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Abstract

It is well-known that on any Veech surface, the dynamics in any
minimal direction is uniquely ergodic. In this paper it is shown that
for any genus 2 translation surfacewhich is not a Veech surfacethere
are uncountable many minimal but not uniquely ergodic directions.

1 In tro duction

Suppose(X ; ! ) is a translation surfacewhere the genus of X is at least 2.
This meansthat X is a Riemann surface,and ! is a holomorphic 1-form on
X . For each � 2 [0; 2� ) there is a vector �eld de�ned on the complement of
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the zeroesof ! such that arg! = � alongthis vector �eld. The corresponding

o w lines are denoted� θ. For a countable set of � there is a 
o w line of � θ

joining a pair of zeroesof ! . These
o w lines are called saddleconnections.
For any � such that there is no saddleconnectionin direction � , the 
o w is
minimal.

Veech ([V1]) found examplesof certain skew rotations over a circle which
are minimal, but not uniquely ergodic. Namely, the orbits are densebut not
uniformly distributed. Veech's examplescan be interpreted ([MT ]) in terms
of 
o ws on (X ; ! ) whereX hasgenus 2 and ! hasa pair of simple zeroes.

Take two copiesof the standard torus R2=Z2 and mark o� a segment
along the vertical axis from (0; 0) to (0; � ), where0 < � < 1. Cut each torus
along the segment and glue pairwise along the slits. The resulting surface
(X α; ! ) is the connectedsum of the pair of tori and is a branched double
cover over the standard torus, branched over (0; 0) and (0; � ). These two
endpoints of the slits becomethe zeroesof order oneof ! . There are a pair
of circles on X α such that the �rst return map of � θ to these circles gives
a skew rotation over the circle. If � is irrational, then there are directions
� such that the 
o w � θ is minimal but not uniquely ergodic ([MT ]). These
reproducethe original Veech examples.

Additional results about theseexamplesare known. Cheung([Ch1]) has
shown that if � satis�es a Diophantine condition of the form that there exists
c > 0; s > 0 such that j� � p=qj < c=qs has no rational solutions p=q, then
the Hausdor� dimensionof the set of � 2 [0; 2� ) such that � θ is not ergodic
is exactly 1=2. On the other hand Boshernitzanshowed (in an Appendix to
the above paper) that there is a residualset of Liouville numbers� such that
this set of � has Hausdor� dimension0. The dimension1=2 in the Cheung
result is sharp, for it wasshown ([M]) that for any (X ; ! ) (in any genus) this
set of � hasHausdor� dimensionat most 1=2.

Now in the slit torus case,if � is rational, then minimalit y implies unique
ergodicity. This is part of a more general phenomenoncalled Veech di-
chotomy. There is a natural action of SL2(R) on the moduli spaceof trans-
lation surfaces.A Veech surface is onewhosestabilizer SL(X ; ! ) is a lattice
in SL2(R). Thesesurfaceshave the property that for any direction � , either
the 
o w � θ is periodic or it is minimal and uniquely ergodic ([V2]).

This raises the question of whether every surface (X ; ! ) that is not a
Veech surfacehas a minimal but nonuniquely ergodic direction. In [MS] it
was shown that for every component of every moduli spaceof (X ; ! ) (other
than a �nite number of exceptionalones), there exists � > 0 such that for
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almostevery (X ; ! ) in that component, (with respect to the natural Lebesgue
measureclass)the Hausdor� dimensionof the setof � such that � θ is minimal
but not ergodic is � . That theoremdoesnot however answer the questionfor
every surface.

In this paper we establish the following converseto Veech dichotomy in
genus 2. Let H(1; 1) be the moduli spaceof translation surfacesin genus
2 with two simple zeroesand H(2) the moduli spaceof translation surfaces
with a singlezeroof order two.

Theorem 1.1. For any surface (X ; ! ) 2 H(1; 1) or H(2) which is not a
Veech surface, there are an uncountable number of directions � such that the
flow � θ is minimal but not uniquely ergodic.

The theoremstrengthensTheorem1.5 of [Mc2]. There it wasshown that
for any surfacein genus 2 which is not a Veech surface,there is a direction �
such that the 
o w � θ is not uniquely ergodic, and not all leavesare closed.
We also remark that in genus 2, the Veech translation surfaceshave been
classi�ed ([Mc2], [Ca]). Wealsoremark that the converseto Veech dichotomy
is falsein higher genus. B. Weiss(oral communication) using a construction
of Hubert-Schmidt ([HS]) hasprovided an examplein genus 5 which is not a
Veech surfaceand yet for which the Veech dichotomy holds. The surfaceis
a branched cover over a Veech surfacein H(2).

