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1 INTRODUCTION

Let {x : 0 < x < 1} be the compact group of real numbers modulo 1. Any irrational

element 6 in this set has a continued fraction representation

T
a1+
a2+#

where (a;);2, is a sequence of positive integers known as the terms or partial quotients

o0
of the continued fraction. Take (73—:> to be the sequence of principal convergents
) k=1
of 6; that is,
my
— =[0;a1,az,...,a
Ny,

for each positive integer k. From the theory of continued fractions, we have

Ng41 = Q41ME + N1 (1)

for k € N, with ng == 1 and n; = a;. Let (by),.y be a sequence of even integers

satisfying |b;| < a;;; for each j € N. Given any integer m,

(m;by,ba, .. )y = <m8 + Z bjnﬂ) mod 1
j=1

defines a point of {z : 0 < 2 < 1}. We call such a representation (-), a §—ezpansion.

From now on, we omit the “mod 1” notation. Veech [7] defines the sets
Ko (0) = {(m;by,ba,...), : bjis eventually even, lim; . b;jn; ||n;0| = 0}

and



K (0) = {(m; bi,ba, ...y byis eventually even, 3 77, |by[ n; [|n;0]| < oo}

where ||-|| denotes the distance to the nearest integer. Clearly, K; (f) C Ky (0). In
Section 2 we find an upper bound formula for the Hausdorff dimension of K, (0).
In Section 4.1 we apply a result from [5] to obtain a lower bound formula for the
Hausdorff dimension of K (#). Using these formulas,

in Section 5 we show that for any § € [0, 1] we can construct a number 6 such that

the Hausdorff dimension of K; (6) equals §, where i = 0, 1.

1.1 Veech’s Examples and a Billiard Interpretation of these Examples

In |7], Veech constructs examples of minimal and not uniquely ergodic dynamical
systems as follows (see [6]). Take two copies of the unit circle and mark off segment
a J of length 2w« in the counterclockwise direction on each one with endpoint at 0.
Now choose an irrational 6 and consider the following dynamical system. Start with
a point p in the first circle. Rotate counterclockwise by 276 repeatedly until the the
orbit lands in J; then switch to the corresponding point in the second circle, rotate
by 276 until the first time the point lands in J; switch back to the first circle and so
forth. Veech showed there exists irrational « for which this system is minimal and
the Lebesgue measure is not uniquely ergodic. We may describe Veech’s dynamical
system by a flow on a surface arising from a billiard. Consider billiards in the table
formed by a % x 1 rectangle with a horizontal barrier of length o with one end touching
at the midpoint of a vertical side. We can identify the top half of the table as the

positive side and the bottom half as the negative side.



Figure 1: A Billiard table B, with a barrier of length «.

A standard unfolding of this billiard table is shown in Figure 2. We can view the

new figure as having two (identified) barriers of length 2.

Figure 2: Unfolding of Billiard Table B,



(See [6]) If we consider the billiard flow in this rectangle with direction 6, there
is an unfolding of this billiard such that the restriction of the flow to the map of
first return to the horizontal barrier is equivalent to the function described in the
examples given by Veech. In [4], Cheung, Hubert, and Masur showed that if we fix
the parameter o then the dimension of the set of all # for which this flow is not ergodic
is either 0 or % Specifically, Cheung, Hubert, and Masur show that the dimension is

% if and OIlly if
log lo
2 : g 108 Gr+1 <

keN Tk

where {q;} .oy is the sequence of denominators of the continued fraction representation
of a. Our goal is to consider what happens in the case in which we fix § and allow «
to vary.

Moreover, the sets K (0) and Ky (6) are known to give information (see [3]) about

the dynamics of Veech’s examples described above.

2 UPPER BOUND ON HAUSDORFF DIMENSION

For A C R", we denote by HdimA the Hausdorff dimension of A (see [4]). In Section
2.1 we give an upper bound for Hdim K, (¢) by applying what Cheung [2] has defined
as a self-similar covering to subsets which we call K}, (0) of Ky (6). In particular, the
self-similar covering will give an upper bound for Hdim K/, (6), and we show that this

upper bound is also an upper bound for Hdim K (9).

The following definition is motivated by the fact that (i) Veech showed in [7] that

if & has bounded partial quotients (i.e., sup;cya; < oo) then Hdim Ky (¢) = 0, and



(ii) Lothar Narins conjectured that HdimK; (6) = 1 when a; — oo.

