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Abstract. We present several examples of piecewise isometric systems
that give rise to complex structures of their coding partitions. We also
list and comment on current open questions in the area that pertain to
fractal-like structure of cells. Piecewise isometries are two and higher
dimensional generalizations of interval exchanges and interval translations. The interest in the dynamical systems of piecewise isometries
is partially catalyzed by potential applications and the fact that simple geometric constructions give rise to rich phenomena and amazing
fractal graphics. Piecewise isometric systems appear in dual billiards,
Hamiltonian systems, and digital filters.

The goal of this article is to illustrate the beauty and complexity of
two dimensional piecewise isometries. We do not attempt here to survey all
recent work on the subject. Our objective is merely to intrigue and widen
interest in systems T : X → X ⊂ R2 such that T is a local Euclidean
isometry. We do so by first briefly describing examples and then listing
chosen open questions.

1. Introduction
A simple yet intriguing example of a piecewise isometric systems is illustrated in Figure 1. The space is the union of two isosceles triangles P0 and
P1 (called atoms). The generating map T is a rotation on each of the two
triangles. In each case T rotates each triangle in such a way that atoms not
overlap after the application of T .
Figure 1 illustrates the action of the map T : X → X as well as the partition
of the space X into domains that always follow the same pattern of visits
to both atoms.
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Two points in one domain exhibit the same long term behavior. Understanding the shape and structure of domains in thus crucial and it central
in research of piecewise isometries.

Figure 1. A simple example of a piecewise rotation with two atoms that
are isosceles triangles. The angle α = π/5. The right figure illustrates the
partition into domains (cells) that follow the same pattern of visits to P0
and P1 . The open sets in this partition are periodic pentagons. Its structure
is self-similar and it resembles the Sierpiǹski gasket.

The key idea in understanding the self-similarity of the gasket of pentagons is the observation that T : P0 ∪ P1 is conjugated to the action of
the first return map T4 to the bottom atom. The reader may check that
the conjugacy is a similarity Γ. The map Γ is the composition of the contraction at a with contraction ratio λ = 2e3πi/5 cos(π/5) and the reflection
with respect to the line perpendicular to ac passing through a.
While in Example 1 the fractal structure is justified rigorously [20],
there are very few other examples of invertible piecewise isometries for
which the structure of cells is understood.
Figure 2 illustrates another invertible example with two triangular
atoms. This newly discovered system is believed to be the only other example in the class of noninvertible piecewise isometries with two triangular atoms. The mosaic of cells is extremely complicated, yet it appears to
exhibit self-similar structures that can be found with an aid of a high resolution computer graphics. This indicates, for example, that the number of
periodic cells is infinite.
Potential applications. Piecewise rotations are natural two dimensional
generalizations of well studied interval exchange transformations defined in
[25, 26, 31, 40] and studied in [2, 3, 11, 10, 24, 34, 27, 29, 43, 45, 44] and
interval translation maps [12, 42]. Invertible piecewise rotations [1, 6, 7, 22,
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21, 23, 37] (those that preserve Lebesgue measure) are closely related to
the theory of dual billiards [41] and Hamiltonian systems [39].
A somewhat unusual application is found outside of mathematics, in
electrical engineering, in particular in the theory of digital filters [4, 5,
15, 14, 16, 30, 36]. Digital filters are algorithms widely incorporated in
electronic components in contemporary electronics devices such as cellular
phones, radio devices and voice and image recognition systems.

Figure 2. A newly discovered remaining example of an invertible piecewise
rotation with two triangles (α = π7 ). The white heptagons in the right triangle are the interiors of “cells,” maximal regions that follow the same pattern
of visits to 4ACD and 4BCD. The structure of cells appears to be fractal, at least in some areas. However, this mosaic is not well understastood
and the size of the “chaotic set” (the black region) is unknown. One of the
most tantalizing computer observations and questions is whether all rational and irrational piecewise rotations give rise to self-similar structures of
periodic cells. The measure of the collection nonperiodic cells is not known.
Currently, no results exist except in two very special cases.