Acknowledgments: The authorsaredeeplyindebtedto the Yaroslav Voro-
bets for correctingan error in the original proof of Corollary 4.4and suggest-
ing the more e�cien t proofs of Lemma 4.2 and especially of Proposition 4.6
which we have adoptedover our original elementary, but signi�cantly longer,
arguments.

2 Splittings in H(2) and H(1; 1)

We begin by generalisingthe construction of slit tori discussedin the in-
troduction. SupposeT1; T2 are a pair of 
at tori de�ned by lattices L 1; L 2.
Let l1; l2 be simplesegments on each, determining the sameholonomy vector
w 2 C. Cut each Ti along li and glue the resulting tori together along the
cuts. The resulting surfaceis a connectedsumof the pair of tori and belongs
to the stratum H(1; 1). The endpoints of the slits becomesimple zeroes. If
(X ; ! ) is biholomorphically equivalent to this surface,we say (L 1; L 2; w) is a
splitting of (X ; ! ).
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Conversely, any surface in H(1; 1) can be constructed in this way for
in�nitely many possibletriples (L 1; L 2; w) ([Mc1]).

We canconstruct surfacesin H(2) in a similar fashion. Given a lattice L 1

we may cut alonga simplesegment with holonomy w asabove, then identify
opposite ends of the slit. This forms a torus with two boundary circles
attached at a point. Glue in a cylinder, attaching a boundary component
to each of the boundary circles. The holonomy of the boundary circles is
w. Every surfacein H(2) is found by such a construction ([Mc1]). We again
refer to (L 1; L 2; w) as a splitting of (X ; ! ). In this case,we can think of the
glued cylinder as a torus T2 cut along a simple closedcurve with holonomy
w. We refer to this cylinder as a degenerate torus.

The result we useto construct nonuniquely ergodic directions is given in
the following theorem([MS],[MT ]).

Theorem 2.1. Let (Ln
1 ; Ln

2 ; wn) be a sequence of splittings of (X ; ! ) into tori
Tn

1 ; Tn
2 and assume the directions of the vectors wn converge to some direction

� . Let hn > 0 be the component of wn in the direction perpendicular to � and
an = area(Tn

1 � Tn+1
1 ) the area of the regions exchanged between consecutive

splittings. If

1.
P 1

n=1
an < 1 ,

2. there exists c > 0 such that area(Tn
1 ) > c, area(Tn

2 ) > c for all n, and

3. limn!1 hn = 0,

then � is a nonergodic direction.

The idea behind the proof of Theorem 1.1 is to construct uncountably
many sequencesof splittings satisfying the summability condition above with
distinct limiting directions � . Sincethere are only countably many nonmin-
imal directions, there must be uncountably many limiting directions which
are minimal but not ergodic.

In Section3 we �nd conditions to generatenew splittings out of old and
we �nd a useful estimate for the change in area of the corresponding tori.
Now if a surface(X ; ! ) is a Veech surface,then for any splitting (L 1; L 2; w)
of (X ; ! ), the vector w is rational in each lattice L i. In Section4 we show
that if a surfaceis not Veech, there is somesplitting (L 1; L 2; w) such that
the vector w is irrational in one of the lattices L i. We usethis splitting to
begin the inductive processof �nding sequencesof splittings that satisfy the
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hypothesesof Theorem 2.1. The irrationalit y is usedto make the changein
areasmall and to ensurethe inductive processcan be continued. The proof
of this in the caseof H(2) is essentially the samealthough easierthan in the
caseof H(1; 1). We will focuson the latter and point out the di�erenceswith
the former as they occur.

3 Building New Splittings by Twists

We build new splittings out of old splittings by a Dehn twist operation. The
construction works in exactly the sameway for the two moduli spaces.

