HAUSDORFF DIMENSION OF THE SET OF
SINGULAR PAIRS

YITWAH CHEUNG

ABSTRACT. In this paper we show that the Hausdorff dimension

of the set of singular pairs is 2. We also show that the action

of diag(ef,ef,e™?) on SL3R/ Sig Z admits divergent trajectories
that exit to infinity at arbitrarily slow prescribed rates, answering
a question of A.N. Starkov. As a by-product of the analysis, we
obtain a higher dimensional generalisation of the basic inequalities
satisfied by convergents of continued fractions. As an illustration
of the technique used to compute Hausdorff dimension, we show
that the set of real numbers with divergent partial quotients has
1

Hausdorff dimension 5-

1. INTRODUCTION

Let Sing(d) denote the set of all singular vectors in R?. Recall that
x € R? is said to be singular if for every § > 0 there exists Tj such
that for all T > T} the system of inequalities

)
(1.1) lgx — pl| <7Fyg and 0<g<T
admits an integer solution (p,q) € Z4*1. Since Sing(d) contains every
rational hyperplane in R?, its Hausdorff dimension is between d — 1
and d. In this paper, we prove

Theorem 1.1. The Hausdor{f dimension of Sing(2) is 5.

Singular vectors that lie on a rational hyperplane are said to be
degenerate. Implicit in this terminology is the expectation that the set
Sing*(d) of all nondegenerate singular vectors is somehow larger than
the union of all rational hyperplanes in R, which is a set of Hausdorff
dimension d — 1. The papers [1], [26], [21] and [2] give lower bounds on
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certain subsets of Sing”(d) that, in particular, imply H.dim Sing™(d) >
d—1. Theorem 1.1 shows that strict inequality holds in the case d = 2.

Divergent trajectories. There is a well-known dynamical interpre-
tation of singular vectors. Let G/I" be the space of oriented unimodular
lattices in R4 where G = SLg1 R and I’ = SLgy 1 Z. A path (Ay)i>o
in G/T is said to be divergent if for every compact subset K C G /I’
there is a time 7" such that Ay ¢ K for all ¢t > T. By Mahler’s crite-
rion, (A;) is divergent iff the length of the shortest nonzero vector of A,
tends to zero as t — oo. It is not hard to see that x € R? is singular
iff £(g;hxZ3t1) — 0 as t — oo, where

e 1 —I

= B : y h’X = N : 5
g et 1 —ay
—dt 1

and /(-) denotes the length of the shortest nonzero vector. Thus, x
is singular if and only if (g:hx")i>0 is a divergent trajectory of the
homogeneous flow on G//T" induced by the one-parameter subgroup (g;)
acting by left multiplication.

As a corollary of Theorem 1.1 we obtain

Corollary 1.2. The set D(g;) of points in SLz R/ SL3 Z whose forward
trajectory under g; is divergent has Hausdorff dimension 7%.

Proof. Let P := {p € G|gpg_; stays bounded as t — oo} and note
that every ¢ € G can be written as phyy for some p € P, x € R?
and v € I'. Since g;ph and g;h differ by the action of an element
from a bounded set, non-divergence of g;h is equivalent to that of g;ph.
Therefore,

D(gt) - UxGSing(d)PhxF~

Since P is a manifold and I" is countable, the Hausdorff codimension
of D(g;) in G/ coincides with that of Sing(d) in R%. O

Similarly, as a corollary to Theorem 1.6 below, we have

Corollary 1.3. There is a one-parameter family of compact sets Ks C
SLsR/SL3Z such that the Hausdorff dimension of the set of points
whose forward trajectory under g, eventually stays outside of Ks is a
function that approaches 7% from above as 6 — 0.

Our techniques also allow us to answer a question of Starkov [23]
concerning the existence of slowly divergent trajectories.
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Theorem 1.4. Given any function (t) — 0 ast — oo there is a dense
set of x € Sing™(2) such that £(g:hZY) > e(t) as t — oo.

Further results about singular vectors and divergent trajectories can
be found in the papers [12], [13], [24] and [25].

Diagonal flows. The notion of a singular vector is dual to that of a
badly approximable vector. Recall that x € R? is badly approximable if
there is a ¢ > 0 such that ||gx—p|| > cqg /¢ for all (p, q) € Zx Z¢. As
with Sing(d), the set BA(d) of badly approximable vectors in R admits
a characterisation in terms of the flow on G/I'" induced by (g;): x €
BA(d) if and only if (g:hx]")i>0 is a bounded trajectory, i.e. its closure
in G/I' is compact. In [22] Schmidt showed that H.dim BA(d) = d,
which implies that the set B C G/I" of points that lie on bounded
trajectories of the flow induced by (¢;) has H.dim B = dimG. The
latter statement was later generalised by Kleinbock and Margulis in
[11] to the setting of non-quasi-unipotent homogeneous flows where G
is a connected real semisimple Lie group, I' a lattice in G, and (g¢;) a
one-parameter subgroup such that Ad g; has an eigenvalue of absolute
value # 1.

Divergent trajectories of these flows have also been investigated. In
[6] Dani showed that if I is of “rank one” then the set D C G/I'
of points that lie on divergent trajectories of the flow is a countable
union of proper submanifolds, implying that its Hausdorff dimension is
integral and strictly less than dim G. In the case where G = (SLy R)”
with n > 2 and I' is the reducible lattice (SLyZ)"™ with g; inducing
the same diagonal flow in each factor, the Hausdorff dimension of D
was shown to be dimG — % ([5]). Corollary 1.2 furnishes a higher
rank example with irreducible I', providing further evidence for the
following.

Conjecture. For any non-quasi-unipotent flow (G/I', g;) on a finite-
volume, noncompact homogeneous space, the set of points that lie on

divergent trajectories of the flow has Hausdorff dimension strictly less
than dim G .*

Results in a similar spirit are also known for the Teichmiiller (ge-
odesic) flow, further reinforcing the analogy with diagonal flows. In
this setting, it is customary to restrict attention to a Teichmiiller disk
and consider sets of “directions” (as a subset of the unit circle) that
determine bounded or divergent trajectories. For any Teichmiiller disk,

Tt is a well-known result of G.A. Margulis that a quasi-unipotent flow on a
finite-volume homogeneous space admits no divergent trajectories.
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the Hausdorff dimension of the set of bounded directions is always one
([14]), while the Hausdorff dimension of the set of divergent directions
is always at most 3 ([17]), with equality in some cases ([4]), and nonzero
generically ([20]).

We briefly sketch the main ideas in the proof of Theorem 1.1. The
strategy is to encode Sing(d) via the sequence of shortest vectors that
arise during the evolution of the lattice g;hxZ*! as t — oo, then re-
cast the problem of computing Hausdorff dimension into the language
of symbolic dynamics. It is well-known that vectors in h,Z4*! that
become short under the action of g; correspond to good rational ap-
proximations to x. For an appropriate choice of the norm on R**!, this
correspondence becomes exact, with vectors that become shortest cor-
responding to rationals that are best approximations to x. (Lemma 2.4)

We cover Sing(d) with sets of the following form

A(v) = {x : v is a best approximation to x}.

The diameters of these sets are roughly given by

6(v)

o] 1+1/d

where 0(v) is a “distortion parameter” measuring the length of the
shortest non-zero vector in some d-dimensional unimodular lattice £(v)
that is naturally associated to v. (2.14)

In estimating these diameters, we are essentially led to the follow-
ing generalisation of the basic inequalities satisfied by the sequence of
convergents of the continued fraction. (Theorem 2.15)

Theorem 1.5. Let %,j =0,1,... be the sequence of best approxima-
J
tions to x relative to some given norm || - || on R:. Then
(1.2) 1044 ] - HX || 2[mya
4;(gj+1 + ¢) 9 43 j+1

d ;o o _
where mj 1 € Z° is given by m;; = p;iqj+1 — Pj+1,iq5-

From the sequence of best approximations, one can easily recover
the local maxima of the shortest vector function. (Lemma 2.17)

Singular vectors are characterised as those x € R? for which the se-
quence of best approximations satisfies lim; 6(v;) = 0. (Theorem 2.19)

For each § > 0 we now have a covering {A(v)}5()<s of Sing(d) which
admits a self-similar structure (see §3) defined by

(1.3) o(v) = {v: vy for some x € Sing(d)}
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where v 5 v' means v and v are successive elements in the sequence
¥(x) of best approximations to x, with v’ immediately following v.2
Any real s > 0 for which the inequality

(1.4) D (diam A(v')* < (diam A(v))*
v'eo(v)

holds (for all v) is an upper bound for H.dim Sing(d), although the
existence of such an s is not guaranteed. (Theorem 3.1)

It is well-known that ¥(x) can contain arbitrarily long segments of
rationals that lie on the same affine line in R%. (See [16].) Along such
segments, the distortion parameter is strictly decreasing. (Lemma 2.18)

By passing to the subsequence ‘Z(X) formed by the initial elements
of these segments (first acceleration), we obtain a self-similar structure
¢ for which (1.4) is nearly satisfied. (Proposition 4.12)

By passing to a further subsequence (second acceleration) along
which the distortion parameter is monotone, we arrive at a self-similar
structure ¢’ that permits non-trivial upper bounds satisfying (1.4) to
be obtained. (Proposition 4.13)

For lower bounds, we construct a suitable subcover of the first accel-
eration that satisfies certain spacing conditions required by a general
lower bound estimate. (Theorem 3.3)

The arguments used to prove Theorem 1.1 essentially also yield a
proof of the following.

