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SLOW DIVERGENCE AND UNIQUE ERGODICITY
YITWAH CHEUNG AND ALEX ESKIN

Abstract. In [Mal] Masur showed that a Teichmdiller geodesic
that is recurrent in the moduli space of closed Riemann surfaces is
necessarily determined by a quadratic di[erential with a uniquely
ergodic vertical foliation. In this paper, we show that a divergent
Teichmiiller geodesic satisfying a certain slow rate of divergence is
also necessarily determined by a quadratic di Cerential with unique
ergodic vertical foliation. As an application, we sketch a proof of
a complete characterization of the set of nonergodic directions in
any double cover of the flat torus branched over two points.

1. Introduction

Let (X, q) be a holomorphic quadratic diLerential. The line element
|g]**? induces a flat metric on X which has cone-type singularites at
the zeroes of g where the cone angle is a integral multiple of 2m. A
saddle connection in X is a geodesic segment with respect to the flat
metric that joins a pair of zeroes of q without passing through one in
its interior. Our main result is a new criterion for the unique ergodicity
of the vertical foliation F,, defined by Re q*? = 0.

Teichmsller geodesics.  The complex structure of X is uniquely
determined by the atlas {(U ,¢ )} of natural parameters away from
the zeroes of ¢ specified by d¢ = g*™2. The evolution of X under the
Teichmiiller flow is the family of Riemann surfaces X; obtained by post-
composing the charts with the R-linear map z — e*?Re z+ie %2Im z.
It defines a unit-speed geodesic with respect to the Teichmuller metric
on the moduli space of compact Riemann surfaces normalised so that
Teichmiiller disks have constant curvature —1. The Teichmiiller map
Ti - X - X, takes rectangles to rectangles of the same area, stretching
in the horizontal direction and contracting in the vertical direction by
a factor of 2. By a rectangle in X we mean a holomorphic map a
product of intervals in C such that q*=? pulls back to =dz. All rectangles
are assumed to have horizontal and vertical edges.
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Let [(X;) denote the length of the shortest saddle connection. Let
d(t) = —2log [(X;). Our main result is the following.

Theorem 1.1. There is an € > 0 such that if d(t) < €logt + C for
some C > 0 and for all t > 0, then F, is uniquely ergodic.

Theorem [L.I] was announced in [CE]. In & we present the main
ideas that go into the proof of Theorem [I.I] and use them to prove
an extension (see Theorem of Masur’s result in asserting
that a Teichmiiller geodesic which accumulates in the moduli space of
closed Riemann surfaces is necessarily determined by a uniquely ergodic
foliation. After briefly discussing the relationship between the various
ways of describing rates in §3, we prove Theorem [LIlin §4. Then, in
we sketch the characterisation of the set of nonergodic directions
in the double cover of a torus, branched over two points, answering a
question of W. Veech, ([\el], p.32, question 2).

2. Networks

If v is a (normalised) ergodic invariant measure transverse to the
vertical foliation F, then for any horizontal arc 1 there is a full v-
measure set of points x [X satisfying

1 n Ly
1 lim——=
) ™

where Ly represents a vertical segment having x as an endpoint. Given
I, the set E(I) of points satisfying () for some ergodic invariant v
has full Lebesgue measure. We refer to the elements of E(1) as generic
points and the limit in (] as the ergodic average determined by Xx.
To prove unique ergodicity we shall show that the ergodic averages
determined by all generic points converge to the same limit. The ideas
in this section were motivated by the proof of Theorem 1.1 in [Mal].
Convention. When passing to a subsequence t, — oo along the
Teichmiiller geodesic X; we shall suppress the double subscript notation
and write X, instead of X;, . Similarly, we write f,, instead of f, .

=v(l) as |Ly| » oo

Lemma 2.1. Let x,y [CHE(l) and suppose there is a sequence t, — oo
such that for every n the images of x and y under T, lie in a rectangle
R, [X], and the sequence of heights h, satisfy limh,e"=2 = co. Then
x and y determine the same ergodic averages.

Proof. One can reduce to the case where f,(x) and f,(y) lie at the
corners of R,. Let n_ (resp. n;) be the number of times the left (resp.
right) edge of 'R, intersects I. Observe that n— and n, dilerby at
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most one so that since h,e'"? _ oo, the ergodic averages for x and y
approach the same limit.