Definition. Let M € N. An irrational § with unbounded partial quotients is divergent
relative to [1, M] if the sequence of partial quotients formed by the terms that are

greater than M diverges to oo.

If 0 is divergent relative to [1, M], define

/69 = {kl A1 > M}

ko = mink®

Theorem 1. Let 6 be divergent relative to [1, M], and let (k;);-, enumerate the values

of k satisfying ag,1 > M. Then

1 .
Hdim K, (#) < lim sup 08 D1 (2)
isoo  logmy,., —logny,

2.1 Reduction

We reduce computing an upper bound of HdimK (0) directly by introducing new
sets K¢ (0) for nonnegative integers i. We will show that this suffices for finding an

upper bound of HdimK (0).

Definition. Suppose 6 is divergent relative to [1, M].

K(Z) (6) = {<m, bl,bQ, .. .>9 € K, (9) 17> k; = ‘bj‘?”lj HTLJGH < m}



The sets K} (0) are nonempty for all sufficiently large i since, by definition of
Ky (9)7

jlggolbj!nj [n;0 = 0

Further, the next three lemmas along with the fact that we can find an upper bound

for Hdim K}, (#) that does not depend on 7 will furnish an upper bound for HdimKj (6).

Lemma 1.

Ko (6) < K3 0)

Proof. If y € Ky (0), then there is a sequence m, by, by, . .. such that y = (m; by, ba, .. .),,
where b;n; ||n;d||
— 0. Hence, there is an i for which j > k; implies b;n; |n;0| < ;. Therefore

4M

y € K5 (0).

Lemma 2. (Countable Stability)

HdimU K{ (0) = sup {HdimK{, (f) : i > 0}

=0

Proof. For any set F' C R™ and s > 0, denote by H* (F) the s-dimensional Hausdorff

measure of F' (see [5]). HdimK{ (8) < Hdim |J; K (8) for each i, so sup; Hdim K}, (6) <



Hdim [ J, K7 (). Conversely, let s = sup; Hdim K¢, (#) . It suffices to show

Hte U, K& (0) = 0 when e > 0. Let 6 > 0. For each ¢ we can cover K/ (f) by intervals
Aj;; such that the sum of their radii by the power s + ¢ is less than 27%§. The union
of all intervals A;, over i and j, covers | J; K{ (/) and the sum of their radii raised by

the power s + ¢ is less than 0. Therefore, H**e |, K (0) = 0.
]

Lemma 3. There exists an ig such that if j > ki,, j & kP and |b;|n;||n;0|| < 537, then
bj == 0

Proof. Take ig large enough such that k;, > mink’. Since j & %, a;.1 < M. Hence

1
o7 1051 1 ||n;0]]
- |b;] 1
21544
b,
4aji1

Hence, ajq > M |b;|. Since a;41 < M, b; = 0.
|

A consequence of Lemma 3 is 2 € K (/) has a —expansion (m;by, b, ...) such

that for all j > k;, either aj, > M or b; = 0.



2.2 Specification of Self-Similar Cover
Given |b;| < a;41 and an even b satisfying |b| < a1, define by
I(Tn;bl,bg,...,bk_l,b)

the interval of length n% centered at
k—1

mb+ 3 by lln,0]) + b nsd]

j=1

Lemma 4. x € [ (m;by,...b;) for any x € K, (0).

Proof. Let @ = (m;by,...); € Ko(0). Since 0 is between 7% and 7, it follows

Nk+1

h e gl < [Ze — Dl Multiplyin 1 — < — my DhtL]
that |7 0 < = ultiplying by ny gives |my — ngd| < |mp — ng e
Therefore,
[neb]l < |mi — nyd)|
ME+1
< (myg — g
Tk+1
1
Nkg+1
We also note that since ng o > 2n; we have —1 2 nd r
Nk+1 N+ (2i+1) Nk+2 N+ (2i+2)
Therefore, S 5° L
’ ZZ:O Mt (2i+1)
00 1 . . . . . . 2 .. 00 1
<Y 5ny» Which is a geometric series that simplifies to T Similarly, > -7, -

2
Ngya’




Without loss of generality, suppose m = 0. Then

k 00
z =Y bi|nd| > bylins0ll
=1

j=k+1
[o.¢]
< > bl lIngé
j=k+1
o0
;]
<
j:zk;l Tj+1
= a
< j+1
jzkzﬂ Myt
=1
< _
j=k+1
NS ONRENS
o [Vk+(2i+1) i1 Vkt2i
2 2
< +
Nk41 N2
4
<
Nk+1