Theorem 1.6. Let D1s(d) be the set of allx € R? for which there exists
Ty such that for all T > Ty the system of inequalities (1.1) admits an
integer solution. There are positive constants ci,cy such that

4 4
(1.5) 3 + exp(—c;07*) < H.dim DIs(2) < 3 + c50.

Many of the basic features of the main calculation (except the use of
accelerations) is contained in the proof of the following result, which is
presented in §3 as a warm-up to the proof of Theorem 1.1.

Theorem 1.7. Let Dy, be the set of real numbers whose sequence (ay)
of partial quotients® tend to infinity as k — oo. Then H.dim D, = %

Outline of the paper. In §2 we develop the properties of the sequence of
best approximations as well as the characterisation of the set of singular
vectors in terms of them. In §3 we recall the notion of a self-similar
covering and develop a general lower bound estimate for a certain class

The sets in (1.3) are difficult to describe ezactly and for practical reasons, we
work with slightly larger sets that have simpler explicit descriptions.
3This terminology for the terms of the continued fraction is classical.
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of well-spaced self-similar coverings (Theorem 3.3), ending the section
with a proof of Theorem 1.7. The upper and lower bound calculations
for Theorems 1.1 and 1.6 are presented in §4 and §5, respectively. The
final section, §6, is devoted to the proof of Theorem 1.4.
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2. BEST APPROXIMATIONS

Let || - || be any norm on R? and let || - || denote the norm on R*+?
given by ||(x, )]’ := max(||x]|,|y|). For any S C R4 let

0(S) = inf{|jv]| : v € S,v#£0}
and for any x € R?, let Wy : R — R be the function defined by
Wx(t) = IOg e(gtthd—l—l)'

Lemma 2.1. The function Wy is continuous, piecewise linear with
slopes —d and +1; moreover, it has infinitely many local minima if and

only if x & Q<.

Proof. For any v # 0 the function ¢ — log||g;v]|’ is a continuous,
piecewise linear function with at most one critical point. Its derivative
is defined everywhere except at the critical point and is either equal to
—d or +1. For each 7 € R, there is a finite set F, C hyZ%*! such that
Wi (t) = log ¢(g,F;) for all ¢ in some neighborhood of 7. Thus, Wy is
continuous, piecewise linear with slopes —d and +1, because it satisfies
the same property locally.

Let C be the set of critical points of Wy and note that F, can be
chosen so that it is constant on each connected component of R\ C.
If x ¢ Q4 then ¢(g;F,) — 0o as t — oo whereas Minkowski’s theorem
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implies £(g;hxZ4*1) is bounded above for all t. Hence, F; # F; for some
t > 7 so that CN|[r,t] # @ and since 7 can be chosen arbitrarily large,
it follows that W has infinitely many local minima. If x € Q¢ then
X = % for some p € Z%,q € Z such that v = (p, q) satisfies ged(v) = 1.
Observe that we can take F, = {hyv} for all sufficiently large 7. Thus,
C' is bounded, hence finite, and in particular Wy has at most finitely
many local minima. O

Definition 2.2. Let v be a vector in

Q= {(p,q) € Z"" : ged(p,q) = 1,4 > 0}
and 7 a local minimum time of the function W,. We shall say “v
realises the local minimum of Wy at time 77 if Wy (t) = log ||g:hxv]||’
for all £ in some neighborhood of 7. The set of vectors in ) that realise
some local minimum of Wy will be denoted by

¥ (x).
Convention: If x € Q4, then the vector v = (p, ¢) € Q such that x = v

belongs to ¥(x) because it realises the local minimum of Wy at the
time 7 = +00.

Notation. Given x € R? and v = (p, q) € Q we let
(2.1) hory(v) := |lgx — p|| and lv| == q.
Remark 2.3. For each v € ¥(x) there is an open interval of times ¢ for
which the minimum in
Wi(t) = miél log max(e~%|v|, e" hory(v))
ve
is realised by v; the converse only holds if this open interval can be
chosen to contain the “balance time” for v given by
1 hory(v)
Pulv) = =g o8
Lemma 2.4. Let v € Q. Then v € 3(x) if and only if for any u € Q
(1) |u| < |v| implies hory(u) > horg(v), and
(i) |u| = |v| implies hory(u) > horg(v).

Proof. Suppose v € 3(x), so that it realises a local minimum of Wy. If
u € () does not satisfy (i) then ||g:hxul||” < ||gihxv]|” for all ¢, with strict
inequality for at least some ¢, which implies that v cannot realise a local
minimum of Wy, a contradiction. Therefore, (i) holds for any u € Q.
The argument that (ii) holds as well is similar. Conversely, suppose (i)
and (ii) hold for all u € @. Let (7,¢) be the unique local minimum of
t — ||gihxv|’. Let B’ be the closed || - ||-ball of radius ¢ at the origin.
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Write it as B x I where B C R?and I C R. Let Z = B'Ng;hZ% " and
Z* = Z\{0}. Then (i) and (ii) imply Z* C 0B x 0, which implies
v realises the shortest nonzero vector at time 7. (By this we mean
g-hxv is the shortest nonzero vector in g,h,Z41.) Since there is exists
a slightly larger ball B” containing B’ such that B” N ghZ4* = Z,
it follows that v realises the shortest nonzero vector for an interval of
t about 7. Thus, v realises a local minimum of Wy and v € ¥(x). O

Recall that % € Q7 is a best approzimation to x if

(i) |lgx — p|| < |[[nx — m]| for any (m,n) € Z¥*!, 0 <n <q,
(ii) [lgx — p|| < |lgx — p/|| for any p’ € Z°.

Lemma 2.4 gives a simple dynamical interpretation for the sequence
of best approximations, ordered by increasing height: they correspond
precisely to the sequence of vectors that realise the local minima of W.

The study of best approximations has a long history going back to
Lagrange, who showed that the sequence of best approximations in the
case d = 1 are enumerated by the convergents of the continued fraction
expansion. For further results on best approximations we refer the
reader to the articles [15, 16] and the survey [19].

Notation. For any v € () let
(2.2) 0= % € Q? where v=(p,q)€Q.

We shall often ignore the distinction between a vector v € () and
the rational v corresponding to it. Thus, we may refer to a sequence
(v;) in @ as the sequence of best approximations to x, by which we
mean for every j the vector v; realises the jth local minimum of Wi.
This raises the issue of the uniqueness of the vector realising a local
minimum of W, or equivalently, the existence of best approximations
to x of the same height. In the case d = 1, this can only happen if
x is a half integer. In general, there are at most finitely many local
minima that can be realised by multiple vectors in Q. (See the remark
following Theorem 2.11 below.) When referring to “the sequence of
best approximations to x” we really mean any sequence (v;) such that
the jth local minimum of Wy is realised by v;.

The next lemma was proved in [16] for the case d = 2.

Lemma 2.5. Ifu,v € ¥(x) realise a consecutive pair of local minima of
the function Wy, then they span a primitive two-dimensional sublattice
of 2 ie. 7 N (Ru + Rv) = Zu + Zv.
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Proof. Let F' = {£u, v} and denote its convex hull by conv(F'). Let
C(x) be the collection of subsets of R4*! of the form

C(r,h) ={(a,b) : ||la]| < r,|b] < h} r>0,h>0

that intersect hy(Z?**\ {0}) on the boundary but not in the interior.
Observe that the set of maximal (resp. minimal) elements of C(x),
partially ordered by inclusion, is in one-to-one correspondence with
the set of local maxima (resp. local minima) of the function Wy. Since
u and v realise distinct local minima, |u| # |v|. Hence, without loss of
generality, assume that |u| < |v|. The element of C(x) corresponding to
the unique local maximum of Wy between the consecutive pair of local
minima determined by w and v is given by the parameters r = hory(u)
and h = |v|. Note that conv(hyF') is a subset of C'(r, h) and intersects
the boundary of C(r, h) in the four points of hyF'. Therefore,

(2.3) conv(F)NZ¥ = F U {0}.

Since u is primitive, there is a primitive w € Z! such that {u,w} is
an integral basis for L = Z! N (Ru + Rv). Let (¢,d) = ¢(v) where
¢ : L — 72 be the map that sends u to (1,0) and w to (0, 1). Replacing
w with —w, if necessary, we may assume d > 0, and by further replacing
w with an integer multiple of v added to it, we may assume 0 < ¢ < d.
Note that if ¢ > 0 then (1, 1) lies in the triangle with vertices at (¢, d),
(1,0) and the origin. This would imply that conv(F') N L contains
¢ 1(1,1), and since (1,1) € o(F U {0}), this violates (2.3). Therefore,
¢ = 0. And since v is primitive, we must have d = 1. Thus, v = w and
L = p(Z?) = Zu + Zw. O

2.1. Two-dimensional sublattices.
Definition 2.6. For any v € (), we denote by
L(v)
the set of primitive two-dimensional sublattices of Z*! containing v.

There is a natural way to view L£(v) as the set of primitive elements
in some d-dimensional lattice. Indeed, consider the exact sequence of
real vector spaces

where each map is exterior multiplication by v. Since v # 0, the kernel
of ¢ is one-dimensional, from which it follows that the image of ¢,
denoted

;C]R(’U),
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is a real vector space of dimension d. Similarly, we have an exact
sequence of free Z-modules

7 — /\lzd-i-l _ /\2zd+1 _ /\3zd+1
where the image of the second map is a free Z-module of rank d, denoted
EZ (U) .

It is a d-dimensional lattice embedded in Lg(v). The set of primitive
elements in Lz(v) is naturally identified with the set

Li(v)={uAv:uveQ,Zu+Zv e L(v)}

of oriented, primitive, two-dimensional sublattices of Z*! that contain
v, as the next lemma shows.