Ergodic averages taken as T — oo are determined by fixed fraction
of the tail: for any given A [(0,1)
1 = 1 H
= f -c implies ————
T o Q@-NT -

This elementary observation is the motivation behind the following.

f-ec

De nition 2.2. A point x is K-visible from a rectangle R if the vertical
distance from x to R is at most K times the height of R.

We have the following generalisation of Lemma [Z11

Lemma2.3. Ifx,y CHE(l), t, - oo and K > 0 are such that for every
n the images of x and y under f, are K-visible from some rectangle
whose height h, satisfies h,ei" _ oo, then x and y determine the
same ergodic averages.

De nition 2.4. We say two points are K-reachable from each other
if there is a rectangle R from which both are K-visible. We also say
two sets are K-reachable from each other if every point of one is K-
reachable from every point of the other.

De nition 2.5.  Given a collection N of subsets of X, we define an
undirected graph 'k (N) whose vertex set is N and whose edge relation
is given by K-reachability. A subsetY [Xlis said to be K-fully covered
by N if every y [Ylis K-reachable from some element of N. We say
N is a K-network if ' (N) is connected and X is K-fully covered by
N.

Proposition 2.6. If K>0,N>0,0>0andt, —» oo are such that
for all n, there exists a K-network N, in X, consisting of at most N
squares, each having measure at least 6, then F, is uniquely ergodic.

Proof. Suppose F, is not uniquely ergodic. Then we can find a distinct
pair of ergodic invariant measures vy and v; and a horizontal arc I such
that vo(1) B vy (1).

We construct a finite set of generic points as follows. By allowing
repetition, we may assume each N, contains exactly N squares, which
shall be enumerated by A(n,i),i =1,...,N. Let A; Xl be the set
of points whose image under f,, belongs to A(n, 1) for infinitely many
n. Note that A; has measure at least d because it is a descending
intersection of sets of measure at least 4. Hence, A; contains a generic
point; call it X;. By passing to a subsequence we can assume the image
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of x5 lies in A(n, 1) for all n. By a similar process we can find a generic
point X, whose image belongs to A(n, 2) for all n. When passing to the
subsequence, the generic point x; retains the property that its image
lies in A(n, 1) for all n. Continuing in this manner, we obtain a finite
set F consisting of N generic points X; with the property that the image
of x; under f, belongs to A(n, i) for all n and i.

Given a nonempty proper subset F~ [_Flwe can always find a pair of
points x CFl"and y CFI\F “such that f,(x) and f,(y) are K-reachable
from each other for infinitely many n. This follows from the fact that
Nk (N) is connected. By Lemma [2.3] the points x and y determine
the same ergodic averages for any horizontal arc 1. Since F is finite,
the same holds for any pair of points in F.

Now let z; be a generic point whose ergodic average is v;(l), for
J = 0,1. Since X, is K-fully covered by N, z will have the same
ergodic average as some point in F, which contradicts vo(l1) & v.(I).
Therefore, F, must be uniquely ergodic.

De nition 2.7.  Let (X, q) be a holomorphic quadratic di [erential on
a closed Riemann surface of genus at least 2. Two saddle connections
are said to be disjoint if the only points they have in common, if any,
are their endpoints. We call a collection of pairwise disjoint saddle
connections a separating system if the complement of their union has
at least two homotopically nontrivial components. By the length of a
separating system we mean the total length of all its saddle connections.
We shall blur the distinction between a separating system and the
closed subset formed by the union of its elements.

De nition 2.8.  Let X be a closed Riemann surface and g a holomor-
phic quadratic di[erkential on X. Let
LOX, q)

denote the length of the shortest saddle connection in X. Let

(X, q)

denote the infimum of the g-lengths of simple closed curves in X that
do not bound a disk. Let

(X, q)

denote the length of the shortest separating system.

Observe that
(X, q) = (X, q) = (X, Q).

Remark 2.9. Our arguments can also be applied to the case where
X is a punctured Riemann surface and g has a simple pole at each
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puncture. A saddle connection is a geodesic segment that joins two
singularities (zero or puncture, and not necessarily distinct) without
passing through one in its interior. In the definition of (X, q) the
infimum should be taken over simple closed curves that neither bound
a disk nor is homotopic to a puncture.