Therefore, x € I (m;by,...bg).
|

Definition. (Section 3 of [2]) Let X be a metric space and J a countable set. Given
o CJxJand a € J we let o () denote the set of all o/ € J such that (a, /) € 0.
We say a sequence (q;),.y of elements in J is o-admissible if aj41 € o (a;) for all
7 € N; and we let J? denote the set of all o-admissible sequences in J. By a self-
similar covering of X we mean a triple (B, J, o) where B is a collection of bounded

subsets of X, J a countable index set for B, and ¢ C J x J such that there is a map

T

E : Ky(0) — J? that assigns to each x € X a o-admissible sequence (aj)jeN such

that for all x € X
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(i) ﬂ;’il B (04;”) = {z}, and
(i) diam B (a¥) — 0 as j — oo, where B () denotes the element of B indexed by a.
2.3 A Self-similar covering of K ()

We have access to a self-similar covering of K° (f). Define
J = { (m;bhbg,...,bk,l) tm e Z, k S /'ig, bj c Z(l S] S k),\b]\g a/jJrl,
if and b; = 0 if both k;, < j < k, j €/<;0}

B={I(8):peJ}

and define o C J x J such that for each ay, = (m;by,bs,...,br,_1) € J we have
O'(Oéki) = {(m;bl,bg, Ce ,kal,Q,b) . ’b| S aki+1}

'Let J? denote the set of all o-admissible sequences in J. By Lemma 4 we can

define

£ Ky(0) — J°

T (ozf);io

where 2 € I (a;) = I (m;by,...,bj_1) € Jo for each a; € (aF). Suppose = € K ().

Our triple satisfies (7) of the definition of a self-similar covering; apply Lemma 4 to

1As mentioned immediately after Theorem 3.1 of [2], we can take elements of B to
be subsets of the ambient space X.
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show = € I(;) for all 8; € Jy. Since lim;_ diam I (a¥) = 0, 72,1 (oF) = {z}.

j=0 J

Thus, (i7) is also satisfied.

Define
By = JI(m;by,... by1)

such that the union is over all finite sequences m,bq,...,by,_1, where k; € k% and

bj| < aj4q for each j, and define

i=0

2.4 Calculation

In this section we give an upper bound on HdimK (6). The following lemma is a

direct consequence of the definition of o.

Lemma 5. Let o € J and k = |a|

#o (@) < apga (3)

Proof. Let a be a sequence in J of length k;. Then o = (m;by, ..., bg,—1) where both
j > ki, and j ¢ k% imply b; = 0. Since || = k, « corresponds to an interval belonging
to F;. Hence, the centers determined by the children of the intervals comprising F;

are determined by all even integers by satisfying b, < ag, 1.
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For s > 0, since the value of |I ()| does not depend on the choice of § € o (a), a

direct consequence of equation (3) is

> (ircat) =#7 (ien) @

BeEo(a)

Further, for 5 € o («)

#M@)(%)SSI = #o(a)(”’“ >s§1

L)

.. . |
The critical value of s is s = —8F0— og #al(a)
0g Nk | —logny,

3 (%)Sgl — (”’“)S’#am)g (by (4))

Beo(a) o

. Let ¢ > 0, and let s’ = s +¢. Then

Theorem 5.3 of [1] implies Hdim K, (6) < s’. Since € can be arbitrarily small, we

have HdimK (6) < s. Hence

1
HdimK, (6) < limsup — 0877 (@)
isoo  l0g My, 41 — logny,
— log ag, 41
= limsup
isoo  logmng,,, — logng,

(by (3))

i+1
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3 A NONTRIVIAL EXAMPLE OF ¢ SATISFYING HdimK, () =0

In |7], Veech showed that the Hausdorff dimension of K (f) vanishes when 6 has
bounded partial quotients. Using our upper bound formula (2), we give an example
for which sup; a; = oo and HdimKjy (¢) = 0. Let 0 < 0 < 1 be given and fix M =
[2%_‘. We specify the continued fraction representation of € recursively. We choose

a, as, . ..,a, = M, where kg is the smallest index for which nio > max {2M, 25—171} .

Note that there exists an integer in between nj and 2°nj since nj (2°=1) > 1.