Lemma 2.7. Let L = Zu+Zv be a two dimensional sublattice of Z47!.
Then L is primitive if and only if uw A\ v is primitive as an element of
Lz(v), i.e. uANv#dw for any d > 2 and w € Lz(v).

Proof. Let L' = Z%+' Nspan L so that L is primitive iff L' = L. Suppose
u A v = dw for some d > 2 and w € Lz(v). Write w = v’ A v for some
u' € Z!. Then (du' —u) Av =0 so that du’ = u + cv for some ¢ € Z.
Since d > 2, ' ¢ L. Hence, L' # L. Conversely, suppose L' # L.
Choose v’ € @ so that L' = Zu' + Zv. Since L C L', we may write
u = au’ 4+ bv for some a,b € Z. Then u A v = au’ A v. Since the

index of L in L' is given by |a|, we have u A v = dw where d = |a| and
w=2u ANv € Lz(v). Since L # L', d > 2. O

Identifying A'R! with R, we note that the kernel of ¢ is given
by the one-dimensional subspace Rv. Thus, ¢ induces an isomorphism
of Lg(v) with the space of cosets of Rv in R4, The elements in £z(v)
correspond to cosets that have nonempty intersection with Z4+!,

Let E, be the expanding eigenspace for the action of g;. Then

R = E, @ Ru

and the map that sends a coset of Rv to the point of intersection with
E, induces an isomorphism of Lg(v) with E,. The norm || - || on R
which is naturally identified with E., induces a norm on Lg(v), which
we shall denote by

I Nz

Let E_ be the contracting eigenspace for g;. Since dim F_ = 1, the
kth exterior power decomposes into two eigenspaces for g,

/\de-l-l — E_];:_ @ Eﬁ
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where E% and E* are naturally identified with A*E, and A" 'E.,
respectively. Let ey, ...,eq41 be the standard basis vectors for R+,
The operation of wedging with ez, ; induces an isomorphism between
E_'fr and E**!: in particular, we have an isomorphism of E? with E}r,
which is naturally identified with R? through the isomorphisms with
E,. The norm || - || on R? induces a norm on E?, which may be
extended to a seminorm on all of AR by defining the (semi)norm
of an element to be the norm of the component in £%. This seminorm
will be denoted by
-1

Given L € L(v) we may form an element u A v € Lz(v) by choosing
any pair in () such that L = Zu + Zv. This element is well-defined up
to sign, so it makes sense to talk about the norm of L an element in
Lr(v) and also as an element of A2R9*!; denote these, respectively, by

1Ll and |L].

There is a simple relation between these norms. Note that the action
of hy on an element in A2R%*! preserves the component in £2. Now
let u',v" be the respective images of u,v under h;. Then u' A v =
lv|u’, A eqy1 where v/, is the component of v’ in E. Note that v/  is
precisely the point where the coset of Rv corresponding to L intersects
E, . Note also that its norm is given by hor;(u). It follows that
— o (u) = [

(2.5) | L|| £y = hory(u) = ol

The image of L£z(v) under the isomorphism of Lg(v) with E. is
simply the image of Z%*! under the projection of R = £, ®Ruv onto
E.,, ie. the projection along lines parallel to v. Alternatively, it can
be described as the set of all components in E, of vectors in hyZ+!.
Its volume is given by

vol (Lz(v)) = i
|v]

Since L4 (v) is a discrete subset of a normed vector space, there exists
an element of minimal positive norm. While this element may not be
unique, we shall choose one for each v € @), once and for all, and denote
it by

L(v).
The corresponding element in £(v) will be denoted by the same sym-
bol.* Since the norm of the shortest nonzero vector in a unimodular

4We shall often blur the distinction between elements in £ (v) and £(v), leaving
it to the context to determine which meaning is intended.
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lattice in R? is bounded above by some constant o (depending on || ||)
we have for all v € )
| L(v)]

(26) ‘U|1_1/d > Mo-

Let us mention a form of (2.5) that is symmetric with respect to u
and v. Let dist(-,-) denote the metric on R? induced by the norm | -|.
Then hor,(u) = |u| dist(a, v) so that

lu A vl

(2.7) dist (11, ) = ool

Let us extend the notation v, |v| and hory(v) introduced in (2.2) and
(2.1) to the set B¢ = R\ E,.. Then (2.7) holds for all u,v € EX.
It will be convenient to allow overscripts on the arguments of dist(, )
to be dropped; formally, we are extending dist : R x R — R to a
function that is defined on F x E where E is the disjoint union of R?
and ES. These conventions allow for more appealing formulas such as

|u A v| = |ul|v| dist(u,v), horg(v) = |v|dist(v, x).
2.2. Domains of approximation. We now investigate the sets
Aw) :={xcR:vec N(x)}
for v € (). By Lemma 2.4,
AW) = (Muitol Bu(®)) N (Mui=ol Bu(v))
where the sets A, (v), defined only for u € @ \ {v}, are given by
A, (v) = {x € R : hory(u) > hory(v)}.
We note that A, (v) is bounded iff |u| < |v].
Lemma 2.8. For any (distinct) u,v € Q with |u| < |v| we have
dist(x, u) > dist(u +v,u) Vx € A, (v).
Here, dist(u + v, -) means dist(w, ) where w = u + v.
Proof. By definition, x € A, (v) iff
dist(v,x) < Adist(u,x) where A= 1— <1.
Let w = u + v. Since dist(u, v) = dist(u, w) + dist(w, v) and

A A
dist (v, w) = [vAwl_ Jul <|“ wl

= = Adist(u, w)
olfw] ol \ ful|w] )
the triangle inequality implies

(1 + N dist(u, w) < dist(u,x) + dist(v,x) < (1 + A) dist(u, x)



HAUSDORFF DIMENSION OF THE SET OF SINGULAR PAIRS 13

and the lemma follows. O

Remark 2.9. It follows easily from Lemma 2.8 that the infimum of

{dist(u,x) : x € A,(v)}
is realised at the rational point corresponding to u+ v. It can similarly
be shown that the supremum is realised by the rational corresponding
to v — u. In the case when || - || is the Euclidean norm, the set A, (v)
is the open Euclidean ball having these points as antipodal points.

Lemma 2.10. For any L € L, (v) there are unique vectors uy € Q
satisfying L = ux A v and |ux| < |v|. These vectors satisfy |uy| < |v|
iff v=uy+u_ iff lu_| <|v|. Similarly, |uy| = |v| iff 20 = uy +u_ iff

|u_| = |v|. Furthermore, if L = L(v) then |uy| < |v| provided
1

(2.8) o] > 75
Ad

where g is the length of the shortest nonzero vector in in Z% with
respect to the norm || - ||.

Proof. Existence and unique of uy is clear. If |uy| < |v| then v — uy
satisfies the conditions defining u_ so that v — uy = u_. Similarly, if
luy| = |v] then 20 — uy = w_. Finally, if L = L(v) and |uy| = |v]
then v —uy € Z% and is also the shortest nonzero vector in Lz(v),
represented as a subset of E, via the projection of Z4*! along lines
parallel to v. Since £z(v) contains Z%, we have

| L(v)]
ol

From (2.6) it follows that Ay < ﬁ? which is precluded by (2.8). O

Ao = [lo —uil =

Let B(x,r) C R? denote the open ball at x of radius 7.

Theorem 2.11. For any v € Q satisfying (2.8) we have

(2.9) B(o,g)cA(v)cB(o,zr) where 1 = |L|$‘”2)‘.

Proof. Consider u € ) with |u| < |v] and u # v. Let A = % and p > 0.

For any x € B(v, ur) we have

HLE) e
|v] ig

lu A vl

dist(x,v) < = A\ dist(u, v)

so that
dist(x,u) > (1 — Ap)

Jullo] ©
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Thus, x € A,(v) provided
p<1l-=2Au
and since A < 1, this holds for u = % This establishes the first
inequality in (2.9).
Let L € L(v) and choose uy as in Lemma 2.10 so that |u_| < |u].
For any x € A, (v) we have

: lu_| .. lu_| (.. |L|
dist(x,v) < —— dist(x,u_) < — [ dist(x,v) + ———
|| || u—][v]
so that | L
U— .
(1 - —) dist(x,v) < o

] |
If |uy| < |v| then it follows that

L 2|L
(2.10) dist(x,v) < L < | 2|.
uglfo] = [v]
The second inequality in (2.9) now follows by setting L = L(v) and
applying Lemma 2.10. U
As a corollary of Theorem 2.11 we get
: _ L) o
(2.11) diam A(v) < W < mE=yh

where 11 is the constant satisfying (2.6). Here, A < B means C~'B <
A < CB for some constant C.

Remark 2.12. For ,-norms (1 < p < 00), A(v) ¢ B(v,2r) implies L(v)
is a well-rounded lattice with the standard bases as minimal vectors and
consequently A(v) C Bu(v,5) where By denotes a (closed) ball with
respect to the sup norm.

Remark 2.13. If u,v € @) are distinct vectors that realise the same local
minimum of Wy, then Thereom 2.11 and (2.6) imply

2L(w)] | 2LW)] 4o

|U|2 |’U‘2 - |’U‘1+1/d

dist(u, v) <
provided |u| = |v| > ’;—§ Since u — v € Z4, we have
0
: Apo
Ao < |lu—o| = |v|dist(u,v) < o[

so that the condition
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implies v is uniquely determined by the local minimum that it realises.
Thus, the tail of the sequence of best approximations is uniquely de-
termined, a fact already observed in [15].

Theorem 2.14. Let v € ¥(x) and suppose u € Q is such that |u| < |v].
Then

1
(2.12) 5 dist(u, v) < dist(u, x) < 2dist(u, v).

