

0

( R [ M ])

K

0

( R [exp

c

])

� � � � � � � � ! � � �

�

= Z

for al l monoids M (mayb e with non-trivial units) and for al l natur al numb ers c > 1 then

K

0

( R [ M ]) = Z for al l seminormal monoids M .
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Remark 2.3.

(a) The claim (a) follo ws from the facts that c -divisible monoids are seminormal, that the

`in terior' submonoid of a seminormal monoid is normal [Gu5, Lemma 1.4.3], and that

excision in algebraic K -theory holds for monoid rings for c -divisible monoids [Gu5, x 3.2].

The claim (b) is a corollary of Theorem 3.2.1 in [Gu5] { one only needs to notice that

all the nilp oten t images of monomials (elemen ts of M ) in R [ M ] =I R map to 0 in the

corresp onding limit.

(b) The claims (c) and (d) are pro v ed in [Gu5, x 3.3]. They in particular sho w that Conjecture

2.1 is a natural higher K -analogue of Anderson's conjecture.

(c) B. T otaro has sho wn in his unpublished notes the follo wing. Let M b e a �nitely generated

normal monoid without non-trivial in v ertible elemen ts, let k b e a �eld of c hracteristic

0, and let i b e an y natural index. Then an y natural n um b er n > 1 acts (in the sense of

the aforemen tioned action) nilp oten tly on an y �nite-dimensional n -in v arian t subspace of

K

i

( k [ M ]) =K

i

( k ). It can b e sho wn that K

i

( k [ M ]) =K

i

( k ) is a k -linear subspace of the nil

K -theory (the obstruction to homotop y in v ariance of K -theory) of k [ M ]. This nil-group

is kno wn to b e a mo dule o v er the big Witt ring W ( k ), hence a k -v ector space. The precise

statemen t is the existence of a grading

K

i

( k [ M ]) =K

i

( k ) 
 Q = �

j > 1

A

j

suc h that n � A

j

� A

nj

. In particular, Conjecture 2.1 w ould follo w for �elds of c haracter-

istic 0 if K

i

( k [ M ]) =K

i

( k ) w as concen trated in only �nitely man y degrees.

(d) It is not excluded that there is ev en a uniform nilp otency degree of the men tioned action

of N for R and i �xed. F or instance, all non-trivial elemen ts in S K

1

-groups, constructed

in [ Gu6 ], die already b y m ultiplying b y an y natural c > 1.

Next w e suggest another p ossibilit y for extending Anderson's conjecture to higher K -theory ,

but this time in terms of unstable groups.

Serre's Unimo dular element and Bass' Canc el lation theorems assert resp ectiv ely that a

pro jectiv e mo dule P o v er a No etherian ring R of �nite Krull dimension d con tains a unimo dular

elemen t and satis�es the cancellation condition whenev er rank( P ) > d [Bass, Ch 4, x 2, x 3].

Recall that an elemen t is called unimo dular if it de�nes a direct summand of P isomorphic to

R , and that P satis�es the c anc el lation c ondition if R � P � R � Q implies P � Q for an y

R -mo dule Q .

This has b een extended to p olynomial rings o v er R in arbitrary n um b er of v ariables. That is

a pro jectiv e mo dule P o v er R [ X

1

; : : : ; X

n

] has a unimo dular elemen t and satis�es the cancella-

tion condition pro vided rank( P ) > d ([ BR ] and [ R ], resp ectiv ely). Observ e that the men tioned

cancellation condition implies the freeness of stably free k [ X

1

; : : : ; X

n

]-mo dules, while the

presence of unimo dular elemen ts just coincides with the freeness of pro jectiv e k [ X

1

; : : : ; X

n

]-

mo dules ( k a �eld).