Proposition 2.10. Let S be a stratum of holomorphic quadratic dif-
ferentials. There are positive constants K = K(S) and N = N(S) such
that for any & > 0 there exists € > 0 such that for any area one surface
(X,q) CSlsatisfying

(1) (X, q) > 2, and

(2) (X,q) admits a complete Delaunay triangulation D with the
property that the length of every edge is either less than € or
at least 9

there exists a K-network of N embedded squares in (X, q) such that
each square has side 6.

Proof. By a short (resp. long) edge we mean an edge in D of length
less than € (resp. at least 6.) By a small (resp. large) triangle, we
mean a triangle in D whose edges are all short (resp. long.) Assuming
2e < ), we note that all remaining triangles in D have one short and
two long edges; we refer to them as medium triangles.

To each triangle A [ that has a long edge, i.e. any medium or
large triangle, we associate an embedded square of side & as follows.
Note that the circumscribing disk D has diameter at least 4. Let S
be the largest square concentric with D whose interior is embedded
and let d be the length of its diagonal. If the boundary of S contains
a singularity then d = 6. Otherwise, there are two segments on the
boundary of S that map to the same segment in X and D contains a
cylinder core curve has length at most d. The boundary of this cylinder
forms a separating system of length at most 2d, so that d = 3. In any
case, there is an embedded square with side d at the center of the disk
D and we refer to this square as the central square associated to A.

For each pair (4A,y) where A is a medium or large triangle and y is
a long edge on its boundary, we associate an embedded square S"of
side 6 that contains the midpoint of y as follows. The same argument
as before ensures that S exists. Note that S"is K-reachable from the
central square associated to A for any K > 0. Note also that if S™
is the square associated to (A5y) where A [ is the other triangle
having y on its boundary, then the union of the circumscribing disks
contains a rectangle that contains S”SIY so that S™is K-reachable
from Sfor any K > 0.
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Let N the collection of the central squares associated to any medium
or large triangles A together with all the squares associated with all
possible pairs (A,y) where y is a long edge on the boundary of a
medium or large traingle A. The number of elements in N is bounded
above by some N = N(S).

Lemma 2.11. There is a universal constant ¢ > 0 such that the area
of any large triangle is at least cd*.

Proof. Let A be a large triangle, a the length of its shortest side and a
the angle opposite a. The circumsribing disk D has diameter given by
d = acsca. If dis large enough, then D contains a maximal cylinder
C whose height h and waist w zi?e related by ([MS])

h<d< hZ+w2<2h.

Since the diameter of each component of A\ C is at most w, there
is a curve of length at most 3w joining two vertices of A. Hence,
as3ws< % < frac6d. Since each side of A is at least 4 we have

1., . ad? _ d*
area(A) = §62 sina= — = —.

Let Y be the union of all small triangles and short edges in D. Its
topological boundary 0Y is the union of all short edges. Let Y “be a
component in the complement of Y . If Y “contains a large triangle, then
Lemma ZIT] implies it is homotopically nontrivial as soon as |dY {2 <
4marea(Y Y, which holds if € is small enough. Otherwise, Y "is a union
of medium triangles and is necessarily homeomorphic to an annulus.
The core of this annulus can neither bound a disk nor be homotopic
to a punture. Therefore, each component in the complement of Y is
homotopically nontrivial. Assuming € is small enough so that |0Y | <9,
we conclude that the complement of Y is connected, from which it
follows that 'k (N) is connected for any K > 0.

If Y has empty interior, then X is K-fully covered by N for any
K > 0 and we are done. Hence, assume Y has nonempty interior
Y ° and note that Y © is homotopically trivial, for otherwise dY would
separate. To show that X is K-fully covered by cN it is enough to
show that for any x [YI° we can find a vertical segment starting at
X, of length at most Kg, and having a subsegment of length at least €
contained in some medium or large triangle. This will be achieved by
the next three lemmas.