First let us adopt the notation that for vectors v; v0 2 R2 given in rect-
angular coordinates by v = hx1; y1i and v0 = hx2; y2i their crossproduct
is

v � v0 := x1y2 � x2y1 2 R:

Let (L 1; L 2; w) be a splitting of (X ; ! ). We may think of each slit torus
Ti asa closedsubsurface(with boundary) in X separatedby a pair of saddle
connections� � given by

@T1 = � + � � � ; hol(� +) = w = hol(� � ):

We would like to have an explicit construction of a classof simple closed
curves having nonzero(geometric) intersection with � + [ � � . Let Ci be a
cylinder contained in Ti that is disjoint from the line segment ` i. (In the
casewhereT2 is degeneratewe allow C2 to consistof a singleclosedcurve.)
Furthermore, assumethat the holonomy vi of the corecurve 
 i is not parallel
to w. Each 
 i has a unique translate crossingthe midpoint of ` i. As closed
curves joining the boundary of Ti in X to itself, these translates can be
concatenatedto form a simple closedcurve 
 whoseholonomy is v1 + v2.
Note that for 
 to be well-de�ned the curves
 1 and 
 2 must have compatible
orientations, i.e.

(v1 � w)(v2 � w) > 0: (1)

Also, sinceTi n Ci is a parallelogramwith sidesgiven by the vectors vi and
w, we have

jvi � wj � Ai = area(Ti) for i = 1; 2. (2)

Conversely, supposevi 2 L i; i = 1; 2 are primitiv e vectorssuch that (1) and
(2) hold. The latter condition guaranteesthat vi is the holonomy of a simple

5



closedcurve 
 i on Ti which canbe realizedby a saddleconnectionjoining the
initial point of the slit to itself, and another (provided Ti is not degenerate)
joining the terminal point to itself. Neither of theseintersect the interior of
the slit. The pair of saddleconnectionsbound a closedcylinder Ci in Ti of
curves which do not crossthe slit, where we allow C2 to be a single closed
curve if T2 is degenerate.The complement of (the union of) thesecylinders
in X is an open annulus which, by (1), has a core curve 
 with holonomy
v1 + v2. Thus, any pair of primitiv e vectors (v1; v2) 2 L 1 � L 2 that satis�es
(1) and (2) uniquely determinesa unique simple closedcurve 
 = 
 (v1; v2).

For the purposeof geometricintuition, we shall give a normal form rep-
resentation of the surface(X ; ! ) as an even-sidedpolygon in the plane with
pairs of parallel sidesidenti�ed. Each Ti decomposesinto Ci and a parallel-
ogramRi, whosesidesare given by the vectorsvi and w. Using the action of
SL2(R) we may represent R1 as a rectangle in the plane with sidesparallel
to the coordinate axes.The parallelogramR2 may be placedadjacent to the
right edgeof R1 (i.e. the slit � +), while a suitable choice of parallelograms
representing the cylinders C1 and C2 may be placed adjacent to the lower
edgesof R1 and R2, respectively, so that there is no overlap. The boundary

1

R2

C2
C1

R

Figure 1: Normal form for (X ; ! ).

identi�cations are as follows. The right edgeof R2 is identi�ed with the left
edgeof R1 to form the slit � � homologousto � +. For each i = 1; 2, the upper
edgeof Ri is identi�ed with the lower edgeof Ci, while the left edgeof Ci is
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identi�ed with its right edge. In the casethat (X ; ! ) has a double zero the
cylinder forming the degeneratetorus T2 is represented as a parallelogram
R2 with upper and lower edgesidenti�ed. (Recall that in this caseC2 is a
closedcurve and not a cylinder.) In both cases,the open annulus that forms
the interior of R1 [ R2 has 
 as its corecurve.

Now consider the curves � k
� obtained by twisting the slits � � (relative

to their endpoints) k times about 
 in the positive sense,i.e. right-t wist if
k > 0, and left-twist if k < 0. In general, the geodesic representativ e of
a twisted curve is a �nite sequenceof saddle connections. Let wk be the
commonholonomy vector of � k

� . Note that if v1 � w > 0, i.e. 
 is positively
oriented with respect to � � , then wk = w + k(v1 + v2).

Lemma 3.1. The twisted curves � k
+ and � k

� are simultaneously realized by
a (single) saddle connection if and only if w and wk lie on the same side
of v1 and v2. Thus, if 
 is positively oriented with respect to � � , then the
condition is

v1 � wk > 0 and v2 � wk > 0

while both inequalities are reversed in the case where 
 is negatively oriented
with respect to � � .