The men tioned results can equiv alen tly b e form ulated in terms of K

0

-stabilizations: ex-

istence of unimo dular elemen ts corresp onds to the surjectiv e stabilization and cancellativit y

corresp onds to the injectiv e sabilization. W e in particular see that a No etherian ring R and its

p olynomial extensions ha v e the same b ounds for K

0

-stabilizations in terms of Krull dimension

of R .

Analogous result for K

1

-stabilizations w as previously obtained in [ Su2 ], where it is sho wn

that the surjectice K

1

-stabilization for p olynomial rings R [ X

1

; : : : ; X

n

] o ccurs from max(2 ;

dim ( R ) + 1) and the injectiv e K

1

-stabilization tak es place from max(3 ; dim ( R ) + 2) ( R as

ab o v e). This means that

GL

r

( R [ X

1

; : : : ; X

n

]) ! K

1

( R [ X

1

; : : : ; X

n

])
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is surjectiv e for r > max(2 ; dim( R ) + 1) and

GL

r

( R [ X

1

; : : : ; X

n

]) =E

r

( R [ X

1

; : : : ; X

n

]) ! K

1

( R [ X

1

; : : : ; X

n

])

is isomorphism for r > max(3 ; dim( R ) + 2). Recall that in the classical case (i. e. when n = 0)

the estimates `surjectivit y from r > dim( R ) + 1' and `injectivit y from r > dim ( R ) + 2' w ere

obtained b y Bass and V asersh tein (see [Bass, Ch.5, x 4]).

T ulen baev's result on K

2

-stabilizations for p olynomial extensions [ T ] is in the same v ein.

In view of the previous results of Dennis, v an der Kallen, V asersh tein, Suslin-T ulen baev the

main result of [ T ] sa ys that a ring and its p olynomial algebras ha v e essen tially the same

K

2

-stabilizations.

The b est stabilization estimates for higher K -groups w ere obtained b y Suslin in [ Su3 ]. It

turns out that instead of Quillen's theory (de�ned with use of his `+ con truction') the naturaly

exp ected stabilizations can b e pro v ed for V olo din's theory [ V ol ]. In particular, Suslin sho w ed

that the natural mappings

K

V

i;r

( R ) ! K

V

i;r +1

( R )

are surjectiv e for r > s : r : ( R ) + i � 1 and injectiv e for i > s : r : ( R ) + i (the Bass Conje ctur e ).

This enabled him to deduce general stabilizations for Quillen's theory to o (previously obtained

b y v an der Kallen). Here the stable r ange s : r : ( R ) of a ring R is de�ned as the minimal natural

n um b er r suc h that for an y unimo dular ro w ( a

0

; a

1

; : : : ; a

r

) 2 Um

r +1

( R ) there are b

1

; : : : ; b

r

2

R for whic h the ro w ( a

1

+ b

1

a

0

; : : : ; a

r

+ b

r

a

0

) is unimo dular. It is kno wn that s : r : ( R ) 6

dim ( R ) + 1 for a No etherian ring R .

What has b een said ab o v e indicates that for a No etherian ring R the p olynomial algebra

R [ X

1

; : : : ; X

n

] has the follo wing estimates for higher K

i

-stabilizations:

K

V

i;r

( R [ X

1

; : : : ; X

n

]) ! K

V

i;r +1

( R [ X

1

; : : : ; X

n

]) ; i > 1 ;

is surjectiv e for r > max( i + 1 ; dim( R ) + i ) and injectiv e for r > max( i + 2 ; dim( R ) + i + 1).

So w e v en ture to mak e the follo wing general

Conjecture 2.4. L et R b e a No etherian ring, M b e any monoid and i 2 N .

(a) A pr ojetive R [ M ] -mo dule P c ontains a unimo dular element and satis�es the c anc el lation

c ondition if

rank( P ) > max(2 ; dim( R ) + 1) :

(b) The natur al mappings

K

V

i;r

( R [ M ]) ! K

V

i;r +1

( R [ M ]) ; i > 1 ;

ar e surje ctive for r > max( i + 1 ; dim( R ) + i ) and inje ctive for r > max( i + 2 ; dim( R ) + i + 1) .