Lemma 2.12. The length of any vertical segment contained in Y ° is
at most 4M¢g where M is the number of small triangles.
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Proof. Suppose not. Then there exists a vertical segment y of length
4M¢€ contained in Y °. Since the length of any component of y that lies
in any small triangle is less than 2g, there exists a small triangle A that
intersects y in at least three subsegments y;, i =1,2,3. Letp;,i =1,2,3
be the midpoints of these segments and assume the indices are chosen
so that p, lies on the arc along y joining p; to ps. If y; and y, traverse
A in the same direction, we can form an essential simple closed curve
in Y © by taking the arc along y from p; to p, and concatenating it with
the arc in A from p, back to p;. Since Y © is homotopically trivial, we
conclude that y; and y, traverse A in opposite directions. Similarly, y;
and ys traverse A in opposite directions, so that y; and y; traverse A
in the same direction. Let T be the arc in A that joins the midpoints
of y1 and ys;. Note that t cannot be disjoint from y, for otherwise
we can form a essential simple closed curve by taking the union of T
with the arc along y joining p; and ps. Let p5 be the point where 1
intersects y, and note that we can form an essential simple closed curve
by following arc along y from p; to p5 followed by the arc in A from
p5 to ps, followed by the arc along y from pz back to p5) then back to
p, along the arc in A. In any case, we obtain a contradiction to the
fact that Y © is homotopically trivial and this contradiction proves the
lemma.

Lemma 2.13. Suppose y is a vertical segment in the complement of
Y which does not pass through any singularity, has length less than g,
and has each of its endpoints in the interior of some short edge in 0Y .
Then there is a finite collection of triangles such that y is contained in
the interior of their union and each triangle is formed by three saddle
connections of lengths less than 7¢.

Proof. Let T and T be the short edges in dY that contain the endpoints
of y, respectively. Let a be a curve joining one endpoint of T to the
endpoint of Ton the same side of y by following an arc along T, then
y, and then another arc along t" Let B be the curve formed using the
remaining arc of T followed by y and then the remaining arc of T Let
a(resp. BY be the geodesic representatives in the homotopy class of
o (resp. B) relative to its endpoints. Both a”and B"is a finite union
of saddle connections whose total length is less than 3s. The union
T CafCTFBYToounds a closed set C whose interior can be triangulated
using saddle connections, each of which joins a singularity on a”to a
singularity on B~ The length of each such interior saddle connection is
less than 7. The union of C with the small triangles having T and t"
on their boundary contains y in its interior.
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Lemma 2.14. There is a KP= KXS) such that any vertical segment
of length K'¢ intersects the complement of Y in a subsegment of length
€.

Proof. Let X be the set of singularities of (X,q). By Lemma [Z12,
there is some MP= MS) such that the length of any vertical segment
contained in Y [=1is less than K'¢. Let KM= (M"+ 1)v? where
v = v(S) is the total number of edges. Suppose there exists a vertical
segment y of length K'¢ such that each component in the complement
of Y has length less than €. Then there are two subsegments of y in
the complement of Y that join the same pair of short edges in Y.
Let Z be the complex generated by saddle connections of length less
than 7. (See [EM].) Its area is O(€?) and its boundary is O(g) where
the implicit constants depending only on S. By Lemma implies
the interior of Z is homotopically nontrivial, implying that 0Z forms a
separating system. If € is su Lciehtly small, this contradicts 5(X,q) >
28. This is a contradiction proves the lemma.

Let M = M(S) be the total number of triangles. Given x [Y°
we may form a vertical segment y of length K'¢€ with one endpoint
at x. By Lemma [Z14] there is a component of y is the complement
of Y whose length is at least €. This component is a union of at
most M segments, each of which contained in some medium or large
triangle. The longest such segment has length at least W Hence, X is
K-reachable from the central square associated to the medium or large
triangle that contains this segment, where K = K'™. This complete
the proof of Proposition 2,10l

Boshernitzan’s criterion [Ve2] is a consequence of Masur’s theorem
[Mal] by the first inequality. Masur’s theorem is a consequence of the
following by the second inequality.

Theorem 2.15. If limsup; _ ., (X;) > 0 then F, is uniquely ergodic.