Proof. First, recall that the Dehn twist operation dependsonly on the ori-
entation of the surfaceand not that of the curves � � and 
 . In particular,
we may assumethe orientation of 
 is chosenpositive with respect to � � .
Sincethe hyperelliptic involution interchanges� + and � � while �xing 
 , � k

+

is realisedby a saddleconnectionif and only if � k
� is. If v1 � v2 � 0 we show

� k
� is realized. Otherwise we consider � k

+. Without loss of generality then
assumev1 � v2 � 0. Sincethe action of SL2(R) preservescrossproducts, it is
enoughto verify that for some g 2 SL2(R), the vector gwk is the holonomy of
a curve realisedby a saddleconnectionon the 
at surfaceg� (X ; ! ). Consider
�rst the caseof a left twist k < 0. Chooseg so that v1 is horizontal and w is
vertical, pointing upwards as in Figure 2. One seeseasily that � k

� is realised
by a saddleconnectionif and only if � k times the vertical component of v2

is lessthan jwj, which is equivalent to v1 � wk > 0. On the other hand, k < 0
implies v2 � wk = v2 � w + kv2 � v1 > 0:

The caseof a right twist is similar. The condition k > 0 implies v1 � wk >
0. By choosing g so that v2 is horizontal and w is vertical we seethat
v2 � wk > 0 is equivalent to the condition that � k

� is realisedby a saddle
connection.
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1
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v

Figure 2: � � 2
� as a singlesaddleconnection.

Definition 3.2. Given a splitting (L 1; L 2; w) and a pair of primitive vectors
(v1; v2) 2 L 1 � L 2 satisfying (1) and (2) we say v2 is a good partner for v1

with n twists if

jv1 � v2j <
1
n

max(jv1 � wj; jv2 � wj): (3)

Note that if v2 is a good partner for v1 with n twists, then Lemma 3.1 implies
there are n splittings (L k

l ; Lk
2; wk) of (X ; ! ) with wk = w + k(v1 + v2), where

k = 1; : : : ; n or k = � 1; : : : ; � n.

Next, we estimate the total area of the regionsexchangedbetween the
new and old splittings.

Lemma 3.3. Let (L0
1; L0

2; w0) denote the new splitting of (X ; ! ) into tori
T0

1; T0
2, determined by a particular value of k; jkj � n. Then T1� T0

1 = T2� T0
2

and

area(T1� T0
1) � jv1 � wj + jv1 � w0j � 2jv1 � wj + njv1 � v2j: (4)

Proof. The �rst statement is clear. For the secondwe note that the torus
T0

1 contains C1 and T0
2 contains C2. Since C1 � T1 \ T0

1, it follows that
T1� T0

1 � (T1 nC1) [ (T0
1 nC1). By construction, area(T1 nC1) = jv1 � wj and

area(T0
1 n C1) = jv1 � w0j. This givesthe desiredinequality.

4 Irrational Splittings

To construct new splittings with small exchangeof area,we needthe notion
of an irrational splitting.
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Definition 4.1. We say the splitting (L 1; L 2; w) is rational in L i if the vector
w is a scalar multiple of some element in L i; otherwise, it is irrational in L i.
The splitting is irrational if it is irrational in either L 1 or L 2.

Note that if (X ; ! ) has a splitting that is rational in L i then the 
o w in
the direction of w is periodic in the torus Ti.

In Proposition 4.6 we will assumethat the splitting is irrational in at
least oneof the two lattices. (In the caseof (X ; ! ) having a double zero,we
will assumethat the splitting is irrational in L 1.) We will then �nd a new
splitting so that the right hand side of (4) is small. To continue the process
of �nding additional splittings we will needto know that the new splitting
is still irrational. That fact will be accomplishedby the next lemma.

Lemma 4.2. Let (L 1; L 2; w) be a splitting that is irrational in L 1 and suppose
v1 2 L 1 has a good partner v2 2 L 2 with three twists. Then at least one of
the three twists gives a splitting (L 0

1; L0
2; w0) that is irrational in L 0

1.

Proof. Let 
 0 be a simple segment in C1 that concatenateswith � � to form
a simple closedcurve in T1. Then the lattice L 1 is generatedby v0 + w and
v1 wherev0 is the holonomy of 
 0. Observe that (L 1; L 2; w) is rational in L 1

if and only if w is a scalar multiple of a vector in the lattice L 0 generated
by v0 and v1. Indeed, w = c(av0 + bv1) for somea;b 2 Z and c > 0 if and
only if (1 + ac)w = c(a(v0 + w) + bv1) where1 + ac 6= 0 sincev0 + w and v1

are linearly independent. Now sinceT1 and T0
1 sharethe samecylinder C1, it

follows that the splitting (L 0
1; L0

2; w0) is rational in L0
1 if and only if w0 2 L 0.