The situation here is more di�cult for higher K -groups than in Conjecture 2.1, b ecause

ev en the original sp ecial case of p olynomial algebras is an op en question.

Remark 2.5.

(a) The claim (b) is equiv alen t to the surjectivit y of the K

0

-stabilization from max(1 ; dim( R ))

and injectivit y of the K

0

-stabilization from max(2 ; dim( R ) + 1). Th us w e ha v e a uniform

picture comprising Grothendiec k group and higher K -groups. Sw an's aforemn tioned re-

sult (Theorem 1.4) is the �rst non-trivial supp ort to Conjecture 2.4(a) b ey ond the rings

in Theorem 1.1. The case of singular co e�cien t rings remains op en ev en in dimension 1.

(b) The crucial step in establishing the cancellation prop ert y for pro jectiv e mo dules is the

transitivit y of the elemen tary action on unimo dular ro ws of the appropriate lengths. In

particular, Conjecture 2.4(a) suggests that the action

E

r

( R [ M ]) � Um

r

( R [ M ]) ! Um

r

( R [ M ])
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is transitiv e for arbitrary monoids whenev er r > max(3 ; dim( R ) + 2). F or monoids of

�-simplicial gro wth this is so b y Theorem 1.14.

(c) It is pro v ed in [Gu5, x 3.3] that the general case of the transitivit y as in (b) w ould follo w

if the follo wing w as true. Assume a subset f x

1

; : : : ; x

d

g � M is a basis for gp( M ) � Z

d

.

Then the ring extension

R [ M ] � R [ M ; x

1

=m ]

mak es the bigger ring a free mo dule o v er R [ M ] of rank m . Here

[ M ; x

1

=m ] � Q 
 gp( M )

is a submonoid generated b y M and x

1

=m (writing additiv ely). No w assume A 2

GL

r

( R [ M ]) ( r as ab o v e) is a matrix suc h that

A �

E

r

( R [ M ;x

1

=m ])

�

1 0

0 B

�

for some B 2 GL

r � 1

( R [ M ; x

1

=m ]). Then there is s 2 N suc h that

A

m

s

�

E

r

( R [ M ])

�

1 0

0 C

�

for some C 2 GL

r � 1

( R [ M ]). This seems to b e a plausible approac h to the general case.

(d) One migh t exp ect for a more general fact than that in (c). Namely , assume w e are giv en a

ring extension S � T making T a free S -mo dule of rank m . Assume further A 2 GL

r

( S ),

r > 3, is a matrix suc h that

A �

E

r

( T )

�

1 0

0 B

�

for some B 2 GL

r � 1

( T ). (Here w e assume r > 3 b ecause E

r

is normal in GL

r

for suc h

r .) Then there is s 2 N suc h that

A

m

s

�

E

r

( S )

�

1 0

0 C

�

for some C 2 GL

r � 1

( S ). Actually , w e ha v e ev en conjectured this in [ Gu5 ] as a K

1

-

stabilization analogue of transfer maps for K

0

. Ho w ev er, v an der Kallen subsequen tly

sen t me his elegan t top ological coun terexample to this conjecture. In particular, he sho ws

that none of the p ositiv e p o w ers of the matrix

0

B

B

B

B

B

B

B

B

@

w � x � y � z

x w � z y

y z w � x

z � y x w

1

C

C

C

C

C

C

C

C

A

from GL

4

( S ), S = R [ w ; x; y ; z ] = ( w

2

+ x

2

+ y

2

+ z

2

= 1), can b e reduced to a matrix of

t yp e

�

1 0

0 B

�

using elemen tary transformations o v er S . On the other hand the �rst ro w of this matrix

is clearly equiv alen t to

( w � iy ; � x � iz ; 0 ; 0)

under the elemen tary actions o v er T = C 
 S .
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