Proof. Fixt, — oo and 83 > 0 such that [(X,) > 2065 for all n. Let D,
be a complete Delaunay triangulation of X, and let A! be the length
of the ith shortest edge. By convention, we set Aj = 0 for all n. Let
i = 0 be the unique index determined by

(2) liminf A" =0, and liminfA,; >0.
n n

By passing to a subsequence and re-indexing, we may assume there is
a 0, > 0 such that

(3) A, =08, foralln.
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Assume n is large enough so that
4) A <eg

where € is small enough as required by Proposition with 6 =
min(d4, 63). The theorem now follows from Propositions 2.6

3. Rates of Divergence

In this section we discuss the various notions of divergence and the
rates of divergence.

The hypothesis of Theorem [L.I] can be formulated in terms of the flat
metric on X without appealing to the forward evolution of the surface.
Let h(y) and v(y) denote the horizontal and vertical components of a
saddle connection y, which are defined by

1 1
h(a):%e wH and v(a)z@n wE

It is not hard to show that the following statements are equivalent.

(@) There is a C > 0 such that for all t >0, d(t) <elogt+ C.

(b) There is a ¢ > 0 such that for all t >0, [(X;) > ¢/t=2.

(c) There are constants ¢c”> 0 and hy > 0 such that for all saddle
connections y satisfying h(y) < ho,

CD
) ") = Sy ogviy))”

For any p > 1/2 there are translation surfaces with nonergodic F,
whose Teichmiiller geodesic X; satisfies the sublinear slow rate of di-
vergence d(t) < CtP. See [Ch2]. Our main result asserts a logarithmic
slow rate of divergence is enough to ensure unique ergodicity of F,.

4. Slow divergence

Our interest lies in the case where [L{X;) - 0ast - oo. To prove
of Theorem [LI] we shall need an analog of Proposition that applies
to a continuous family of networks N; whose squares have dimensions
going to zero. We also need to show that the slow rate of divergence
gives us some control on the rate at which the small squares approach
zero.

A crucial assumption in the proof of Theorem is that the squares
in the networks have area bounded away from zero. This allowed us
to find generic points that persist in the squares of the networks along
a subsequence t, — oo. If the area of the squares tend to zero slowly
enough ast — oo, one can still expect to find persistent generic points,
with the help of the following result from probability theory.
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Lemma 4.1. (Paley-Zygmund [PZ]) If A, be a sequence of mea-
sureable subsets of a probability space satisfying

() [frrfAm| = K[Aq]|[Am]| for all m > n, and

(i)  |An| =00
then |A, i.0.| = 1/K.

De nition 4.2.  We say a rectangle is a-bu [erkd if it can be extended
in the vertical direction to a larger rectangle of area at least a that
overlaps itself at most once. (By the area of the rectangle, we mean
the product of its sides.)

Proposition 4.3.  Suppose that for every t > 0 we have an a-bu [erkd
square S; embedded in X; with side o, > ¢/t=2, 0 < € < 1. Then
there exists t, — oo and K = K(c, o) such that A, = f71S,, satisfies
|An N Am| =< K]Aq||An| for all m > n and t, CA(nlognloglogn).

Proof. Let (t,) be any sequence satisfying the recurrence relation
ther =ty +€log(thsr) to > 1.

Note that the function y = y(X) = x — €logx is increasing for x > ¢
and has inverse x = x(y) is increasing for y > 1, from which it follows
that (t,) is increasing. We have

Ome'™ " > (ct o)t -t > ot

Let B, [S] be a rectangle in X, that has the same width as S,, and
area at least a. Since B, overlaps itself at most once, a < 2|B,| < 2.

Therefore, the height of B, is < 2/0, < (2/c)t','f2, which is less than
2/¢? times the height of the rectangle R, = f,, = f 1S, by the choice of
t,. Let RL be the smallest rectangle containing R, that has horizontal
edges disjoint from the interior of B,,. Its height is at most 1+4/c? times
that of R,,,. For each component I of S, n R} there is a corresponding
component J of B, n RL (see Figure[I)) so that

L 1 a(Sn)

4+ c?
|AnnAn| = [ <

oc?
Choose t, large enough so that t,.; < 2t, for all n and suppose that
for some C >0 and n > 1 we have t, < Cnlognloglogn. Then

— _
Nl = a7 Sala(Ry) < |An [[Am].

the1 <t, +logtysy <t, +logt, +log2
< Cnlognloglogn + logn + loglog n + log log log n + log 2C
< Cnlognloglogn +lognloglogn forn 11
<C(n+1)log(n+1)loglog(n+ 1)
so that t, [CA(nlognloglogn).
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Figure 1. For purposes of illustration, the rectangles
are represented by their images in X; where t is the
unique time when B,, maps to a square under the com-
position fy,, o 1 of Teichmiiller maps.