Proof. Let L € L(v) be the one containing u. Then |u A v| = b|L| for
some positive integer b. By Lemma 2.8 we have
b L| b L|

. : L.
dist(x, u) > dist(u + v, u) = et ol > 2ullo] > §dlst(u,v).

Let ux be as in Lemma 2.10 and note that |uy| < |v| as a consequence
of |u| < |v|. From the first inequality in (2.10) we have

dist(x, u) < dist(u, v) + dist(v, x)

L L
< oL + £ —<1+ [ )dist(u,v).

[ullol ~ Jugflo] blu]|

If b > 2 the expression in parentheses is at most 2. If b = 1 then u = uy
and the same is true again. Thus, dist(x, u) < 2dist(u,v). O

Theorem 1.5 is a consequence of the following.

Theorem 2.15. Let 2—; be the sequence of best approzimations to x
and set v; = (pj,q;) and Ljy1 = Zvj1 + Zvj. Then

| L1 Pj
4;(gj+1 + 45) 9

Proof. The first (resp. second) inequality follows by applying Lemma 2.8
(resp. Theorem 2.14) with u = v; and v = v, 4. O

- 2|Lj+1|‘

2.13
( ) qi95+1

<|x-

It can be shown that |L;| < C|L(v;)| for all j (and x) where C is
a constant that depends only on the norm || - ||. Using this, we may
rewrite (2.13) as

5(1)' 1)
lax — pyll = =31
i1
where
(2.14) 3(v) = [V L(v) | £y < ho.

As we shall see x € Sing(d) if and only if §(v;) — 0 as j — oco. See
Theorem 2.19 below.
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2.3. Characterisation of singular vectors. The sequence of critical
times of the function Wy are ordered by
To<tlog<m <t <...

where 7; (resp. t;) is the jth local maximum (resp. minimum) time.
Note that the first critical point 79 is a local maximum because as
t — —oo we have Wy(t) = t + log||v_1|| where v_; is any nonzero
vector in Z¢ of minimal || - ||-norm.

Definition 2.16. For u,v € Q and x € RY, let e (u,v) and 7 (u,v) be
defined by

e (1, v) T4 = ||V hory (u),

1 hory (u) 1. ex(u,v)
x\UW, = - 1 =—-1 ’
T (U, V) T8 o log m
Lemma 2.17. For any u,v € Q with |u| < |v| and for any x € A(v)
there is a unique time T when ||g-hxu|’ = |g-hxv]|’, given by T =

Tx(u,v). Moreover, the common length is given by ex(u,v).

Proof. Since |u| < |v| and x € A(v) we have hory(u) > horg(v). This
implies the existence of 7. Let ¢ = ex(u,v). The point (7,loge) is
where the lines y = —d(t — a) and y = (¢t — b) meet, where a = % log [v]
and b = — log hory(u). Since

(ty) = (ad+ b ad— bd)

d+1" d+1
we have
logz = —log || + —— log hory ()
i E— T'x 5
08 d+10gv d+10g0 “
1
T = ﬁlog\w e log hory (1)

from which it follows that

e ™/d = y|Yhory(u) and e T = hOI|‘x|(u)‘
v

O

Lemma 2.18. Assume x € Q% and set §; = ex(vj_1,v;)' ¢ where
(vj) is the sequence of best approzimations to x. Then x € DIs(d) iff
0; < 0 for all sufficiently large j.
Proof. Write v; = (pj, ¢;) so that Lemma 2.17 implies
0i1
|g;x — pjl| = hory(v;) = ]1—;21
Gj+1
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If §; < 0 then (pj, ;) solves (1.1) for all ¢; < T < g;4+1. It follows that
d; < 6 for all large enough j implies x € DIs(d). Conversely, suppose
x € DIs(d) so that there exists Ty such that (1.1) admits a solution for
all T'> Tj,. Suppose j is large enough so that g1 > Ty. Let (p,¢q) be
a solution to (1.1) for "= g;41. Then ¢ < gj41, implying that

1)
lg;x = pill < llgx —pll < =77
9j+1
from which it follows that 9, < 0. OJ

The next theorem gives a characterisation purely in terms of the
sequence of best approximations, without explicit reference to x. It
allows us to translate the problem of computing Hausdorff dimension
into the language of symbolic dynamics.

Theorem 2.19. Assume x ¢ Q7 and for each j > 1 set

1+1/d _ [vj—1 A vy

IS e
J |v;[1-1/

where (v;)j>0 is the sequence of best approximations to x. Assume
§ >0 and ¢ > 0 be related by 6 = Y% Then x € DIs»(d) implies
gj < ¢ for all sufficiently large j, which in turn implies x € Dlys(d). In
particular, x € Sing(d) iff e, — 0 as j — 0.

Proof. By Lemma 2.18 it suffices to show

L 14174
55
which holds by Theorem 2.14. 0

1+1/d

< ex(vj1,v5) < 2¢

3. SELF-SIMILAR COVERINGS

Let X be a metric space and J a countable set. Given ¢ C J x J and

a € J we let o(a) denote the set of all o € J such that (a,a’) € 0.
We say a sequence («;) of elements in J is o-admissible if a; 1 € ()
for all 7, and let J? denote the set of all o-admissible sequences in J.
By a self-similar covering of X we mean a triple (B, J, o) where B is a
collection of bounded subsets of X, J a countable index set for B, and
o C J x J such that there is a map £ : X — J? that assigns to each
r € X a o-admissible sequence (o) such that for all z € X

(i) NB(a¥) = {z}, and

(ii) diam B(af) — 0 as j — oo,

where B(«) denotes the element of B indexed by a.
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Theorem 3.1. (5], Theorem 5.3) If X is a metric space that admits
a self-similar covering (B, J, o), then H.dim X < s(B, J, o) where

(3.1)  s(B,J,0) =supinf s>0: Z (%) <1
)

e o'co(a

In many applications, X is a subset of some ambient metric space
Y and we are given a self-similar covering (B, J, o) of X by bounded
subsets of Y rather than X. For any bounded subset B C Y we
have diamyx B N X < diamy B but equality need not hold in general.
To compute s(¢B, J, o) one would also need an inequality going in the
other direction. While such an inequality may not be difficult to obtain,
it is both awkward and unnecessary: Theorem 3.1 remains valid in this
more general situation if the diameters in (3.1) are taken with respect
to the metric of Y. The proof of this more general statement does not
follow directly from Theorem 3.1, but the argument given in [5] applies
with essentially no change and will not be repeated here.

For lower bounds, we shall use

Theorem 3.2. Let B be a collection of nonempty compact subsets of
a metric space Y indexed by a countable set J. Suppose X C 'Y and
o C J x J are such that

(i) for each a € J, o(«) is a finite subset of J with at least 2
elements and for each o/ € o(«) we have B(a') C B(«a),
(ii) for each (o) € J7, we have diam B(a;) — 0 and the unique
point in NB(a;) belongs to X,
(iii) there exists p > 0 such that for any o € J and for any pair of
distinct o/, " € o(a)

(3.2) dist(B(a'), B(a")) > pdiam B(«),
(iv) there exists s > 0 such that for every o € J,
(3.3) > [diam B(o)]* > [diam B())*.
o’co(a)

Then H.dim X > s.

Theorem 3.2 is a special case of the next theorem, which allows for
a spacing condition with weights.

Theorem 3.3. Suppose (i) and (ii) of Theorem 3.2 holds, and there
exists a function p: J — (0,1) such that

(iii") for any o € J and for any pair of distinct o/, " € o(«)
(3.4) dist(B(a/), B(")) > p(«) diam B(«),
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(iv’) there exists s > 0 such that for every a € J,

> [p(a) diam B(a)]* > [p(ar) diam B(a)]".
o'co(a)
Then the s-dimensional Hausdorff measure of X is positive. In partic-
ular, H.dim X > s.

Proof. Fix any oy € J and let
E = E(Oéo)

be the set of all z € X such that NB(«a;) = {z} for some o-admissible
sequence (o) starting with ag. Let Jo = {ao} and J, = Upey,_,0()
for k > 0. Note that

E =Ni>oE), where Ej =Uqey, B(a).

Since each Jj is finite, F is compact. Let J" = Ug>J.
Claim. For any finite subset F' C J' such that Br = {B(a)}aer
covers F we have

(3.5) Z[p(oz) diam B(«a)]® > [p(ap) diam B(ap)]°.

acl
To prove the claim, it is enough to consider the case where Br has no
redundant elements, i.e. B(a)NE # @ foralla € F, and B(a) ¢ B(d)
for any distinct pair o,/ € F. It follows by (i) that the elements of
Br form a disjoint collection.

Proceed by induction on the smallest & such that FF C JyU---U Jg.
If £ =0, then F' = {ap} and (3.5) holds with equality. For k > 0,
first note that for any o/ € F' N J, we have o(a) C F' where « is the
unique element of J,_; such that o € o(«). Indeed, given o’ € o(a),
B(a") N E # @ implies that B(a”) intersects B(a”") for some o €
F. We cannot have B(a”) C B(a") for otherwise B(a/) would be a
redundant element in Bp; therefore, o/’ & J; for any i < k. Since
o € F, we have o' € Jy so that o =a" € F.

Let F'=FnN(JyU---UJg_1) and let F' be the subset of J;_; such
that ' N Jy is the disjoint union of o(a) as v ranges over the elements
of F. Then (iv) implies

S lp(e) dism B@) > 3 [p(a) diam B(a))

acl aeF'UF

and the claim follows by the induction hypothesis applied to F’ U F.
Now suppose U is a covering of E by open balls of radius at most ¢.