Choose ay,+1 € Z such that nio < Apgt1 < Qnio. Recursively, given k;, define

(5)

01l )
kz’+1 = ki+1+ ’VM—‘

log M

set ag, 12 = Qg 43 = -+ = ag,,, = M, and choose a1 such that ni < 41 < Qnii.

i+1
This completes the recursive definition of the sequence (ax,);~,- Moreover, a direct

consequence of the definition of (5) is
Mki+1_ki_1 > ni: (6)
Claim. Under the above construction, 6 is divergent relative to [1, M].

Proof. By construction of (ax,41);5o, we have, for each i > 0, ap,41 > M and n), <

41 < Qnii. Therefore ay, 1 diverges to oo.

Theorem 2. Let 0 be constructed as above. Then HdimK, (6) = 0.



Proof.

Therefore, logny,, ,

g

Since 0 is half-divergent,

Hdim Ky (6)

i+1

IN

IN

> Oy Mk -1

= Mnk

it1—1

> Maki+l_1nki+1_2

2
= M Nk, -2
= MRz,

n&j—o—l

7

> (07 + 1) log ng,, and this implies

log ny.
lim 8 ki

i—oo logng,

1; IOg Q41
im sup
isoo  logmny,, ., — logny,

log 2ngi

lim sup
17— 00

log ng,,, — log ny,

i1

) dlogng, + log2

lim sup
17— 00

log ng,,, — log ny,

i1
lim sup
ivoo O8Mhiyy
lognki

0

(by (2))

(by (7))

14
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4 EXAMPLE OF ¢ FOR WHICH HdimK, (f) =1

4.1 Falconer’s Lower Bound Formula

(See [4]) Let [0,1] = Fy D Fy D Fy D ... be a decreasing sequence of sets, with
each F}, a union of a finite number of disjoint closed intervals (called kth level basic
intervals), which each interval of F) containing at least two intervals of Fjq, and the

maximum length of kth level intervals tending to 0 as k — oo. Then the set
F=()F
k=0

is a totally disconnected subset of [0,1]. The condition needed to apply Falconer’s

lower bound formula is

(¥) Each (j — 1)th level interval contains at least m; > 2 jth level intervals

(7 =1,2,...) which are separated by gaps of at least ~;, where 0 < ;41 < ~y; for
each j.
Falconer’s lower bound formula is

10g (m0m1 s mj)

HdimF' > lim inf
k—oco — log (ijrl’}/jJrl)

4.2 Lower Bound for HdimK; ()

Fix § € (0,1) and ¢ € (0,0). For the remainder of Section 4, let § be an element

for which there exists a ky sufficiently large so that ni;g > 3, ng, > 9 and for all

k> ko, ng < apiq < 2ng, by, is even and |by| < Lni_gj. Our strategy is to
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construct an infinite family of Cantor sets contained in K (), each of which satisfies
the conditions needed to apply Falconer’s lower bound formula, allowing us to give

lower bounds of Hdim K (#) arbitrarily close to 1.

Given |b;| < a;41, define by
L (m, bl, bg, e bkfl)

or Ly the interval of length ||ng_10|| concentric with I (m;by, ..., bx_1). We require
that for each k the length of the gaps between the intervals Lj is constant. Hence,

we have the following lemma.

Lemma 6. The gaps between consecutive children intervals of Ly are of length ||ng0)|.

Proof. The distance between the centers of adjacent intervals of Ly, is 2||ng0)|.

Between these centers is the gap between them as well as two half intervals of Ly ;.

Hence, the size of the gap is ||n.0||.

The following lemma gives a sufficient condition for Ly C L.

Lemma 7. Suppose we are given m,by, ... by_1,b. If |b] < *E=2 then

L(m; bl,...,bk_l,b) C L(m, bl,u';bk—l)

Proof. We may suppose a1 > 9 since the claim is vacuously true otherwise. Let

y € L(m;by,...,bk_1,b), and let = be the center of the corresponding parent interval
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L(m;by,...,bp_1). Let us call 2’ the center of the interval L (m;by,... bg_1,b).

Then
=yl < [o' —a[+]a" —y
nkﬂ
<l s+ 12220
_ ak8+1 + %
- Ng41
Ak+1 1 1
- = + =
< (%4 )+ (since agiq > 4)
N+1
_ Ak41
ngyq
Ak+1
< S
dagy1ng
1
N 4nk
[0
< —_—
2
|
The following result was anticipated by Lothar Narins.
Theorem 3. The number 0, as constructed in 4.2, satisfies the following:
HdimK, (0) =1
Proof. Define
F}' = U L (m, b1 e 7bk0+j—1)
where the union is over all finite sequences such that m =6, = --- = by,_; = 0. If

k > ko, then
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| O |

AN A
S
| >

® |
A

A\

so that, by Lemma 7,
Fjp1 C Fj

for 5 > 0.