Remark 4.4. The condition liminf t**2L(X,;) > 0 (corresponding to
€ = 1 above) holds for almost every direction in every Teichmiller

disk. [MaZ]

De nition 4.5.  Assume the vertical foliation of (X, q) is minimal.
Given a saddle connection y, we may extend each critical leaf until the
first time it meets y. Let I' be the union of these critical segments with
y. By a vertical strip we mean any component in the complement of
I". We refer to any segment along a vertical edge on the boundary of a
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Figure 2. Any rectangle containing the vertical strip
with most area serves as a buler for any square of the
same width contained in it.

vertical strip that joins a singularity to a point in the interior of y as
a zipper.

Each vertical strip has a pair of edges contained in y as well as a pair
of vertical edges, each containing exactly one singularity. The number
m of vertical strips determined by a saddle connection depends only on
the stratum of (X, q). Thus, any rectangle containing the vertical strip
with most area has area is a 1/m-buler for any square of the same
width contained in it. See Figure 2.

The condition (B) prevents the slopes of saddle connections from
being too close to vertical. This allows for some control on the widths
of vertical strips.

Proposition 4.6. Let ho > 0, ¢ > 0 and € > 0 be the constants of
the Diophantine condition satisfied by (X, q). Let m be the number of
vertical strips determined by any saddle connection. For any Kk > 1
and & > 2me there exists a ty = to(ho, C, €, K,d) > 1 such that for any
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t > ty and any saddle connection y in X; whose length is at most K,
the width of any vertical strip determined by y is at least t™ .

Proof. Without loss of generality we may assume ¢ < 1. The value of ty
is chosen large enough to satisfying various conditions that will appear
in the course of the proof. In particular, we require ty be large enough
so that for j = 1,...,2m and any t > ty we have

(6) AT —k>cFt .
First, observe that for any saddle connection y"in X;

() hiyY=h(y) and vyJ=e? [C—hyHv(yH >ct.

Indeed, if ke™'=2 < hy we can apply the Diophantine condition to the
saddle connection yg'in X that corresponds to y"~to conclude

C C
= > = >

"V =NV > Gog iy~ @+ Togviydy ¢

We shall argue by contradiction and suppose that there is a vertical
strip P, supported on y whose width is < t~ . Let y; be the saddle
connection joining the singularities on its vertical edges. If v(y;) <
e™2, then (@) implies v(y1) > ct =". If v(y1) > €2 we get the same
conclusion by choosing t, large enough. We shall consider only zippers
that protrude from a fixed side of y. Using (@) with j = 1 we see that
the height a; of the longer zipper on the boundary of P, satisfies

-

a,>c  —k>c’t .

Suppose we have a contraption P, [-1- [P],j = 1 of vertical strips
joined along zippers of height ay, ..., a -1 and such that on the bound-
ary of the contraption there is a zipper of height a; satisfying

(8) min(ay,...,a)>c3t 7",

If the total width w; of the contraption is less than that of y, we can
adjoin a vertical strip Pj.; along the zipper of height a;. The new
contraption P; 1 [Pjl,; contains an embedded parallelogram with a
pair of vertical sides of length greater than the RHS of (8) and whose
width equals the total width w;.; of the new contraption. Therefore,

9) Wiy <c At ()
Let a1 be the height of the longer zipper on the boundary of the new
contraption.

Claim: aj,; >cX0*D¢ ~0+D"

If not, we can find a saddle connection y;.; that crosses from one
vertical boundary of the union to the other, with vertical component
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satisfying V(yJ +l) < C2(j +1) t —(+1)" ¢ K< C2j +1 t —(j+1)" by virtue of @,
assuming j +1 < m. But then (@) implies

WJ +1 > > C_zj t_( _j" )

V(Vj +1 t
which contradicts (@), and thus establishes the claim.