Thus, if (L0
1; L0

2; w0) with w0 = w+ k(v1 + v2) is rational in L0
1 for k = 1; 2; 3 or

k = � 1; � 2; � 3, then the three vectorsw0 are parallel to elements in L 0. Let
L0

0 be the lattice generatedby w and v1 + v2. SinceL 0 and L0
0 are lattices in

R2 whosevectorssharethree nonparallel directions, they are isogenous,(cf.
proof of Theorem 7.3 of [Mc2]) i.e. L 0

0 � �L 0 for some� > 0. This implies
that in fact they shareall possibledirections and so the splitting (L 1; L 2; w)
is rational in L 1.

The next proposition will help us �nd someinitial splitting which is irra-
tional so that the inductive processcan begin.

Proposition 4.3. Let (L 1; L 2; w) be a splitting of (X ; ! ), rational in both
L 1 and L 2. Suppose that there is a v1 2 L 1 which has two good partners
v2; v0

2 2 L 2 with at least 2 twists each and such that v2 � v0
2 is not parallel

to w. Then, if (X ; ! ) is a not Veech surface, at least one of the four twists
gives a splitting (L 0

1; L0
2; w0) that is irrational in L 0

1.
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Proof. Sincethe property of irrationalit y is invariant under the SL2(R) action
and scaling,we may normalize so that v1 = (1; 0) and w = (0; 1). In terms
of the normal form, the parallelogram R1 is a unit squarewith lower right
corner at the origin. Let v0 be the holonomy of 
 0 as in the proof of the
previous lemma. The rationalit y of (L 1; L 2; w) in L 1 and L 2 is equivalent to

v0 � w 2 Q;
v2 � w
v0
2 � w

2 Q: (5)

Let � := v0 � v1. Note that � � is the height of the cylinder C1; in particular,
� 6= 0. The slope of the vector wk = w + k(v1 + v2) is given by

� k =
� v1 � wk

w � wk
=

1 + k(v1 � v2)
k(1 + v2 � w)

: (6)

The �rst return map to the baseof R1 under the 
o w in direction wk is a
rotation with rotation number � k. Note that a point starting at the base
of R1 returns to a point at the top of R1 with the samex-coordinate. The
identi�cation of the top of R1 with the baseof C1 shifts the x-coordinate by
� v0 � w. Provided that � k 6= 0, the total shift in the x-coordinate for the
�rst return to the baseof R1 is given by

� k = �
�
� k

� v0 � w: (7)

Sincev2 is a good partner of v1 with two twists, wehave � k 2 Q for � k = 1; 2.
Thus, together with the �rst part of (5) we have

� k 6= 0 )
� (1 + v2 � w)
1 + k(v1 � v2)

2 Q: (8)

If v1 � v2 6= 0 and � k 6= 0 for both valuesof k then taking ratios in (8) we
seethat

v1 � v2 2 Q; � (1 + v2 � w) 2 Q: (9)

On the other hand, if either v1 � v2 = 0 or � k = 0 then v1 � v2 2 Q, and using
(8) for the other value of k we seethat (9) still holds. The sameargument
can be applied to v0

2 to yield

v1 � v0
2 2 Q; � (1 + v0

2 � w) 2 Q (10)
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so that taking ratios again, we have

1 + v2 � w
1 + v0

2 � w
2 Q: (11)

Sincev0
2 � v2 is not parallel to w, the above together with the secondpart of

(5) implies both
v2 � w; v0

2 � w 2 Q: (12)

Hence,� 2 Q, which together with (12) and the �rst parts of (5), (9), and
(10) implies (X ; ! ) is a branched cover of the standard torus, branched over
rational points. By [GJ], such a surfaceis Veech.

The property that a surface(X ; ! ) admits a splitting (L 1; L 2; w) together
with vectors v1; v2; v0

2 satisfying the requirements in Proposition 4.3 de�nes
an open subset in H(1; 1). (It is not hard to show that this property does
not hold for any surfacein H(2).) We show that this set is nonempty by
constructing an explicit example: Let v1 = (1; 0), w = (0; 1), v2 = (3; � 1),
v0
2 = (4; 1), L 1 = Z � 2Z and L 2 the lattice generatedby v2 and v0

2. Then
A2 = 7 and the fact that both v2 and v0

2 have slopesstrictly between� 1=2
implies each has2 twists.