Define

Lemma 8. F (ko,e) C K (0)

Proof. If y € F (ko,¢), then we have a sequence of the form by, by, ... such that y =
(m; by, ba, ... by, bkgt1, - - -)g, Where by = -+ = by, _1 = 0 and, by construction, each

by is even. We show that y satisfies the constraints imposed on elements of K (9).

00 00 n§—5+1

> 1bjln; Ins6| y -

n,
j=1 j=1 IH
o0 §—5+1

IA

IA

g
S

B

IN
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Using the Ratio Test on the latter series, we have

lim E] < lim 2

. 1
J—00 aj+1

= 0
Therefore, > 72 | [b;| n; [[n;0|| < oo. Hence y € Ky (6).
]

For convenience, define k; := ko + j. We show that F'(ko, <) satisfies (x). Denote
by m; the number of children intervals Ly, of F' so that m; counts the number of

even integers b satisfying |b] < Lni;eJ, so that

_ d—e
mj = Lnkj J

Denote by v; the length of the gaps between children intervals of Ly, so that, by

Lemma 6,

% = [l

From basic continued fraction theory,

1
< b < —— 9
2Np41 | | Nkt1 (9)
Since we have nk;ﬂ < an;l for each j, we have 0 < ;41 < %, for each j. By (9),
lim;_,o v; = 0. It is the case that each interval L (m; bi,... ,bkj_l) contains at least

3 intervals of L, and the gaps v; decrease monotonically to 0 as j — oo. Hence, the

conditions for Falconer’s lower bound formula (inequality 4.7 of [4]) are satisfied.
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To simplify our calculation of the lower bound of HdimF (kg,¢), we use the fact

that & > kg implies

Ner1 < (ak+1 + 1) ng

146
< 3ny

Taking log of both sides of the expression ngy 1 < 3n,1€+5 gives

log 3
lognk+1<<1+5+ 08 )lognk

log ny,
Further,
d—
Mmjyr = {"kjflJ
d-€
TLk..
> j+1
2
and
Vit = anHlQH
1
> — by (9
GTI (by (9))
1
> — (since npy1 < 2ax411%)
A, 41k
- 1
146
871/,%_+1
imply
1
MY+l 2 o The

kjy1

(10)

(11)
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Using Falconer’s lower bound (8) gives

1 e
HAimF (k) > liminf —28{70" " My)
j~oo —log (mjt17541)

(0 —¢) (log Nk, + logng, + -+ + log nkj)

> liminf
j—+00 (1+4¢)logng,,,
—€ 1 1
> liminf 44 '
— oo log 3 Jj+1
e Lhe \ 140+ g (1+06+ ezt
0

J+1
1 - 1lo 3
5 — & ( 1 > 1+6+10gik0

= liminf 523 T
J]—00 1—1'_6 1+5+10gik _1+6+ log 3
0 lognko
0—¢
log 3
(1+¢) (6 + 1ogik0>

HdimF (kg,e) — 1 as € — 0, kg — oo. Therefore, HdimK; (0) = 1.
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5 HdimK; () =5

Theorem 4. For any ¢ € [0, 1] there is a 0 satisfying HdimK; (0) = 0.

The cases § = 0 and § = 1 are handled by Theorem 2 and Theorem 3, respectively.
Let us choose § € (0,1). Our strategy is to construct a half-divergent 6 in terms of ¢

in a particular way which gives

§ < HdimK; () < HdimK, (6) < §

Proof. Suppose M € Ns3. We construct a 6 divergent relative to [1, M]. In what
follows we construct integers ay in terms of the indices k; by taking

3§ak+1§M lfk'#/{?z,
(12)

ny < agyr < 2nf itk ==k

Choose ay, as, ..., ax, € [3, M], where ky is large enough so that nio > M. With this
choice of kg, ary+1 > M when k = k;; therefore, aryq € [3, M] if and only if k& # k;.
Suppose we are given k; and that ay, as, ..., ag,, N1, na, .. ., Nk, +1 are defined according

o (12). Choose k;y1 to be the smallest k& > k; + 1 such that

ny < ng,, and set agyq1 € [3, M] if k< ki1,

ny > ng, and set apyy € (nd,2n) if k= ki
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By this recursive definition, ng,, > ni and ng, 1 <nj. If kiy = k; + 1, then