Since E is compact, there is a finite subcover U, and without loss of

generality we may assume each element of U, contains some point of
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E. For each U € Uy let (ay) be the sequence determined by a choice
of x € UN E and requiring =z € B(ag),ap € Ji for all k. Let kg be
the largest index k such that U N E C B(ay). Then there are distinct
elements o/, o € o(ay) such that U intersects both B(a') and B(«”)
so that (iii) implies

diam U > dist(B(), B(a")) > p(ay) diam B(ay).
Let F be the collection of o, associated to U € Uy. Then
> (diamU)* > [p(e) diam B(a)]* > [p(ap) diam B(ay)]*.

veu aclF

Since € > 0 was arbitrary, it follows that £ (and therefore also X) has
positive s-dimensional Hausdorff measure. O

Divergent partial quotients. In this section, we prove Theorem 1.7
as an illustration of the basic technique. The rest of this section is
independent of the other parts of the paper and may be skipped without
loss of continuity.

Let Dy be the set of all irrational numbers whose sequence of partial
quotients satisfy ay > N for all sufficiently large k. Given p/q € Q with
q>2let p_/q_ < py/qs bethe convergents that precede p/q in the two
possible continued fraction expansions for p/q. They are determined
by the conditions

p+q —pgr = *1, 0<gr <gq
and we note that ¢ = ¢, +¢_. Let v = (p, q) and set
_|Np+p- Np+p,
IN(’U)— 5 .
Ng+q- Nqg+aq+

This interval consists of all real numbers that have p/q as a convergent
and such that the next partial quotient is at least N. (In particular,
we note [;(v) = A(v).) The length of the interval is

_|Np+p- p| |p Np+py
Ine)] = |t = 2] | SRR
Nq+q- ¢ q Ng+qy
B 1 N 1 B 2N +1
(Ng+q-)g (Nqg+aq+)g (Nqg+q-)(Ng+qy)
so that
2 2
, __* <r <=
(36) (N+1)q2_‘ N(U)‘_ng

Let By be the collection of intervals Iy(v) for v € @, |v] > 2. Let
on(v) be the set of all v' € @ of the form av + vy where vy = (p4, qy)
and a > N. Then (By, Q,oy) is a self-similar covering of Dy: the map
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£ is realised by sending x € Dy to a tail of the sequence of convergents
of z. For any v' € oy (v) we have
N - ‘IN(U,)‘ - N+1
(a+ 12N +1) = |Ix(v)] = @N

where a is the greatest integer less than % Note that there are two
elements of o(v) associated with each a > N.
To estimate Hausdorff dimension we need to consider the expression
g )
-
v €c(v) ‘IN(,U)‘

For any 0 < s < 1 we have

S 2AN+1)° _ 4
a*Ns = (2s — 1)N2s—1

a>N

which is < 1 provided

1 4
3.7 log N > 1 .
(3.7) BN =91 %951

Let sy = s4(/V) be the unique s such that (3.7) holds with equality.
Note that if y = x log x then in the limit as x — oo we have logy ~ log x

so that x ~ @. Here, the notation A ~ B means the ratio tends to
one. It follows that, in the limit as N — oo we have
1 . logN

2s;. —1 loglog N
so that applying Theorem 3.1 we now get

. 1 cloglog N
HdimDy < - + —=22>"—
N = 2 + log N

for some constant ¢ > 0.
Let o’y (v) be the subset of oy (v) consisting of those v for which

| M) < 2N. For distinct v/,v” € o'y (v) with o' = (p/, ¢'),v" = (", ")

[v]
we have

/ /!
1
(3.8) r_r >
q/ q// q/q// (2]\/‘ + 1)2(]2
whereas
2 2
}](v’)} <



22 YITWAH CHEUNG

from which we see that the gap between I(v’) and I(v”) is at least
(assuming N > 72)

1 4 S 1 S 1 }] ( >}
— v)|.
IN2g2 N3¢ ~ 18N2g2 ~ 36NV
Thus, (3.2) holds with p = <. For any 0 < s < 1 we have (using

N >2)

2N® o1 1 1
Z (a+1)2(N+1)s ~ 25 —1 ((N +2)%-1 (2N + 2)28—1)

N<a<2N
1 1

> >
= 325 — 1)(N +2)%1 = 6(25 — )N?-1

which is > 1 provided
1/6
(3.9) log N < 5s 1 51"
Let s_ = s_(N) be the unique s such that (3.9) holds with equality. It
follows that in the limit as N — oo we have
1 log N
2s_ —1 = loglog N
so that applying Theorem 3.2 we now get

log

) 1  cloglog N
HdimDy > -+ ————7—
N = 2 + log N

for some constant ¢ > 0. This establishes the following.

Theorem 3.4. There are co > ¢y > 0 such that for all N > 72
1 c¢iloglog N ) 1 cologlog N
— 4+ ———> < HdmDy <-4 ——-—-".
2+ logN H N_2+ log N
In particular, H.dim D, < %
For the opposite inequality, consider the set D, C Dy, of real num-
bers whose partial quotients satisfy

[log g | < ax+1 < MJlog gy

where ¢, is the height of the kth convergent. Let B be the collection
of intervals In()(v) for v € @ where

N(v) = [log|v]].

It will be convenient to simply write I(v) for Iy (v) and N for N(v).
Let o', (v) be the set of all v € @ of the form av + vy with

(3.10) N <a< MN.
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Then (B, Q, d),) is a self-similar covering of D’,. From (3.6) we have
1 2
— < | < —
Njop = 1= N
so that for any v’ € o},(v) we have
N _ L) _ 2NJv]?
< <
2N''[2 I (0)] — NT[o'[?
where N’ = N'(v') = [log |[v|]. Note that for any v" € o,(v) we have
Nlol < alo] < ] < (a+ Dlv] < MNJol.
For distinct v',v"” € o', (v) (with o' = (p/,¢’) and v" = (p", ¢")) we have
p/ p// - 1
— q/q// - M2N2|'U|2

q/ q//

whereas

1)) £ 5 < w50 < 173
N = N3\v|2 = IMEN?|o?
provided |v] > ¢¥™”. This implies the gap between I(v') and I(v") is
at least

1 S 1 1(v)
I(v
2M2N2|v|? = 4AM?2N
which leads us to define

1
p('U) - 4M2N
For |v| large enough, N’ <log|v'| + 1 < log|v| + log(MN) + 1 < 2N.
For such v, we now compute, using s = % and noting that there are
two v'’s for each a in the range (3.10)

p(v Nv|
Z S_\/_ZN’U’|_\/_ZCL+1

MN-1

1 logM
2{ Z 0 =1

provided M > ¢2V2 Theorem 3.3 now implies that H.dim D, > %
This completes the proof of Theorem 1.7.
To the best of the author’s knowledge, neither Theorem 1.7 nor The-
orem 3.4 has previously appeared in the literature.

Remark 3.5. An alternative way to establish the lower bound on H.dim D,
is to construct suitable subsets of the set As of all real numbers whose
continued fraction satisfies

(3.11) aps1 > @)
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for all sufficiently large k. Arguments similar to the ones just presented
can be given to show that

) 1
H.dim A; > ST
Remark 3.6. The classical theorem of Jarnik [9] and Besicovitch [3]
asserts that the real numbers whose continued fraction satisfies (3.11)
for infinitely many k form a set of Hausdorff dimension ﬁ. In the spirit
of the conjecture mentioned in the introduction, one might expect that
the Hausdorff dimension of As be strictly less than although we

have not been able to establish this.

1
24467

4. UPPER BOUND CALCULATION
In the rest of the paper, we assume d = 2.
Definition 4.1. For each v € @, let
8('&1)3/2 L |L(U)‘

T |v\1/2

and define

Q- ={veq:ev) <e}.
Definition 4.2. For each v € Q), let

L7 (v) == L({v) \ {L(v)}.

Fix, once and for all, an element L € £*(v) such that |L| is minimal,
and denote this element by

~

L(v).
An important consequence of the assumption d = 2 is the following.

Lemma 4.3. For any v € Q.,

[v] ; 5]
and
(4.2) |L(w)| > e*?|0|"? and |L(v)| > e |L(v)|.

Proof. Let L = L(v) and L = L(v). We may think of them as vectors

in the plane of lengths |L| and |L|, respectively, such that the area of

the lattice they span is |v]. Without loss of generality we assume L is

horizontal. The vertical component of L is then % so that

vl e v
— < |L| £ = +|L]
|L| |L|
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giving (4.1). If |L| < ¥2|v|"/? then the vertical component of L is
greater than e=%/2|v|Y/2, giving the first inequality in (4.2). From this
and v € ., the second inequality in (4.2) follows. O

By Theorem 2.19, for any x € Sing*(d) and any £ > 0 the elements
v € X(x) belong to Q. if |v] is large enough. Let B. = {A(v) }1eq. and
define

0. C Qe x Q:
to consist of all pairs (v,v’) such that |v| < [v'| and v and v’ realise
a consecutive pair of local minima of the function Wy for some x €
Sing*(d). For each x € R?, we fix, once and for all, a sequence (v;) in
¥(x) such that each local minimum of Wy is realised by exactly one
vj, and, by an abuse of notation, we shall denote this sequence by the
same symbol
Y(x).

Then it is easy to see that (B.,Q.,0.) is a self-similar covering of
Sing*(d) for any € > 0: the map & can be realised by sending x to
a tail of ¥(x). However, Theorem 3.1 does not yield any upper bound
because it happens that s(B.,Q.,0.) = oo for all £ > 0, the main
reason being that there is no way to bound the ratios

diam A(v)
diam A(v)
away from one.