Using results of McMullen we now obtain the following.

Corollary 4.4. Suppose (X ; ! ) is not a Veech surface. Then it admits an
irrational splitting.

Proof. Case1: (X ; ! ) is an eigenformfor real multiplication. (We refer the
reader to [Mc1] for the de�nition of an eigenform form real multiplication.)
The Corollary is given by Theorem7.5 of [Mc2].

Case2: (X ; ! ) 2 H(2). Note that every cylinder determinesa splitting.
If every splitting is rational, then (X ; ! ) hasthe property that every cylinder
belongsto a cylinder decomposition; by Theorem 7.3 of [Mc2] this means
(X ; ! ) is an eigenformfor real multiplication and in H(2) this implies that
the surfaceis a Veech surface.

Case3: (X ; ! ) 2 H(1; 1) is not an eigenformfor real multiplication. By
[Mc1] the SL2(R)-orbit comesarbitrarily close(up to scale)to the example
describedafter Proposition 4.3,which now implies(X ; ! ) admits an irrational
splitting.

Remark 4.5. Corollary 4.4 shows that the hypothesis in Theorem 7.5 of
[Mc2] is unnecessary.
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Theorem 1.1 is essentially a consequenceof the precedingCorollary and
the next Proposition, followed by an application of Theorem2.1.

Proposition 4.6. If (L 1; L 2; w) be an irrational splitting of (X ; ! ) into tori
T1; T2, then for any " > 0 there exists a new irrational splitting (L 0

1; L0
2; w0)

into tori T0
1; T0

2 such that the angle between w; w0 is < " and area(T1� T0
1) < " .

To prove Proposition 4.6 we adopt the suggestionof Yaroslav Vorobets
and exploit a theoremof McMullen whoseproof itself usesRatner's theorem.
This proof replacesour original more elementary but signi�cantly longer
proof.

Let G = SL2(R) and � = SL2(Z) and regardG=� asthe spaceof oriented
lattices � � R2 of coarea1. Let N � G bethe subgrouppreservinghorizontal
vectors. Let G∆ = f (g; g)jg 2 Gg and N∆ = f (g; g)jg 2 N g.

Theorem 4.7. [Mc1,Theorem 2.6] Let z = (� 1; � 2) 2 (G � G)=(� � �) be
a pair of lattices, and let Z = N∆z. Then exactly one of the following holds.

1. There are horizontal vectors vi 2 � i with jv1j=jv2j 2 Q. Then Z = N∆z.

2. There are horizontal vectors vi 2 � i with jv1j=jv2j 62Q. Then Z =
(N � N )z.

3. One lattice, say � 2, contains a horizontal vector but the other does not.
Then Z = (G � N )z.

4. Neither lattice contains a horizontal vector, but � 1 \ � 2 is of finite index
in both. Then Z = G∆z.

5. The lattices � 1 and � 2 are incommensurable, and neither contains a
horizontal vector. Then Z = (G � G)z.

Proof of Proposition 4.6. Let (L 1; L 2; w) be a splitting of (X ; ! ) that is ir-
rational in L 1. Let Ai be the coareaof L i. It is enoughto show that for
any " > 0 and su�cien tly small " 0 < " there is a pair of primitiv e vectors
(v1; v2) 2 L 1 � L 2 satisfying

(i) jv1 � wj < min("0=4; A1) and jv2 � wj � A2,

(ii) jv1 � v2j < "0=6 and jv1 � v2j < 1

3
max(jv1 � wj; jv2 � wj).
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Indeed, one of the three splittings obtained by twisting about 
 (v1; v2) will
be irrational by Lemma 4.2. By Lemma 3.3

area(T1� T0
1) � 2"0=4 + 3"0=6 < "

and by choosinga su�cien tly small " 0, the direction of the vectorsv1; v2, and
hencethat of w + k(v1 + v2), can be madewithin " of w.

Let Z be the closureof the orbit of (L 1; L 2) under the action of N∆ where
N � G is the subgroupthat preservesvectorsparallel to w.