2. Definitions and a brief survey of open questions
Before we briefly illustrate some open questions that pertain to the fractal
structure of cells, we first formally define generating systems and cells.
n
Definition. Let X be a subset of R2 (or
S R ) and P = {P0 , . . . , Pr−1 }
be a finite partition (r > 1) of X, that is 0≤i<r Pi = X, and Pi disjoint
with Pj for i 6= j.
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A piecewise isometry is a pair (T, P ), where T : X → X is a map such that
its restriction to each atom Pi , i = 0, . . . , r − 1 is a Euclidean isometry. The
sets {P0 , . . . , Pr−1 } are called atoms.
In the above definition we assume that the partition P is minimal in
the sense that T is not an isometry on the union of two distinct elements
of P .
In the literature domains that follow the same pattern of visits to
atoms are called cells (see Figure 1, 2, and 3) and they are defined via the
itinerary map i : X → {0, . . . , r − 1}. The map i encodes the forward orbit
of a point by recording the indices of atoms visited by the orbit, that is
i(x) = w0 w1 . . . , where T k x ∈ Pwk .
Definition. A cell is the set of all points with the same itinerary.
Assuming that the generating partition consists of convex atoms of total
finite area, cells of positive measure are either discs, or they are polygons.
The latter case occurs when the action of T on each atom is a rotation
through an angle that is a rational multiple of π.
Definition. Cells whose itineraries are eventually periodic are called
rational cells.
In all the figures in this article the white regions are rational cells.
The complement of rational cells (represented by black regions in Figure 1, 2, and 4) is the set of points with irrational itineraries, sometimes
called the exceptional set E. In Figure 1, the set E is nonempty, has zero
two dimensional measure, but a fractional (between one and two) Hausdorff
dimension.
The fundamental Problem. The central unsolved question in the area
of piecewise isometries is to determine the size of the set E. In all known
cases for which the Lebesgue measure of E can be computed, it is zero.
Since there is no general theorem describing the measure of E, researchers try to study E by analyzing in details many examples of rational
and irrational piecewise isometries. During this investigation a number of
related questions were posed some of which we list below.
A few open problems. Even though two-dimensional Euclidean Piecewise Rotations are the most basic generalizations of one dimensional maps,
their dynamics is very intriguing and complex. This has already been observed in [1] for the case of a piecewise affine maps on the torus. Such
maps can be conjugated with two-dimensional piecewise rotations on the
rhombus, and they give rise to very interesting orbit structures. We have
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also observed the complexity of piecewise rotations in [17] where our motivation was to study the following natural piecewise rotation on the flat
torus. Let T = [0, 1] × [0, 1] → [0, 1] × [0, 1], T x = M x mod Z2 where
M ∈ SO(R, 2) (the entries of M are not integers, hence T is not an Anosov
automorphism). Iterations of T resulted in many fascinating and intriguing
orbit behaviors that resemble parallelism with (a) the dynamics of rational functions, especially as seen from the beautiful computer graphics, (b)
interval exchange transformations. The dynamics of T and other piecewise
isometric planar maps is still poorly understood.
The existence of a system with an infinite number of periodic domains
implies results about the invariant ergodic measures for piecewise rotations.
The problem of determining invariant measures of interval exchanges has
been fundamental to many researchers [26, 34, 45, 38, 28]. Experimental
results indicate that two-dimensional systems, unlike one-dimensional interval exchanges, have an infinite number of ergodic invariant measures
concentrated on the invariant set of periodic domains.
Problem 1. Determine all invariant non-atomic probability Borel measures
for two dimensional piecewise rotations.
Since all invariant measures are always concentrated on the set Ω = ∩n>0 T n X,
it is natural to study the structure of the attractor Ω. This was first done
in [18]. Other known attractor structures include Miguel Mendes [35], and
Sierpinski type gasket (Figure 1 and [20]). There are examples of piecewise
rotations T with two half planes as atoms for which the attractor contains
the structure from Figure 2, or the attractors Ω are rhombi (Figure 3). The
dynamics of the rhombus is conjugate to the dynamics of piecewise affine
maps on the torus studied in electrical engineering.
Problem 2. Classify completely all piecewise isometric attractors in two
dimensional systems.
µ

¶µ ¶
0 −1
x
Let f : [0, 1] × [0, 1] → [0, 1] × [0, 1], f (x, y) =
mod Z 2 .
1
a
y
If a ∈ (0, 2), then f is an invertible piecewise affine map of the torus and it
can be conjugated to a piecewise rotation
µ on the unit
¶ rhombus [1] by the
1
−
cos
θ
.
angle θ = cos−1 a2 via the affine matrix
0
sin θ
One of the most tantalizing phenomena present in piecewise affine
maps on the torus for a rational choice of the parameter is a complicated
self-similar structure of the periodic domains. In [1], Adler, Kitchens, and
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Tresser were able to describe in detail two examples whose induced piecewise rotation is the rotation of the unit rhombus about its center (see also
[23]). Also [20] showed that Sierpiński-type gasket of pentagons appear as
a return map in specific examples of more complicated maps.

Figure 3. An example of piecewise rotations with two atoms as half-planes.
All preperiodic cells are eventually trapped in the attractors in the shape of
a rhombus. The dynamics on the attractor is almost everywhere invertible.
It is conjugated to piecewise affine maps on the torus, which are transformations that emerge in digital filters. The map restricted to the darker
rhombus, is conjugated a piecewise affine map on the torus with the parameter parameter a = 2 cos 2π
5 The partitions inside the attractor contains
self-similar gasket of pentagons from Figure 1. The examples of attractor
in the shape of a rhombus can be also constructed for angles that are not
rational multiple of π.