4.1. First acceleration.

Definition 4.4. Suppose that ¥(x) = (v;). We define

~

(x)
to be the subsequence of ¥(x) consisting of those v, such that
Vj+1 ¢ ZUj + ZUj_l.

Lemma 4.5. The sequence ‘Z(x) has infinite length iff X does not lie
on a rational affine line in R?.

Proof. Suppose { is a rational affine line that contains x. Let L C Z*!
be the (primitive) two-dimensional sublattice that contains all v € @
such that © € £. The shortest nonzero vector in g,hxZ**" is necessarily
realised by a vector in L for all large enough ¢. This means v; € L for
all large enough 7, which in turn implies that ‘Z(x) is a finite sequence.
Conversely, if ¥(x) is finite, then there is a two-dimensional lattice
L C Z%*! that contains v; for all large enough j. Let ¢ be the affine
line that contains v; for j large. Then x = limv; € £. O
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Lemma 4.6. Let 3(x) = (ug) where x does not lie on a rational line.
Let§ >0 and e > 0 be related by § = £*7Y/4. Then x € Dlso(d) implies
e(uy) < € for all sufficiently large k, which in turn implies x € Dlys(d).
In particular, x € Sing(d) iff e(ux) — 0 as k — oo.

Proof. Let ¥(x) = (v;) and for each j, let L; = Zv; + Zv;_; and

L]
I o
Given wy, there are indices ¢ < j such that w, = v;,...,v; = upq1.
Suppose that j > ¢+ 1. Then v;; € L; so that L;;; C L; and we have
equality by Lemma 2.5. It follows by induction that L; | = --- = L;,

from which is follows that ¢; > --- > ¢;_;. Therefore, e(uy) < ¢ for all
sufficiently large k iff €(v;) < ¢ for all sufficiently large j. The lemma
now follows from Theorem 2.19. O

Definition 4.7. For any u € @, let
V(u)

be the set of vectors in () of the form au + bv where a, b are relatively
prime integers such that [b] < a and ¥ € @ is a vector that satisfies
L(u) = Zu + Zv, || < |u] and L(0) # L(u). The set

V. (u)

is defined similarly, except that we additionally require v € ). and
0] < e|ul.

Lemma 4.8. Let u,u’ € 3(x) be consecutive elements with |u| < |[u/|.
Let v,v € X(x) be the elements that immediately precede u and ',

respectively. Then v € V(u), provided L(u) = Zu + Zv # L(0).

Proof. Suppose ¥(x) = (v;) so that v = v;, v = v;, ¥ = v;1 and
u’ = v;41 for some indices i < j. We shall argue by induction on j > i
to show that

(i) v; = au + bo for some integers —a < b < a, and

(i) v; —vj_1 = a’u + b'v for some integers —a’ < b < d'.
This is clear if j = ¢. For j > i, since v; € Zv;_; + Zv;_5, Lemma 2.5
implies that (v;,v;_1) is an integral basis for Zv;_y + Zvj_5. Since
|vj| > |vj_1| > |vj_2|, there is a positive integer ¢ such that

Vj = cvj_1 +Vj_g, O v; =cvj_1+ (vj_1 — Vj_2).

In either case v; = mu + no where (m,n) = (ca + o, cb + b') satisfies
—m < n < m by the induction hypothesis. Similarly, v; — v;_; =
m'u+n'v where (m’,n') = (ca—a', cb—V') satisfies —m < n < m, again,
by the induction hypothesis. The lemma now follows from (i). O
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Definition 4.9. For any ¢ > 0, define
0: C Qe X Qe

to be the set consisting of pairs (u, u’) for which there exists v € V.(u)
such that L(u') = Zu' + Zv € L*(v).

Corollary 4.10. Let § = &%/ where 0 < ¢ < 1. Then (B., Q-,6.) is a
self-similar covering of DI;/s(2).

Proof. Let ¥(x) = (v;) for a given x € DI;/»(2). Lemma 4.6 implies
for all large enough j we have

Vi1 N U;
||ZU]'+ZU]'_1||£(UJ.) = | i-1 ]| < 53/2 <1

T Tl
so that L(v;) = Zv; + Zvj_; and €(v;) < e. Lemma 4.8 now implies
¥ (x) is eventually 6.-admissible. O

Our next task is to estimate s(B., @, d.). For this, we need to
enumerate the elements of .(u) for any given u € Q..

Definition 4.11. For any v € Q and L’ € L*(v), let
U (v, L")
be the set of u' € Q). such that L' = L(u') = Zu' + Zv.

Note that, by definition, for any ' € 6.(u) there exists a v € V.(u)
and an L' € L£*(v) such that ' € U.(v, L'). Hence, for any f : Q. — R,

Yoofwy<s Y Y Y W),
u E6¢(u) vevg( ) L’eL*(v) v €Ue (v,L")

Notation. We write A < B to mean A < CB for some universal
constant C'. The notation A =< B used earlier in (2.11) is equivalent
to A <X Band B < A. We write A = B to mean the same thing as
B < A.

Proposition 4.12. There is a constant C' such that for any u € Q).,
and for any s > 4/3 and any r < 6s — 3

w5 () (@) < S

u' €6 (u)

Proof. Given v € V.(u) there are a,b € Z with |b] < a and ¥ €
such that v = au + bv, || < elul, L(u) = Zu + Z0 and L(u) # L(v).
Note that o € Q. implies |L(7)| > £3/2|6|"/2 and since L(u) # L(?)
we have |L(u)| > |L(0)|, so that u € Q. now implies

[ul > eI L(u)[* > e[|
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so that
lv| =< alul.

Since |0| < |u| and (u, D) is an integral basis for L(u), there are at most
two possibilities for ¥, so that given u and the positive integer a, there
are at most O(a) possibilities for v. It follows that for any ¢ > 2

|u|? 1
(44) > Bl Do S

q

Let £, (v) be the set of elements in £(v) considered with orientations,
and think of it as a subset of A?Z3. Note that addition is defined for
those pairs L, L' € L, (v) whose Z-span contains all of £, (v). Let
L and L be the elements in L (v) corresponding to a fixed choice of
orientation for L(v) and L(v), respectively. Each L' € L£*(v) can be
oriented so that, as an element in £, (v) we have L = aL+bL for some
(relatively prime) integers @, b with @ > 0. Let

Ln,=L+mL, mecZ.

There is a unique integer m such that L' = L,, or L is a postive linear
combination of L,, and L,,.;. In any case, for each L’ € £*(v) there is
an integer m (and an orientation for L') such that

L'=dL,+VL d >V >0,
Note that v € (). implies

|Ly| > |L| > e [0|V/? > e73|L

L] = | L.

Let N = {HJ 50 that |Lm| = [L|(N + |m|) and
L |LP 1
2 Lol LI 2 Z (N+m)p
L 1 1
- |L|P — NP _'_mz mp

L o1 1 _p |
P \N— TN ) o1
|L| (p—1) p—1|L]
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Since there are at most O(a’) possibilities for L’ given v, m and o/, and
since |L||L| =< |v]|, it follows that for any ¢ > 2

L|L]?
(4.5) = :
o T2 S @ < 2
Associate to each uw' € U.(v, L") the positive integer
=31 77/(2 712
[l T R ]
[l [l [l L]

Since |u/| < c\ | and there are 2 possibilities for «/, given v, L' and ¢,

and since ¢ > = “‘L ® it follows that for any p > 1

m|‘1

> ¢ —6

3p—3

1 1 1 €
4.6 P .
o wlp folp s= e (p = 1)[vl[ L2

u' €Ue (v,L")
Using (4.6), (4.5) and (4.4) with p = 25— ¢ and ¢ = 35— 2, we obtain

> @)

veEV: (u) L'eL*(v) v €Ue(v,L")

-1 65 3— 7”|u|28

(6s—3—7)
Z Z |L|s——|v||L/|3s 2

UEVE(U) L'eL*(v)
g O s
B (35 — 4)|v|35—2

vEVe (u)
(65 — 3 — 1)~ Lebs=3—r|[|2s—4+5
N (35 — 4)2|ul*~2+3

and this completes the proof of the proposition. O
Proposition 4.12 implies there exists C' > 0 such that for any s > %
diam A(u')\* Cebs—3
4.7 —— ) < )
(47) /;( : (diam Au) ) ~ (3s —4)%(e(u))b-3s

However, this still does not imply s(B., Q., d.) < oo for any £ > 0.

4.2. Second acceleration. Let 6. C @ x @ be the set of all pairs
(u,u’) satisfying u € Q. and v’ € UJ>1 of(u) where

ot () = Geuy(u), o (u) = H{oew W) v’ € o) (u)},
ol (u) == 6.(u), o(u) = U{&e(u) ' € ol (u)}
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Proposition 4.13. s(B.,Q.,6.) = 3 + O(%?).

Proof. To simplify notation, we denote the diameter of a set by | - |.
Given s > %, we apply Proposition 4.12 to ensure that if ¢ > 0 is

sufficiently small then, by (4.7), for any u € Q.