Suppose�rst that (L 1; L 2; w) is irrational in both L 1 and L 2. Then we are
in case4 or 5 of Theorem4.7. If case5 holds, then the G � G action allows
one to concludethat for any " 0 > 0 there exist (� 1; � 2) 2 Z and primitiv e
vectorsv0

i 2 � i both perpendicular to w and having lengths

jv0
ij <

1
jwj

min("0; Ai):

If case4 holds, then � 1 and � 2 are isogenousand so onceone has found a
vector v0

1 2 � 1 perpendicular to w by the G action on lattices, then auto-
matically there is a vector v0

2 2 � 2 perpendicular to w as well. Then we can
usethe G∆ action to make both vectorssatisfy the above inequality aswell.

It now followsthat there existsgn 2 N and vn,i 2 L i such that gnvn,i ! v0
i

as n ! 1 . Sinceg 2 G preserves crossproducts, and g 2 N �xes w, for
large n we have vectorsvn,1; vn,2 that satisfy

� jvn,1 � wj = jgnvn,1 � gnwj = jgnvn,1 � wj < min("0=4; A1)

� jvn,2 � wj = jgnvn,2 � gnwj = jgnvn,2 � wj < A2

� jvn,1 � vn,2j = jgnvn,1 � gnvn,2j < "0=6

� jvn,1 � vn,2j = jgnvn,1 � gnvn,2j < 1

3
max(jgnvn,1 � wj; jgnvn,2 � wj) =

1

3
max(jvn,1 � wj; jvn,2 � wj).

This meansthat the vectors v1,n; v2,n satisfy the desiredconditions (i) and
(ii).

Supposenext that (L 1; L 2; w) is rational in L 2. We are assumingthat the
splitting (L 1; L 2; w) is irrational in L 1. Now case3 of Theorem 4.7 implies
for any "0 > 0 there exist (� 1; � 2) 2 Z and primitiv e vectors v0

i 2 � i both
perpendicular to w with jv0

1j < 1

jwj min("0; A1) and jv0
2 � wj = A2. Again, we

approximate (� 1; � 2) by pairs of lattices in the N -orbit of (L 1; L 2) and note
that jv2 � wj = A2 for any pair (v1; v2) that approximates (v0

1; v0
2).
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Proof of Theorem 1.1. Suppose(X ; ! ) is not a Veech surface. Since there
are only countably many nonminimal directions, it su�ces to construct an
uncountable number of nonergodic directions. By Corollary 4.4, there is
some irrational splitting (L 1; L 2; w) of (X ; ! ) into tori T1; T2. Let Ai be
the area of Ti. We inductively construct an in�nite binary tree of splittings
(Ln

1 (j ); Ln
2 (j ); wn(j )) of (X ; ! ) sothat there are2n splittings at level n, which

we index by j = 1; : : : ; 2n. We take the unique splitting of level zero to be
(L 1; L 2; w). At the completion of the nth level, we de�ne "n > 0 to be the
minimum distancein anglebetweenthe directions of any two splittings that
have been constructed up to this point. To construct the splittings of the
next level, we apply Proposition 4.6 with " < "n=4. Continuing ad in�nitum
we obtain an uncountable number of sequences(Ln

1 ; Ln
2 ; wn) of splittings of

(X ; ! ). Since"n � (1=2)n the directions of the f wng for any in�nite geodesic
in the tree convergeto a limiting direction � . Let hn be as in Theorem 2.1.
Then

hn+1 = jwn+1j sin(\ wn+1� ) � jwn+1j sin(2\ wnwn+1) �
2jwn � wn+1j

jwnj
:

We have lim jwnj = 1 . Now jwn � (v1 + v2)j � A1 + A2 sincethe left side
is the areaof an annulus contained in (X ; ! ). Sincewn+1 = wn + k(v1 + v2)
for somek; jkj � 3;

jwn � wn+1j � 3(A1 + A2):

As a result we have limn!1 hn = 0. The minimum spacings"n at level n
satisfy

"n+1 � "n=2:

Since the change in areasis at most "n, the sum of the changeof areasis
at most 2" 0. If we choose" 0 < 1

2
min(A1; A2) the remaining hypothesisof

Theorem2.1 is satis�ed.
That the nonergodic limiting directions that have beenconstructed are

all distinct follows from the condition that the spacingbetween a splitting
at level n and either of its descendents is at most "n=4. This completesthe
proof of Theorem1.1.
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