As soon as the total width of the new contraption equals that of
y, both zippers on the boundary are degenerate or have height zero,
contradicting the claim. This contradiction implies width of P, is at
least t .

Theorem 4.7. There exists € > 0 depending only on the stratum of
(X, q) such that liminft' G{X;) > 0 implies Fy is uniquely ergodic.

Proof. Let D; be a complete Delaungy-trigngulation of X;. If a triangle
A [, has an edge y of length [3>  2/m then the circumscribing disk
contains g maximal cylinder C that is crossed by y and such that
h < [ h?+c? where h and c are height and circumference of the
cylinder C ([MS]). Since hc = area(C) < 1 a long Delaunay edge will
cross a cylinder of large modulus. Let kK and p be chosen so that a
Delaunay edge of length > k crosses a cylinder of modulus > p and
assume W is large enough so that the cylinder crossed by the Delaunay
edge is uniquely determined.

For each Delaunay edge y of length at most k, let A and A"be the
Delaunay triangles that have y on its boundary, and let D and D"the
respective circumscribing disks. Applying Proposition [£.6 we can find
a vertical strip of area at least d (= %) which is contained in some
immersed rectangle than contains a square S of side o; = ¢t~ centered
at some point on the equator of D as well as a square S"of the same
size centered at some point on the equator of DY Both S and S"are
d-bulerkd and K-reachable from each other for any K > 0.

Call an edge in Dy long if it crosses a cylinder of modulus > . Call
a triangle in Dy thin if it has two long edges. We note that if a triangle
in D; has any long edges on its boundary, then it has exactly two such
edges. Each cylinder C of modulus > p determines a collection of
long edges and thin triangles whose union contains C. Moreover, the
intersection of the disks circumscribing the associated thin triangles
contains a K/2-neighborhood of the core curve of C. For each such C,
choose a saddle connection on its boundary and apply Proposition
to construct a d-bu [ered square S™of side o, centered at some point
on the core curve of C.

Let N, be the collection of all squares S and S"associated with edges
in D, of length at most k together with all the squares S™associated
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cylinders of modulus > . It is easy to see that N; is a K-network for
any K > 0 and the number of elements in N; is bounded above by some
constant N that depends only on the stratum. Choose € so that eN < 1
and lgtts— oo be the sequence given by Proposition 4.3, and note
that | o5 = oo by the choice of €. LetS/",i =1,..., N enumerate the
elements of N, using repetition, if necessary. Aapplying Lemma 4.1 to
the subsets A, = f1S] ... < f 1S} of the probability space XN, we
obtain an N-tuple of generic points (Xy, ..., Xy ) with the property that
for infinitely many n, f,x; [S]' for all i. By passing to a subsequence,
we may assume this holds for every n.

Let v be the ergodic component that contains x;. Since 'k (N,)
is connected, we can find for each n an Xx;,i 8 1 such that f,x; is
K-reachable from f,x;. After re-indexing, if necessary, we may f,Xx;
is K-reachable from f,x; for infinitely many n, and by further pass-
ing to a subsequence, we may assume this holds for every n. By
Lemma [2.3 it follows that x, belongs to the ergodic component v.
Given Xq,...,Xi,1 < N we can find for each n an x;,j > i such that
f.X; is K-reachable from f,{x1,...,Xi}. After re-indexing and pass-
ing to a subsequence, we may assume that f,x;.; is K-reachable from
f{X1,...,X%}. Proceeding inductively, we deduce that each x; belongs
to the ergodic component v.

Since X, is K-fully covered by N, given any generic point z, we can
find for each n an x; such that f,z is K-visible from f,X;. For some i
this holds for infinitely many n, so that by Lemmal[Z3, z belongs to the
same ergodic component as X;, i.e. v. This shows that F, is uniquely
ergodic.

Remark 4.8. Given any function r(t) - oo ast — oo there exists a
Teichmiiller geodesic X; determined by a nonerogdic vertical foliation
such that limsup, _ ., r(t) (X;) > 0. See [CE].