AW 1 e\
(48) > e <alam)

u E6¢(u)
N CON Nl
2 \cw))  Bwr “mo s
We may choose € so that £~ =< (3s — 4)% hence, s = 5 + O(e%/?).
For each u' € o} (u) there are uy,...,u;_; € Q. such that
up € 0:(u), ..., uj_q € &E(uj_2), and u' € 5’5(u) (uj_l).
U' A =N
D D LS M z|
u'€0’f (u)
1) <—z‘ Vo (5“” )“’S
B \A Uj—2) (uj-1)
|A ul e(u) %
<
< gyl s e (0,
1
<< —
S sy
so that
u’ u’ 1
— <1
Z BF <2 Z A S22
u'€a’l (u) Jjzlw'ea(u Jjz
and therefore s(B., Q.,.) < s. O

Now we verify that (B, Q.,dl) is a self-similar covering of Sing*(2).
For any x € Sing*(2), let £(x) be any choice of a subsequence (w;)
of ¥(x) such that e(w;) is strictly decreasing to zero as i — oo, and
such that the initial element wy is chosen so that for all v that occurs
after wy in the sequence Y(x) we have e(v) < e. The existence of
this subsequence is implied by Lemma 4.6. The sequence &£(x) is 7.-
admissible by construction. It follows that (B.,Q.,d.) is a self-similar
covering of Sing*(2), and by Theorem 3.1 we can now conclude that

H.dim Sing*(2) < %
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We now describe how the preceding argument can be modified to give
an upper bound estimate on H.dim DIs(2). First, modify the definition
of 67 by replacing the subscript £(u) (in the formula of o7) with 2¢(u).
This affects the second step (4.9) of the main calculation by introducing
a factor 2673% < 4, which can be offset by choosing & > 0 in the proof of
Proposition 4.13 so that (4.8) holds with the constant 2 replaced by 8.
The statement of Proposition 4.13 remains true, albeit with different
implicit constants.

Let DI5(2) denote the set DIs(2) with all rational affine lines re-

£3/2

moved. Set § = S~. For any x € DI}(2), let £(x) be any choice of

a subsequence (w;) of ¥(x) such that e(w;) is monotone (increasing
or decreasing), and such that the initial element wy is chosen so that
for all v that occurs after wy in the sequence 3(x) we have £(v) < e,
and for any ¢ we have e(w;) < 2¢(wp). Again, the existence of £(x)
is ensured by Lemma 4.6, and it is .-admissible by construction. We
have thus shown that (B.,Q., %) is a self-similar covering of DI5(2).

Theorem 3.1 and Proposition 4.13 now imply there is a constant C' > 0
such that for any 0 < 0 < 1 we have

H.dim DI;(2) < % +C6.

5. LOWER BOUND CALCULATION
Lemma 5.1. Let 0 < e < % Suppose uw € Q, L' € L*(u), and v’ € L'
is such that L' = Zu' + Zu and |u'| > e73|L'|>. Then L' = L(u'),
u € Q., and
Au') C A(u).
Moreover, if u € Q. then |u'| > e °|ul.
Proof. Since the norm of L' € L(u') is

||L/|| _ |L/‘ < 3/2 <1
L(u) = /|12 €

we have L' = L(v') and ¢(u') < € so that v’ € Q.. Let L = L(u) and
note that since L' # L, we have

- |ul
L' > |L(u)] > 1
L|
Then
Cund| o e3|L|

d. " .’ ./ _ .
5t &) = Tl < TllT] = TuP
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The fact that the Euclidean length of the shortest nonzero vector in

any two-dimensional unimodular lattice is universally bounded above
by v/2 implies that

(5.1) c(u)®> <2 forany wu€ Q.
Therefore,
L'l|ul? g8lul? VK
LA LT
|Lf|w'[* = [L|[L] |ul
so that
e|lL| 2L 3 6 L] |L|
b e (P4t <
up TR < AR < g

Theorem 2.11 now implies A(uw') C A(u). If u € Q. then
=3u?

-6
TAE > e °|ul.

/| > 73| L) >

Definition 5.2. For each u € (), let
N (u)
be the set of v’ € Q such that Zu' + Zu € L£*(u) and |u/| > e 3|u Au/|.
Note that for any «' € N.(u) we have

| L(u')] lu A | 3/2
/172 < /|72 <€

from which it follows that N (u) C Q..

Theorem 5.3. Let 0 < ¢ < % Suppose (uy) is a sequence in @
satisfying up1 € Ne(uy) for all k > 0. Then

(a) The limit x := limy, uy, exists and uy, € 3(x) for all k.
(b) x € DI5(2), where § = 2¢%/2.

(¢) Ife(ug) — 0 as k — oo then x € Sing(2).

(d) For all sufficiently large t

(5.2) W(t) +log(1 — €% < Wy (t) < W(t)
where

W (1) = log L(giha{un}) = log min lgihcu]

Proof. Apply Lemma 5.1 with L' = Zuy1 + Zuy to conclude that
NkA(uy) is nonempty, and uy, € Q. for all £ > 1. Moreover, |u;| — oo
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so that diam A(u;) — 0 and (a) follows. Lemma 5.1 also implies
L(ugy1) = Zugs1 + Zuy, so that, by Theorem 2.14, we have

lup A ugpa|

2 2¢ (uk1)*?

(5.3) Exc (g, 1) < 2 <.

| 1]
Hence, Lemma 2.17 implies the local maxima of the piecewise linear
function W are all bounded above by logd. Since Wy < W (by mono-
tonicity of ¢), it follows that the local maxima of Wy are bounded by
log 9, eventually. By Theorem 2.19, this means x € DIs(2), giving (b).
If e(u) — 0 then Wy (t) — —o0, so that x € Sing(2). This proves (c).

Since Wy < W, the second inequality in (5.2) actually holds for all
t. For the first inequality, we consider a local maximum time ¢ for .
Then for some index k, if we set u = g;hyuyr and v’ = gshyuy1 then
|lul|” = ||u||". The corresponding local maximum value is loge’ where
¢’ is the common || - ||"-length of v and w’. To prove the first inequality
in (5.2) we need to show that for any w € g;hZ?* we have

(5.4) |w] > (1 —&%)e".

Lemma 5.1 implies (for & > 1) |u/| > ¢ %ul. Hence, ||u/ £ ul >
lu' £u| > (1 —¢%)e’. Note that |lau’ + bul|’ > €’ for any pair of integers
with |af 7 [b[. (If |a| < [b] then [law’ + bul|” > [b][jul)” — [al[|e|" = &',
the case |b| < |a| is similar.) This establishes (5.4) for w € Zu + Zu'.
Let || - || denote the Euclidean norm on R3. For any v € R we have

loll” < [lolle < V2|loll"
The Euclidean area of a fundamental parallelogram for Zu + Zu' is
lu Al < Jluflellw]le < 2(e')?
so that for any w € g;hZ3 \ (Zu + Zu') we have

1
||w||/ > ||w||6 >

- \/§ —2\/§(6/)2

which is > &’ since
1 1
e < 33 (u <3< — < —.
— ( k+1) \3/5 \/5
Thus (5.4) holds for all w € g;hZ? and this establishes (5.2) for any
local maximum time of W.

Finally, suppose ty < t5 are consecutive local maximum times and let
t1 be the unique local minimum time between them. By the preceding,
we know (5.2) holds at ¢y and 5. Since W (t) = —d for all t € (to,t1)
while all one-sided derivatives of W, are bounded below by —d on the
same interval, we conclude that (5.2) holds for t € [ty, t1]. Here, we are
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using the fact that (5.2) holds for ¢t = ty. Similarly, using the fact that
(5.2) holds for t = t,, and the fact that W () = +1 on (t,t,) while
all one-sided derivatives of Wy are bounded above by +1, we conclude
that (5.2) holds for all ¢ € [t1,t5]. From (5.3) we see that

1o ex (g, uk+1)

Toc (Uky Up+1) = 5 log ]

from which it follows easily that W has infinitely many local minima.
Therefore, (5.2) holds for all ¢ beyond the first local maximum time,
proving (d). O

1 1
> 5 log[up| + 5 logd

We assume for each u € Q orientations for L(u) and L(u) have been
chosen so that we may think of them as elements of A2Z3.

Definition 5.4. Given u € () and integers a > b > 0 such that
ged(a, b) = 1 we set
L'=d L(u) + b L(u).
Additionally, given 0 < ¢ < 1 and an integer ¢ > 1 satisfying
8_3|L/‘2
M, <c<2M, —1 where ME:T
u
we define 1. (u, a, b, ¢) to be the unique u' € @) such that
/
L'=4Au and {MJ =c.
|ul
Note that ¢.(u,a,b,c) € N.(u) because L' = L(u’). Note also
that ¢ > M, implies 9.(u,a,b,c) € Q. while ¢ < 2M,. — 1 implies
Ye(u, a,b,c) ¢ Q./o. Therefore, we always have
¢E(u7 a,b, C) € /\/’a(u) N Qla where Qla = Q- \ Qe/Z-
Lemma 5.5. Let 0 < ¢ < 277, Ifu = ¢(u,a,b,c) and v" =
Ve (u,d' b, ) are such that (a,b) # (a’, V') or |c — | > 20 then

9

3 !/ " € .
(5.5) dist(A(u'), A(u")) > WdlamA(u)

where N = max(a,a’).

Proof. Let L = L(u), L = L(u) and L' = u’ A u. Note that by (4.1) we

have
AN |u]

L]

L] < 2alL| <
Theorem 2.11 implies

diam A(u) < —
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and also A(v') C B(W/,2r") where
Y L] e’

r

WP T A T M2 D
If (a,b) = (a’, V') then
A 20| L| 5|L| 5eb

d.t-/ .//— —
U ) = T~ e 0Pl Ml DT

so that

66 86|L|3 89‘L‘
dist(A(w'), A(u")) >
1S ( (u)> (u )) - |L/|3 = 26N3|U|3 — 29N3|u|2

giving (5.5) in the case (a,b) = (', V). If (a,b) # (', V'), let L" = u" Au
and note that

L)? e’
. 4 " L/ . L// — |u| |
sin £m(L)mu(L") = THrEn 2 Tone 2 27N
and
o A |L| el e3|L]
dist (. 0y — > - >
stk ) = T = P~ 2T - 8NP
so that
%L
. Ry
dlSt(u , U ) Z W

Considering the component of L' perpendicular to L, as in the proof
of Lemma 4.3, we get

aful _ Nlul
U2 — 2
P2
so that
0/ — 2¢6 - 27eS|L13 28&S|L
r
[P = N3Jul? Jul?
by (5.1). Since ¢ < 277, it follows that
, 1 eS| L| e
dist(A(u), A(u")) > (ﬁ — 2963)N3|u|2 > ST diam A(u)
which easily implies (5.5). O

Proposition 5.6. There is a constant ¢ > 0 such that for 0 < § < 2710

4
H.dim DIs(2) > 3 + exp(—cd ™).



36 YITWAH CHEUNG

Proof. Fix a parameter N to be determined later and set
o-(u) = {¢(u,a,b,¢) : a < N, 20|c}.