The centrally located dark rhombus in Figure 3 illustrates the structure
of cells for the map f : [0, 1] × [0, 1] → [0, 1] × [0, 1], where the parameter
a = 2 cos 2π
5 .
By direct inspection [32, 33, 20], it can be shown that up to Lebesgue
measure zero, the dynamics of the first return map to a suitably chosen
triangle in the attractor in Figure 3 (left) is an elementary transformation
of the Sierpiński-like triangle (Figure 1) that was described in [20] . It is
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remarkable that only for a very few values of a, is it possible to isolate and
describe a fractal structure of periodic sets under the action of f [1, 20, 32].
Problem 3. Do there exist an infinite number of different periodic sets for
a generic value of a?
Some insight into the problem above can be obtained by the study of
induced maps on a subset of the torus. In some cases this induced map is
the piecewise rotation with two atoms (perturbed 8-attractor map).
Our recent numerical and symbolic (with Guillaume Poggiaspalla)
computations indicate that the structure of cells is self-similar for a few
other rational angles (Figure 4). The self-similarity of cells will follow from
affirmation the following central conjecture:
Problem 4. Self-similar conjecture for piecewise rotations. Let T denote
the first return map to an n-cell. An n-cell is a maximal set whose first
n iterates follow the same pattern of visits to the atoms. For all rational
choices of the angles of rotation, up to rescaling, there are only a finite
number of induced transformations T .
The affirmative answer to this conjecture would answer a number of
open questions in the theory of dual billiards and piecewise affine maps on
the torus (overflow maps). Some of these questions were listed in [1]. For
example, it will allow us to show that the Lebesgue measure of the closure
of the set of points that will hit discontinuities is zero. This will confirm
numerical results obtained by [5].
Finally, the above conjecture will allow us to conclude a number of
currently open questions about polygonal dual billiards [41]. For example, it
would follow that rational polygonal dual billiards have an infinite number
of distinct symbolic periodic orbits. It will allow us to conclude that almost
all points are periodic.
It is interesting to note that [9] proved a similar statement to the above
conjecture for one dimensional interval exchange transformations.
Symbolic growth. An important aspect in the investigation of piecewise
rotations is to study the symbolic word growth of all finite words realizable
by the piecewise isometry T : X → X. A finite sequence w of indices is
realizable if there exists a point x ∈ X such that its itinerary begins with
w. Let Wn denote the number of sequences of length n realizable by T .
The growth of Wn measures the complexity of the dynamics of piecewise
isometric dynamical systems. Moreover, this symbolic growth is related to
the topological entropy of T̂ : X̂ → X̂, the continuous extension of T on
the graph of the itinerary map. In particular, the topological entropy of
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the shift map on the coding image gives a lower bound on the topological
entropy of T̂ .

Figure 4. Strong numerical evidence that invertible piecewise rotations exhibit self-similar structure of cells. The angle of rotation is 2π
7 . The only
two known cases in the literature are based on the angle of rotation 2π
5 .

In [19], we constructed a two-dimensional example with maximal induced symbolic word growth. This example, however, featured a “Cantorlike” partition. A natural and important question is,
Problem 5. Determine the maximal symbolic growth for a partition with
natural boundaries.
Recently, [13] showed that piecewise isometries whose atoms are polytopes have zero entropy.
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Parallelism with the theory of rational maps. Another tantalizing
theme is to investigate the potential analogies of the dynamics of piecewise isometric dynamical systems with the dynamics of rational functions.
There is some experimental and theoretical evidence [17] that the dynamics
of piecewise isometries in Rn for n > 1 is closer in nature to the complex
dynamics of rational maps [8], then to one-dimensional interval exchanges.
Below, we have tabulated some of the observed parallelism.
Dynamics of Piecewise Isometries

Dynamics of Rational Functions

Irrationally coded sets
Rational cells in Σ
Convexity of the cells
Periodic cells contain
at most one periodic point
(piecewise irrational rotations only).
Periodic behavior of cells
of positive Lebesgue measure
8-attractor

The Julia sets
The components of the Fatou set
Simple connectivity of the Fatou components
Components of the Fatou set contain
at most one periodic point.

No Wandering Domains Theorem
Siegel Disks

Problem 6. Study the parallelisms of higher-dimensional piecewise isometric
systems with the dynamics of rational maps, with a particular focus on
the “piecewise isometric” version of the No Wandering Domains Theorem,
and the many parallelisms between the number-theoretic implications on
the dynamics of the Siegel disks and the number-theoretic implications on
8-attractors.
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