141

Mkipr = Akt Ty T Tl -1
< 2aki+1nki
< 471,1;“‘S

< (M +1)nj,

If ki1 > k; + 1, then k;y is not of the form &; + 1 for any j > 4; for if j > ¢, then

k;j +1 > k; > k;41. Therefore, in this case, we have ay,,, € [3, M], so

Mkipy = Gk My —1 7 Ty —2
< (ak’i+1 + 1) Mgy —1

< (M+ 1)77,2

Therefore,

ni < Ny < (M+ 1) nil <13>

and

nii < Qg1 < Znii
Further, it will be used in the upper and lower bound calculations that (13) implies

1 , 1
og TV, _ 1 (14)

j—oologny,,, 2
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5.1 Upper Bound

As construction in Section 5,  is divergent relative to [1, M] since the subsequence
(@k;41) 550 Of terms of (ax),s, which are larger than M also satisfy n). < a1 < 2nj,.

Therefore, lim;_, a,+1 = co. Hence,

log ay,.
HdimKo () < limsup 8 Gyt
jooo logmy,,, — logny,

log ngj + log 2

(by (2))

< limsup
jroo logmp,, —logmy,
lognkj
log ny .
= limsup 10:;;
J
Jmeo 1= lOgnkj+1
=90 (by (14))

Therefore, Hdim K, (0) < 4.

5.2 Lower Bound

Let ¢ € (0,1). Choose kj > ko sufficiently large such that k; > k) implies af, ,, <
aki%. Define

Fyi=JL (miby,ba,. . by, 1)

to be the union over all finite sequences of even terms 0y, ...bg,—1 such that if k =
k; > kj then by is even and satisfies |by| < |af,,|, otherwise b, = 0. WLOG, let

m = (. Define
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F = F(K,2) ﬁ

Lemma 7 implies Fj; C F} for j € N since if k; > k{, then

< Lazi+1j
< G
< akz+1

8

Lemma 9. F. C K (0)

Proof. Let y € F.. Then we are given a sequence of the form by, bs, ... such that
Yy = <m; bi, g,y big big gy - .>9, |bx| is even and satisfies |by| < Laiﬂj itk ==k >k
and b; = 0 otherwise. Further,

o0

> as,  m;
> bl ngllng0ll < >
j=1

j=1 n]"rl

IN

. .M
s
3
<

IN
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Proof. Using the Ratio Test on the latter series, we have

(1—€)d (1—e)d
li % < lim L
1M ———= —
: (1-e) — (1—€)s
j—o0 ni j—00 ni
< 1l !
1m ——=
- (1—e)d
j—00 gy
= 0

Therefore, > 72 [bj| n; [[n;0]| < oo. Hence y € K, (6).
Define

M; = LainJ

so that M is a lower bound on the number of intervals in Fj;; contained in intervals

of Fj.

Define
Ly = ||, 0]

so that, by Lemma 6, I'; is a lower bound on the gaps between the intervals of Fj ;.

1 1
<3
kjyo k1

<TIj < ﬁ for each j, lim;,, I'; = 0. It is the case that each interval

Since we have for each j, we have 0 < I';;; < I'; for each j. Since

1
2nkj+1

L (m; bi,.. .,bkj,l) contains at least 3 intervals of Fy  , and the gaps I'; decrease
monotonically to 0 as j — co. The conditions for Falconer’s lower bound formula are

satisfied.



To simplify our calculation of the lower bound of HdimF., we use the fact that

(15)

i = anjH@H
1
> — by (9
e (by (9))
> ! ( <2 )
Np+1 A+1T0
2 (2akj+1+1nkj+1) ' '
- 1
Sni;ﬁ
and
My = [aiﬁm}
> zJ'+1+1
- 2
de
o
> —_
2
imply
1
M;alj > TG
41
Using Falconer’s lower bound gives
log (Ma - - - M:
HdimF > liminf og (Mo )
oo —log (Mjil41)
e (loga + loga +---+logay,
> liminf ( & kot kb & kJH) (by (15))
j—o0 (1406 — de)logny,,,
oe o log ng, + logng, + - - -+ logng.
> ——— liminf z
1+0—de jooo log g,
oe 1 1 1
> " limi I
2 Tip g mint <2 Tt 2j+1> (by (14))
oe

146 —de



HdimF (k{,e) — 0 as € — 1 . Therefore, HdimK; () > 9.
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