Fix ug € Q, let Uy = {up} and recursively define

Ugs1 = U o-(u)

ueUy

where ¢ is defined by § = 3¢%/2. Note that

Ekzum

ueUy

is a disjoint union, by Lemma 5.5. We have Fjy; C Ej by Lemma 5.1,
and by Theorem 5.3(a), there is a one-to-one correspondence between
the points of £ = NE) and the sequences (uy) starting with uy and
satisfying w41 € o-(uy) for all k. Theorem 5.3(b) implies £ C DI;(2).
The hypotheses (i)-(iii) of Theorem 3.2 now hold with

89

pP= o1l 3

Before checking (iv), we note that given 1 <

a
choices for b such that a > b > 0 and ged(a,b)
Euler totient function. It is well known that

< N we have ¢(a)
= 1, where ¢ is the

log1
lim inf —gb(n) o8 o™

n—oo n

> 0.

Now, for (iv) we compute (assuming s > %)
| L[ [ul* L'
Z |L| |u/|2s Z |L| C2s
u' €0 (u)
= IL']* 53\“\ e
RRAANIZE
L/

8Gs—3|u|2s—1 ¢(a/)

L L S (a7

N
= 9570 / 70& .
- . r¥3logx
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Note that as p — 17

o) dx /‘5k+1 dx Z e—k(p—l) 1
S [ E oy e
/e aPlog x =7 Jer Pk = (p—1)k
1—e 7D 1
= p— logl_e_(p_l)f\logp_l.

Thus, we conclude that there is a constant C' > 1 such that for any

s > % satisfying
4
log (s — g) ‘ >C

the condition (iv) of Theorem 3.2 holds by choosing N large enough
(depending on ¢). Since & = 3¢%/2, the proposition follows. O

898_6

This completes the proof of Theorem 1.6.

We now describe how to modify the preceding argument to obtain the
lower bound in Theorem 1.1. Fix a parameter C' > 1 to be determined
later and choose positive sequences €, — 0 and N, — oo such that for
all k,

er <277 N, >1, and 52 loglog Ni. > C.
We shall also assume the sequences are slowly varying in the sense that
the ratio of consecutive terms are bounded above and below by positive
constants, say 2 and % For example,

1
~ 2Tlogloglog(k + C")

where C" > 1 is chosen large enough depending only on C'. The defini-
tion of the sets Uy are modified by the formula

Uk+1 = U 05k+1(u)'

ueUyg

Nk:]{?—i-l, Ek

With £ defined the same way as before, Theorem 5.3(c) now implies
E C Sing(2). For each u € Uy, set

524—1
p(u) =
JUN?

so that (i)-(iii) of Theorem 3.3 hold. The main calculation in the proof
4

of Proposition 5.6 with s = 3 now yields

L Juf g
Z W > Ekt1 lOglOgNk
u'€oc) 4 (u)
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so that (iv) of Theorem 3.3 holds provided C' was chosen large enough
at the beginning. It follows that

H.dim Sing(2) >

[GURITN

—_

and this completes the proof of Theorem 1.

6. SLOWLY DIVERGENT TRAJECTORIES

In this section, we prove

Theorem 6.1. Given any function W(t) — —oo as t — oo there
exists a dense set of x € Sing™(2) with the property Wy (t) > W(t) for
all sufficiently large t.

This answers affirmatively a question of A.N. Starkov [23] concerning
the existence of slowly divergent trajectories for the flow on SL3; R/ SL3 Z
induced by g;.

Lemma 6.2. Given § > 0 and a function F(t) — oo ast — oo there
exists to > 0 and a monotone function f(t) — oo ast — oo such that

(i) f(t) < F(t) for allt > ty, and
(i) f(t+ f(t) < f(t)+6 forallt > ty.

Proof. We may reduce to the case where F'(t) is a nondecreasing func-
tion. Let to be large enough so that yo = F(to) > 0 and for £ > 0 set
ty = tp—1 + Yr—_1 and Y = min (F(tk)ayk—l -+ 5) Since Yk = Yo > Ovk
we have t; — oo and therefore also y, — oo. Let f(t) = y; for
tr <t < tryq so that f(t) = yp < F(tx) < F(t) since ¢, <t and F(t)
is nondecreasing. Moreover, 11 = tp +yp < t+ f(t) < tpy1 +yp <
tey1 + Yhe1 = teyo so that f(t+ f(t) =y Sy +6=f(t) +6. O

Definition 6.3. For any v € @, let

|L(v)] e(v)

1 1
T(v) := —glog B = —§log—|v| )

Lemma 6.4. There exists C' > 0 such that for any 0 < &' <1 and any
u € Q, there exists u' € No(u) such that

(i) |loge(w') —loge’| < C, and
(ii) }T(u’) —7(u) +2loge’ — |log€(u)|} <C.

Proof. Let L' = L(u) and let u’ € @ be determined by L' = u A’ and

[/ > (&)L > Ju'] = ful.
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Then « € M. (u) by the first inequality. By Lemma 4.3 and (5.1)
Juf?

| L(w)[?
(i

). Since

/| > [L* >

> 2|ul

so that e(u)? < EL = ()3, giving

||

1 W1 g’
e(u)
= 2|loge’| + |loge(u)| + O(1)

i1) follows. U
(ii)

+0(1)

Proof of Theorem 6.1. Let f be the function obtained by applying Lemma 6.2
with /' = —W(t) and some given ¢ > 0 to be determined later. Set
f =3"1f and note that f satisfies

(i) 3f(t) < =W(t) for all t > ty, and

(i) f(t+3f(t)) < f(t)+ ¢ for all t > ¢,

and since f(t) — oo, given any A > 0 we can choose ty, perhaps even
larger, so that, in addition to (i) and (ii), f also satisfies

(iil) f(t+3f(t)+ A) < f(t)+ 26 for all t > t.
We claim there is a constant B such that for any u € ), satisfying
(6.1) |f(7(u)) +loge(u)| < B

and such that |u| is larger than some constant depending only on f
there exists u’ € 1(u) such that

|f(r(u)) +loge(u)| < B.

Indeed, given wu satisfying (6.1), we let «' be obtained by applying
Lemma 6.4 with ¢’ < 1 determined by

[loge'| = f(7(u) + [loge(u)]).
Then, if A > 3B we have
|10g€|<f( (w)) + 3f(r(u)) + 3B
f(r(u)) 420
g |loge(u)| + B + 26.
By Lemma 6.4,
7(u") < 7(u) + 2|loge’| + | loge(u)| + C
7(u) + 3| loge(u')| + 2B + C + 40
T(u) +3f(1(u))+5B+C +49

IACIA A
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so that if A > 5B + C' + 40 we have

f(r() < f(r(u)) + 20
<|logée'| + 20
< |loge(u')| + C + 26.

Now,
[loge’| = f(7(u)) > |loge(u)| — B
so that
7(u") > 7(u) + 3| loge(u)| — 2B — C.

Assuming |u| large enough so that 3|loge(u)| > 2B + C we have

f(r(u)) = f(r(u))

> f(r(u) +3f(T(w) +A) — 26

> f(7(u) + 3|loge(u)| + A —3B) — 26
> |loge’| — 20

> |loge(u')| — C — 26.

Setting A = 6C + 146, we see that the claim follows with B = C' + 24.

Given any nonempty open set U C R?, we can choose 1y € @Q such
that A(ug) C U. Indeed, choose any xo € U\ Q? and let uy € X(xq) be
such that |ug| is large enough so that A(ug) C U. Let 0 be chosen large
enough at the beginning so that (6.1) holds for u = wugy. Let g = (ug)
be a sequence constructed by recursive definition using the claim. Since

(6.2) T(ur1) = 7(ux) + 3| loge(u)| + O(1)

and e(uy) < exp(—f(7(ug))) by construction, by choosing |ug| large
enough initially we can ensure that e(uz) < 3 for all k so that 7(ux)
increases to infinity as k& — oo. Since f(t) — oo as ¢ — oo, this
implies e(uy) — 0 as k — oo. By construction, ug1 € N, (uy) so that
Theorem 5.3(c) implies

X 1= lilgnuk € Sing(2).

If x lies on a rational line, then Wy (t) < —£4-C for some constant C' and
all large enough ¢. It is clear that we could have, at the start, reduced
to the case where, say, W (t) > —logt for all ¢, so that x € Sing"(2).



Let D = |log(1—379)|. Theorem 5.3(d) implies for all t € [T(uy), T(uss1)]
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—Wi(t) < 3|loge(up)| + D
<3f(r(ux)) +3B+ D
< -W(r(u)) +3B+D
< -W(t)+3B+D.

It is clear that we could have chosen f initially to satisfy (i’) 3f(t) <
—W(t) —3B — D for all t > t; instead of (i). With this choice, we
conclude Wy (t) > W(t) for all ¢t > . O
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