5. Nonergodic directions

In the case of double covers of the torus branched over two points, it
is possible to give a complete characterisation of the set of nonergodic
directions. This allows us to obtain an a Lrmhtive answer to a question
of W. Veech ([\el], p.32, question 2). We briefly sketch the main ideas
of this argument.

Let (X, q) be the double of the flat torus T = (C?/Z]i], dz?) along a
horizontal slit of length A,0 < A < 1. Let zy,z; [Tlbe the endpoints of
the slit. The surface (X, q) is a branched double cover of T, branched
over the points zo and z;. Assume A I Q. (If A [CQ, the surface is
square-tiled, hence Veech; in this case, a direction is uniquely ergodic
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i [its slope is irrational.) Let V be the set of holonomy vectors of
saddle connections in X. Then

V=W LLZ

where Z is the set of holonomy vectors of simple closed curves in T
and W is the set of holonomy vectors of the form A + m + ni where
m, n [ZZ1 We refer to saddle connections with holonomy in W as slits
and those with holonomy in Z as loops. Given any slit w [\, there is
segment in T joining zo to z; whose holonomy vector is w. The double
of T along this segment is a branched cover that is biholomorphically
equivalent to (X, q) if and only if

w Wy :={A+m+ni:mn [2X}.

(See [Ch1].) In this case, the segment lifts to a pair of slits that are
interchanged by the covering transformation T : X — X and the com-
plement of their union is a pair of slit tori also interchanged by the
involution t. A slit is called separating if its holonomy lies in Wp;
otherwise, it is non-separating.

Fix a direction 8 and let F be the foliation in direction 6. Let
X; be the Teichmiller geodesic determined by F . Let [(X;) denote
the length of the shortest saddle connection measured with respect to
the sup norm. Assume lim;_ . [(X;) = 0 for otherwise the length of
the shortest separating system is bounded away from zero along some
sequence t, — oo and Theorem implies F is uniquely ergodic.
Note that the shortest saddle connection can always be realised by
either a slit or a loop, and if t is su Lciehtly large, we may also choose
it to have holonomy vector with positive imaginary part. Note also
that log [(X;) is a piecewise linear function of slopes *+1.

Let v; be the sequence of slits or loops that realise the local minima
of —log [(X;) ast — oco. We assume 6 is minimal so that this is an
infinite sequence. If v; is a loop, then v;.; must be a slit since two
loops cannot be simultaneously short. If v; and vj.; are both slits,
then the length of the vector v;.; —v; at the time when v; and vj.;
have the same length (with respect to the sup norm) is less than twice
the common length. It follows that v = v;,; —v; [Zso that either v;
or vj41 Is non-separating. Note that v is the shortest shortest loop at
this time. If v; (resp. vj+1) is non-separating, then at the first (resp.
last) time when v is the shortest loop, there is another loop v-that
forms an integral basis for Z[i] together with v. Since the common
length of these loops is at least one, v; (resp. vj.1) is the unique slit
or loop of length less than one and it follows that the length of the
shortest separating system is at least one. If there exists an infinite
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sequence of pairs of consecutive slits, then we may apply Theorem
to conclude that F is uniquely ergodic.

It remains to consider the case when the sequence of shortest vectors
alternates between separating slits and loops

eV WLV Wi, Vi,

with increasing imaginary parts. Note that w;.; —w; is an even positive
multiple of v;, say 2bj+,. The surface X; at the time t; when v; is
shortest (slope *1) can be described quite explicitly. The slit w; is
almost horizontal while w;.; is almost vertical. The area exchange
between the partitions determined by w; and w;.; is approximately
Vi < w;| = |v; xwj.1| = §. The surface can be represented as a
sum of tori slit along w;.,, each containing a cylinder having v; as
its core curve and occupying most of the area of the slit torus. Using
th'ﬁfpresentation, we can find a single bulerkd square S; with side

9; which, together with its image under t, forms a K-network (for
any K > 0). A straightforward calculation shows that the sequence
A = fj_ls,- satisfies |A; n Aq| = K|A;||A«| for all @enoughj <k.
Lemma 4.1 now igaphigs F is uniquely ergodic if  [Aj| = co.

Conversely, if ~ [Aj]| < oo then another straightforward calculation
shows that the hypotheses of the nonergodicity criterion in [MS] are
satisfied, implying that F is nonergodic.
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